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learning effect, uniform machines and flowshops”, Engineering Optimization, 2020. 

 

Minmax CON Algorithms: 

 

Algorithm 𝑴𝒊𝒏𝒎𝒂𝒙_𝑪𝑶𝑵_𝒑𝒋𝒓: 

Input:  𝑝𝑗𝑟 , 𝑗, 𝑟 = 1, … , 𝑛;  𝛼, 𝛽, 𝛾. 

Main:  

𝑜𝑝𝑡𝑐𝑜𝑠𝑡 = ∞.  

For 𝑓 = 1, … , 𝑛, solve 𝐴𝑃(𝑓) to obtain the job sequence 𝑞, 𝐶𝑚𝑖𝑛 and 𝐶𝑚𝑎𝑥.  

        If 𝛼 ≤ 𝛾 (Case 1): 

𝑑 = 𝑑1 = 𝛽𝐶𝑚𝑎𝑥/(𝛽 + 𝛾),  𝑐𝑜𝑠𝑡 = 𝛽𝛾𝐶𝑚𝑎𝑥/(𝛽 + 𝛾). 

        If 𝛼 > 𝛾 and 𝛽𝐶𝑚𝑎𝑥/(𝛽 + 𝛾) ≤ (𝛽𝐶𝑚𝑎𝑥 + 𝛼𝐶𝑚𝑖𝑛)/(𝛽 + 𝛼) (Case 2): 

𝑑 = 𝑑1 = 𝛽𝐶𝑚𝑎𝑥/(𝛽 + 𝛾),  𝑐𝑜𝑠𝑡 = 𝛽𝛾𝐶𝑚𝑎𝑥/(𝛽 + 𝛾). 

        If 𝛼 > 𝛾 and 𝛽𝐶𝑚𝑎𝑥/(𝛽 + 𝛾) > (𝛽𝐶𝑚𝑎𝑥 + 𝛼𝐶𝑚𝑖𝑛)/(𝛽 + 𝛼) (Case 3):  

𝑑 = 𝑑2 = (𝛽𝐶𝑚𝑎𝑥 + 𝛼𝐶𝑚𝑖𝑛)/(𝛽 + 𝛼),   𝑐𝑜𝑠𝑡 = 𝛽𝛼(𝐶𝑚𝑎𝑥 − 𝐶𝑚𝑖𝑛)/(𝛽 + 𝛼). 

        If 𝑐𝑜𝑠𝑡 < 𝑜𝑝𝑡𝑐𝑜𝑠𝑡 then: 𝑞∗ = 𝑞;  𝐶𝑚𝑎𝑥
∗ = 𝐶𝑚𝑎𝑥;   𝐶𝑚𝑎𝑥

∗ = 𝐶𝑚𝑎𝑥  𝑑∗ = 𝑑;   𝑜𝑝𝑡𝑐𝑜𝑠𝑡 =

𝑐𝑜𝑠𝑡. 

Running time: The total running time required for solving 𝐴𝑃(𝑓) is clearly 𝑂(𝑛3). 

𝐴𝑃(𝑓) is solved 𝑛 times. Hence the total running time of the algorithm is 𝑂(𝑛4). 

 

Algorithm 𝑴𝒊𝒏𝒎𝒂𝒙_𝑪𝑶𝑵_𝑹𝒆𝒋𝒆𝒄𝒕𝒊𝒐𝒏: 

Input:  𝑝𝑗 , 𝑗 = 1, … , 𝑛; 𝑒𝑗   𝑗 = 1, … , 𝑛;  𝛼, 𝛽, 𝛾. 

Main:  

𝑜𝑝𝑡𝑐𝑜𝑠𝑡 = ∑ 𝑒𝑗
𝑛
𝑗=1 . // The cost when all jobs are rejected // 

For 𝑓 = 1, … , 𝑛, 𝑛𝑝 = 1, … , 𝑛: 

If 𝛼 ≤ 𝛾 (Case 1)  

 Solve 𝐴𝑃(𝑓, 𝑛𝑃, 𝐶𝑎𝑠𝑒1) to obtain the job sequence 𝑞, 𝐶𝑚𝑖𝑛 and 𝐶𝑚𝑎𝑥. 

        If 𝑐𝑜𝑠𝑡 < 𝑜𝑝𝑡𝑐𝑜𝑠𝑡 then: 

  𝑞∗ = 𝑞;  𝐶𝑚𝑖𝑛
∗ = 𝐶𝑚𝑖𝑛;   𝐶𝑚𝑎𝑥

∗ = 𝐶𝑚𝑎𝑥;   𝑑∗ = 𝑑1;   𝑜𝑝𝑡𝑐𝑜𝑠𝑡 = 𝑐𝑜𝑠𝑡. 

Else (𝛼 > 𝛾) (Case 2)  // Assume that Case 2 is relevant // 

 Solve 𝐴𝑃(𝑓, 𝑛𝑃, 𝐶𝑎𝑠𝑒2) to obtain the job sequence 𝑞, 𝐶𝑚𝑖𝑛 and 𝐶𝑚𝑎𝑥. 

 Check intersection points: 



 If (𝑑1 =
𝛽𝐶𝑚𝑎𝑥

𝛽+𝛾
≤

𝛽𝐶𝑚𝑎𝑥+𝛼𝐶𝑚𝑖𝑛

𝛽+𝛼
= 𝑑2)  // Case 2 is relevant //  

  If 𝑐𝑜𝑠𝑡 < 𝑜𝑝𝑡𝑐𝑜𝑠𝑡 then: 

   𝑞∗ = 𝑞;  𝐶𝑚𝑖𝑛
∗ = 𝐶𝑚𝑖𝑛;   𝐶𝑚𝑎𝑥

∗ = 𝐶𝑚𝑎𝑥;   𝑑∗ = 𝑑1;   𝑜𝑝𝑡𝑐𝑜𝑠𝑡 = 𝑐𝑜𝑠𝑡. 

 Else (𝐶𝑎𝑠𝑒 3) 

 Solve 𝐴𝑃(𝑓, 𝑛𝑃, 𝐶𝑎𝑠𝑒3) to obtain the job sequence 𝑞, 𝐶𝑚𝑖𝑛 and 𝐶𝑚𝑎𝑥. 

  If 𝑐𝑜𝑠𝑡 < 𝑜𝑝𝑡𝑐𝑜𝑠𝑡 then: 

   𝑞∗ = 𝑞;  𝐶𝑚𝑖𝑛
∗ = 𝐶𝑚𝑖𝑛;   𝐶𝑚𝑎𝑥

∗ = 𝐶𝑚𝑎𝑥;   𝑑∗ = 𝑑2;   𝑜𝑝𝑡𝑐𝑜𝑠𝑡 = 𝑐𝑜𝑠𝑡. 

Running time: The running time required for solving 𝑃(𝑓, 𝑛𝑃, 𝐶𝑎𝑠𝑒1), 𝐴𝑃(𝑓, 𝑛𝑃, 𝐶𝑎𝑠𝑒2) 

and 𝐴𝑃(𝑓, 𝑛𝑃, 𝐶𝑎𝑠𝑒3) is clearly 𝑂(𝑛3). It should be solved for all 𝑓 and 𝑛𝑃 values, i.e. 

𝑂(𝑛2) times. Hence the total running time of the algorithm is 𝑂(𝑛5). 

 

Algorithm 𝑴𝒊𝒏𝒎𝒂𝒙_𝑪𝑶𝑵_𝒍𝒊𝒏𝒆𝒂𝒓_𝒅𝒆𝒕𝒆𝒓𝒊𝒐𝒓𝒂𝒕𝒊𝒐𝒏: 

Input:  𝒂𝒋, 𝒃𝒋;   𝒋 = 𝟏, … , 𝒏;  𝜶, 𝜷, 𝜸. 

Main:  

𝑜𝑝𝑡𝑐𝑜𝑠𝑡 = ∞.  

Sort the jobs in a non-decreasing order of 𝑎𝑗/𝑏𝑗. Renumber the jobs accordingly. 

For 𝑓 = 1, … , 𝑛, assign job 𝑓 to the first position,  

                            to obtain the sequence: (𝑓, 1,2, . . . , 𝑓 − 1, 𝑓 + 1, 𝑓 + 2, . . . , 𝑛). 

𝐶𝑚𝑖𝑛 = 𝑎𝑓 .  

𝐶𝑚𝑎𝑥 = ∑ 𝑎𝑖 ∏ (1 + 𝑏𝑗)𝑛
𝑗=𝑖+1

𝑛
𝑖=1   

        If 𝛼 ≤ 𝛾 (Case 1): 

𝑑 = 𝑑1 = 𝛽𝐶𝑚𝑎𝑥/(𝛽 + 𝛾),  𝑐𝑜𝑠𝑡 = 𝛽𝛾𝐶𝑚𝑎𝑥/(𝛽 + 𝛾). 

        If 𝛼 > 𝛾 and 𝛽𝐶𝑚𝑎𝑥/(𝛽 + 𝛾) ≤ (𝛽𝐶𝑚𝑎𝑥 + 𝛼𝐶𝑚𝑖𝑛)/(𝛽 + 𝛼) (Case 2): 

𝑑 = 𝑑1 = 𝛽𝐶𝑚𝑎𝑥/(𝛽 + 𝛾),  𝑐𝑜𝑠𝑡 = 𝛽𝛾𝐶𝑚𝑎𝑥/(𝛽 + 𝛾). 

        If 𝛼 > 𝛾 and 𝛽𝐶𝑚𝑎𝑥/(𝛽 + 𝛾) > (𝛽𝐶𝑚𝑎𝑥 + 𝛼𝐶𝑚𝑖𝑛)/(𝛽 + 𝛼) (Case 3):  

𝑑 = 𝑑2 = (𝛽𝐶𝑚𝑎𝑥 + 𝛼𝐶𝑚𝑖𝑛)/(𝛽 + 𝛼),   𝑐𝑜𝑠𝑡 = 𝛽𝛼(𝐶𝑚𝑎𝑥 − 𝐶𝑚𝑖𝑛)/(𝛽 + 𝛼). 

        If 𝑐𝑜𝑠𝑡 < 𝑜𝑝𝑡𝑐𝑜𝑠𝑡 then: 𝑞∗ = 𝑞;  𝐶𝑚𝑎𝑥
∗ = 𝐶𝑚𝑎𝑥;   𝐶𝑚𝑎𝑥

∗ = 𝐶𝑚𝑎𝑥  𝑑∗ = 𝑑;   𝑜𝑝𝑡𝑐𝑜𝑠𝑡 =

𝑐𝑜𝑠𝑡. 

Running time: The running time required for sorting the jobs is 𝑂(𝑛𝑙𝑜𝑔𝑛). Computing 

𝐶𝑚𝑎𝑥 in each of the 𝑛 iteration is done in 𝑂(𝑛) time. Hence the total running time of the 

algorithm is 𝑂(𝑛2). 

 


