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Supplementary Materials

In this section, we give proofs of three theorems in paper.
Proof of theorem

n
D €=y x 1B X 2+ X kBkl[E
i=1

= Z[Vec(éi) - Bk ®-® 31)V€C(%)]T[Vec(éi) - (BK ® -+ ® Br)vec(vi)] (16)

A~

= Z vec(€;)Tvec(€;) — vee(v:) T (Br ® - -- © By)vec(i)

—vec(&)T(Br @ - -- ® B1) T vec(vi)
+ vec(~ )T(BK ® - ® B1)T(BK e ® Bl)vec(%)]

= Z vec(éi vec(€) — 2 Z vec Ez ,@K & - ﬂl)VeC(’)’i)

+ Z vee(v;) T vee(y;), (17)
i=1

where equation ((16]) holds because of the fourth conclusion in proposztzonﬂ 2.3|and equatlon

holds due to ,Bk ,Bk =14,k=1,---, K. Also, since the last term in equation (1
a constant the minimization in equatlon (11)) is equivalent to minimizing

Zvec ~i) Fvec(v;) — 2ZVec &) (B @ -+ @ B)vec(v;). (18)

Differentiate Q(7) with respect to vec(~y;)

0Q() T :

— AT AT
aVGC(’Yi)T - 2V€C("yz) - 2VGC<€Z) (BK X ® ;61)
=0.
So we can obtain vec(v;) = (Bx ® --- ® B1)T Vec(Ez) Then by the fourth conclusion in
pmposztzon we can get 4; = El X 1,81 X g--- X K,BK u

Proof of theorem[3.2. From Theorem we know that
Fi =& x1B] x 2+ x kB
~ n ~
for every i, plugging v; £ 4; = €& X187 xg-- - X gk Bk into Y [|&i—vi X181 X2 - X kBr || %,
i=1
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then we have

n
D NIE — & x 1Bl x oo x kBE X 181 X 2+ X kBk|[F

i=1

= |l — & x1(B1B]) x 2+ X k(BrB)|I7
=1

=3 [vec(&) — vec(& x 1(B1BT) x 2+ x k(BxBE))]"
=1

X [Vec(éi) — vec(éi X 1(61,8?) cee X K(BKBII;))]
= Zvec Vec Zvec rSz ﬁKB%F() - ® (Blﬂ?))vec(&)

—Zvec(&) ((BxBk) @ -+ @ (B1BT))vec(&;)
= vee(&) " ((BxBE) ® -+ @ (818])) x ((BxBE) @+ @ (B18])) vec(&)
= 3 vee(é) vec(&) Zvec &) ((BrBi) @ @ (B1B]))vee(&)

=1

n
= l&ilE - Z 1€ x 181 x 2+ x kB
i=1 i=1
Hence the minimization of equation is equivalent to the following optimizing problem

{Br}i<, = argmax Z 1€ x 18] x 2+ x kBE|F,

Bi Br=la,, =1

which completes the proof of the theorem. [}

Proof of theorem[3.3. By Theorem [3.2] 31, - , Bx maximize

D lI€i x 187 x 2+ x kBN (19)

Let Y; = & x 18] x 2+ x kB, then Vi) = BL &y (Bk ® -+ @ Bry1 @ Br—1 -+~ @ B1),
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so we rewrite the above formula as

Z 1€ x 18] x 2+ x kBE|lF = Z hdlz
=1 =1
= Trace(Yju) Yi(y))

=1

= Trace(B{ &) (Bx ® -+ @ Ber1 © Bro1 @ -+ ® B1)
=1
XBr® - QBpr1 @ Pr—1 @+ ® 51)TéiT(k),3k)
= Trace(BL > &iy ((BrBE) @+ @ (B BL) @ (BaBL)) @+ @ (B187))EX,))Bx)
i=1

£ Trace(ﬁ,sz,Bk),

where M, £ ééi(k) ((BxBE) @+ @ (Brs1BL1) © (Br—18L_) @ -+ ® (ﬂlﬂ{))éik))'

n ~
Hence, given ﬂla e 7/3k—1a16k+17 y © ° n@Ka the maximum of Z ||€’i><1/3%_‘x2 e XKﬁ%H%‘ =
i=1
Trace(ﬁ,sz,Bk) is obtained. Hence, B € RP:*% consists of the dj, eigenvectors of the
matrix M} corresponding to the largest dj eigenvalues. [ |
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