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1. CONDITIONS

We now list the assumptions needed in the proof of theorems.

(C1) The distortion functions ϕ(u) > 0 and ψr(u) > 0, r = 1, . . . , p, for all u ∈ [UL,UR],
where [UL,UR] denotes the compact support of U . Moreover, the distortion functions
ϕ(u) and ψr(u)’s have three continuous derivatives. The density function fU (u) of
the random variable U is bounded away from 0 and satisfies the Lipschitz condition of
order 1 on [UL,UR].

(C2) For some s ≥ 4, E(|Y |s) < ∞, E(|Xr|s) < ∞, r = 1, . . . , p. The matrix Σ0 defined
in Theorem 2 is a positive-definite matrix.

(C3) The kernel functionK(·) is a symmetric bounded density function supported on [−A,A]
satisfying a Lipschitz condition. K(·) also has second-order continuous bounded deriva-
tives, satisfyingK(j)(±A) = 0 withK(j)(t) = djK(t)

dtj , and µ2 =
∫ A

−A
s2K(s)ds ̸= 0,

µK2 =
∫ A

−A
K2(s)ds > 0.

(C4) As n → ∞, the bandwidths h and h1 satisfy nh4 → 0, log2 n
nh2 → 0 and nh81 → 0 and

log2 n
nh2

1
→ 0.

(C5) The density function of Z, fZ(z) is bounded away from zero on Z, where Z is a com-
pact support set in R1. Moreover, fZ(z), E(Xs|Z = z), E(Y |Z = z) and g(z) have
bounded continuous second order derivatives on Z.

(C6) For all ζj j = 1, . . . , p, ζj → 0,
√
nζj → ∞ as n→ ∞,

liminfn→∞liminfu→0+p
′
ζj (u)/ζj > 0.

2. APPENDIX

2.1. A Technical Lemma

Lemma 1 SupposeE(W |V = v) = w(v) and its derivatives up to second order are bounded
for all v ∈ [VL,VR], where [VL,VR] denotes the compact support of V . E|W |3 exists and
supv

∫
|w|sf(v, w)dw < ∞ for some s > 0, where f(v, w) is the joint density of (V,W )T.

Suppose (Vi,Wi), i = 1, 2, . . . n are independent and identically distributed (i.i.d.) samples
from (V,W ). If condition (C3) holds true for kernel function K(v), and n2ϵ−1h → ∞ for
ϵ < 1− s−1, we have

sup
v∈[VL,VR]

∣∣∣∣∣ 1n
n∑

i=1

Kh(Vi − v)Wi − fV (v)w(v)−
1

2
[fV (v)w(v)]

′′µ2h
2

∣∣∣∣∣ = O(τn,h), a.s.

1
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where, fV (v) is the density function of V , and τn,h = h3 +
√
log n/(nh).

Proof Lemma 1 can be immediately proved from the result obtained by Mack and Silverman
(1982).

2.2. Proof of Theorem 1

Recalling that Ỹi = ϕ(Ui)Yi = Yi exp(ln(ϕ(Ui))), we have

Ŷi − Yi = Ỹi exp
(
−
{
m̂ln(|Ỹ |)(Ui)− ln(|Ỹ |)

})
− Yi

= Yi

{
exp

(
ln(ϕ(Ui))−

{
m̂ln(|Ỹ |)(Ui)− ln(|Ỹ |)

})
− 1
}
. (A.1)

Using Lemma 1, recalling the definition of m̂ln(|Ỹ |)(u), we have

m̂ln(|Ỹ |)(u)−mln(|Ỹ |)(u) (A.2)

=
1

nfU (u)

n∑
j=1

Kh(Uj − u)
{
ln(|Ỹj |)−mln(|Ỹ |)(Uj)

}
,

+
1

nfU (u)

n∑
j=1

Kh(Uj − u)
{
mln(|Ỹ |)(Uj)−mln(|Ỹ |)(u)

}

+OP

(
h2
√

log n

nh
+ h4 + τ2n,h

)
.

Using Lemma 1, we have

f̂U (u) =
1

nh

n∑
i=1

K

(
Ui − u

h

)
= fU (u) +

µ2h
2

2
f ′′U (u) +OP (τn,h), (A.3)

and

1

nfU (u)

n∑
j=1

Kh(Uj − u)
{
mln(|Ỹ |)(Uj)−mln(|Ỹ |)(u)

}
(A.4)

=
h2µ2

2fU (u)

{[
mln(|Ỹ |)(u)fU (u)

]′′
−mln(|Ỹ |)(u)f

′′
U (u)

}
+OP (τn,h).

Recalling that mln(|Ỹ |)(u) = ln(ϕ(u)) + E(ln(|Y |)), using (A.2), Taylor expansion entails
that

exp
(
ln(ϕ(Ui))−

{
m̂ln(|Ỹ |)(Ui)− ln(|Ỹ |)

})
− 1 (A.5)

=
{
ln(|Ỹ |)− E(ln(|Y |))

}
− 1

nfU (Ui)

n∑
j=1

Kh(Uj − Ui)
{
ln(|Ỹj |)−mln(|Ỹ |)(Uj)

}
− 1

nfU (Ui)

n∑
j=1

Kh(Uj − Ui)
{
mln(|Ỹ |)(Uj)−mln(|Ỹ |)(Ui)

}

+OP

(
h2
√

log n

nh
+ h4 + τ2n,h + n−1

)
.
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LetM(·) be a function of W = (Y,X), such thatE(M2(W )) <∞. Using (A.1) and (A.5),
as h2 log n→ 0, nh8 → 0 and log2 n

nh2 → 0, we have

1

n

n∑
i=1

(Ŷi − Yi)M(W i) (A.6)

=
1

n

n∑
i=1

YiM(W i)
{
exp

(
ln(ϕ(Ui))−

{
m̂ln(|Ỹ |)(Ui)− ln(|Ỹ |)

})
− 1
}

=
1

n

n∑
i=1

YiM(W i)
{
ln(|Ỹ |)− E(ln(|Y |))

}
− 1

n2

n∑
i=1

n∑
j=1

YiM(W i)

fU (Ui)
Kh(Uj − Ui)

{
ln(|Ỹj |)−mln(|Ỹ |)(Uj)

}
− 1

n2

n∑
i=1

n∑
j=1

YiM(W i)

fU (Ui)
Kh(Uj − Ui)

{
mln(|Ỹ |)(Uj)−mln(|Ỹ |)(Ui)

}
+ oP (n

−1/2)

= Vn,1 + Vn,2 + Vn,3.

For the term Vn,1, we have

Vn,1 =
1

n

n∑
i=1

YiM(W i)
{
ln(|Ỹ |)− E(ln(|Y |))

}
(A.7)

=
E[YM(W )]

n

n∑
i=1

{
ln(|Ỹi|)− E(ln(|Y |))

}
+ oP (n

−1/2).

For Vn,2, as nh4 → 0, the asymptotic expression of U-statistic (Serfling; 1980) entails that

Vn,2 = −E[YM(W )]

n

n∑
i=1

{
ln(|Ỹi|)−mln(|Ỹ |)(Ui)

}
+ oP (n

−1/2) (A.8)

= −E[YM(W )]

n

n∑
i=1

{ln(|Yi|)− E(ln(|Y |))}+ oP (n
−1/2).

For Vn,3, as nh4 → 0, the asymptotic expression of U-statistic (Serfling; 1980) entails that
Vn,3 = OP (h

2) = oP (n
−1/2). Together with (A.6)-(A.8), we have

1

n

n∑
i=1

(Ŷi − Yi)M(W i) (A.9)

=
1

n

n∑
i=1

{
ln(|Ỹi|)− ln(|Yi|)

}
E(YM(W )) + oP (n

−1/2)

=
1

n

n∑
i=1

ln(ϕ(Ui))E(YM(W )) + oP (n
−1/2).

Similarly, for r = 1, . . . , p, we have

1

n

n∑
i=1

(X̂ri −Xri)M(W i) (A.10)

=
1

n

n∑
i=1

{
ln(|X̃ri|)− ln(|Xri|)

}
E(XrM(W )) + oP (n

−1/2)

=
1

n

n∑
i=1

ln(ψr(Ui))E(XrM(W )) + oP (n
−1/2).

We complete the proof of Theorem 1.
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2.3. Proof of Theorem 2

Recalling that

β̂ − β0 =

{
1

n

n∑
i=1

[
X̂i − ŜX(Zi)

]⊗2
}−1

(B.1)

× 1

n

n∑
i=1

{
X̂i − ŜX(Zi)

}{
Ŷi − ŜY (Zi)− X̂

T

i β0 + ŜT
X(Zi)β0

}

=

{
1

n

n∑
i=1

[
X̂i − ŜX(Zi)

]⊗2
}−1

[Dn1 + Dn2 + Dn3] ,

where

Dn1 =
1

n

n∑
i=1

{
X̂i − ŜX(Zi)

}
ϵi, (B.2)

Dn2 =
1

n

n∑
i=1

{
X̂i − ŜX(Zi)

}{
Ŷi − Yi − (X̂i −Xi)

Tβ0

}
(B.3)

Dn3 =
1

n

n∑
i=1

{
X̂i − ŜX(Zi)

}
(B.4)

×
{
SY (Zi)− ŜY (Zi)− (SX(Zi)− ŜX(Zi))

Tβ0

}
.

Step 2.1 For the expression Dn1, we have

Dn1 =
1

n

n∑
i=1

{
X̂i −Xi

}
ϵi +

1

n

n∑
i=1

{Xi − SX(Zi)} ϵi (B.5)

1

n

n∑
i=1

{
SX(Zi)− ŜX(Zi)

}
ϵi

def
= Dn1[1] + Dn1[2] + Dn1[3].

Recalling ϵi = Yi −XT
i β0 − g(Zi) and E(ϵi|Xi, Zi) = 0. Using the asymptotic results of

Theorem 1, we have

1

n

n∑
i=1

{
X̂ri −Xri

}
ϵi (B.6)

=
1

n

n∑
i=1

ln(ψr(Ui))E{Xr[Y −XTβ0 − g(Z)]}+ oP (n
−1/2) = oP (n

−1/2).

Based on (B.6), we have Dn1[1] = oP (n
−1/2).

Step 2.2 In the following, we define

M∆
nδ,Ŵ

(z) =
1

nh1

n∑
i=1

(
Zi − z

h1

)δ

K

(
Zi − z

h1

)
(Ŵi −Wi), (B.7)

where, Ŵi = Ŷi, Wi = Yi and Ŵi = X̂ri, Wi = Xri for δ = 0, 1, r = 1, . . . , p and
i = 1, . . . , n.
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For δ = 0, similar to (A.1) and (A.5), we have

M∆
n0,X̂r

(z) =
1

nh1

n∑
i=1

K

(
Zi − z

h1

)
(X̂ri −Xri) (B.8)

=
1

nh1

n∑
i=1

K

(
Zi − z

h1

)
Xri

{
ln(|X̃r|)− E(ln(|Xr|))

}
− 1

n2h1h

n∑
i=1

n∑
j=1

Xri

fU (Ui)
K

(
Zi − z

h1

)
K

(
Uj − Ui

h

)
×
{
ln(|X̃rj |)−mln(|X̃r|)(Uj)

}
− 1

n2h1h

n∑
i=1

n∑
j=1

Xri

fU (Ui)
K

(
Zi − z

h1

)
K

(
Uj − Ui

h

)
×
{
mln(|Ỹ |)(Uj)−mln(|Ỹ |)(Ui)

}
+OP

(
h2
√

log n

nh
+ h4 + τ2n,h + n−1

)
.

Recalling that mln(|X̃r|)(u) = ln(ψr(u)) + E(ln(|Xr|)), the asymptotic expression of U-
statistic (Serfling; 1980) entails that

1

n2h1h

n∑
i=1

n∑
j=1

Xri

fU (Ui)
K

(
Zi − z

h1

)
K

(
Uj − Ui

h

)
(B.9)

×
{
ln(|X̃rj |)−mln(|X̃r|)(Uj)

}
= sXr

(z)fZ(z)
1

n

n∑
i=1

{ln(|Xri|)− E(ln(|Xr|))}+ oP (n
−1/2) +OP (n

−1/2h21).

Similar to (B.8), we have

1

n2h1h

n∑
i=1

n∑
j=1

Xri

fU (Ui)
K

(
Zi − z

h1

)
K

(
Uj − Ui

h

)
(B.10)

×
{
mln(|Ỹ |)(Uj)−mln(|Ỹ |)(Ui)

}
= OP (h

2 + h21h
2)

Together with (B.8)-(B.10), as nh4 → 0, logn
nh1

→ 0, we have

M∆
n0,X̂r

(z) =
1

nh1

n∑
i=1

K

(
Zi − z

h1

)
Xri

{
ln(|X̃r|)− E(ln(|Xr|))

}
(B.11)

−sXr (z)fZ(z)
1

n

n∑
i=1

{ln(|Xri|)− E(ln(|Xr|))}

+OP

(
h2 + h21h

2 + h2
√

logn

nh
+ h4 + τ2n,h + n−1

)

= sXr (z)fZ(z)
1

n

n∑
i=1

ln(ψr(Ui)) + oP (n
−1/2).

Similar to (B.11), we have

M∆
n1,X̂r

(z) = h1[sXr (z)fZ(z)]
′ 1

n

n∑
i=1

ln(ψr(Ui)) + oP (n
−1/2). (B.12)
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Thus, using Lemma 1 and (B.12), we have

ŝXr (z) =
Qn2(z)Mn0,X̂r

(z)−Qn1(z)Mn1,Xr (z)

Qn2(z)Qn0(z)− [Qn1(z)]
2 (B.13)

+
Qn2(z)M

∆
n0,X̂r

(z)−Qn1(z)M
∆
n1,X̂r

(z)

Qn2(z)Qn0(z)− [Qn1(z)]
2

def
= ŝ∗Xr

(z) + sXr (z)
1

n

n∑
i=1

ln(ψr(Ui)) + oP (n
−1/2).

Directly using Lemma A.1 in Liang and Li (2009) and similar to the proof of Theorem 1 in
Liang and Li (2009), we have

1

n

n∑
i=1

{
SX(Zi)− Ŝ∗

X(Zi)
}
ϵi = oP (n

−1/2) (B.14)

where, Ŝ∗
X(Zi) = (ŝ∗X1

(Zi), . . . , ŝ
∗
Xr

(Zi))
T.

Appealing to (B.13)-(B.14), we obtain

Dn1[3] (B.15)

=
1

n

n∑
i=1

{
SX(Zi)− Ŝ∗

X(Zi)
}
ϵi −

1

n

n∑
i=1

SX(Zi)ϵi

{
1

n

n∑
i=1

ln(ψr(Ui))

}
+ oP (n

−1/2) = OP (n
−1) + oP (n

−1/2) = oP (n
−1/2).

Thus, according to (B.5)-(B.6) and (B.15), we obtain that

Dn1 =
1

n

n∑
i=1

{Xi − SX(Zi)} ϵi + oP (n
−1/2). (B.16)

Step 2.3 For the argument Dn2, we have

Dn2 =
1

n

n∑
i=1

{
X̂i −Xi

}{
Ŷi − Yi − (X̂i −Xi)

Tβ0

}
(B.17)

+
1

n

n∑
i=1

{Xi − SX(Zi)}
{
Ŷi − Yi − (X̂i −Xi)

Tβ0

}
+
1

n

n∑
i=1

{
SX(Zi)− ŜX(Zi)

}{
Ŷi − Yi − (X̂i −Xi)

Tβ0

}
def
= Dn2[1] + Dn2[2] + Dn2[3].

Let V̂i = Ŷi, or V̂i = X̂ri, and D̂i = Ŷi, or D̂i = X̂ri, accordingly, Vi = Yi, or Vi = Xri

or Vi = Zi, and Di = Yi, or Di = Xri or Di = Zi. Based on (A.5), as nh8 → 0 and
log2 n
nh2 → 0, we have

1

n

n∑
i=1

(V̂i − Vi)(D̂i −Di) = OP ((n
−1/2 + h2 + τn,h)

2) = oP (n
−1/2). (B.18)

Using (B.18), we have Dn2[1] = oP (n
−1/2). For Dn2[2], using E[X − SX(Z)|Z] = 0, and
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Cov(Y,X − SX(Z)) = Σ0β0, Theorem 1 entails that

1

n

n∑
i=1

{Xi − SX(Zi)}
{
Ŷi − Yi

}
(B.19)

=
1

n

n∑
i=1

ln(ϕ(Ui))E[Y(Xi − SX(Z))] + oP (n
−1/2)

=
1

n

n∑
i=1

ln(ϕ(Ui))Cov(Y,X − SX(Z)) + oP (n
−1/2)

=
1

n

n∑
i=1

ln(ϕ(Ui))Σ0β0 + oP (n
−1/2).

Similarly, we have

1

n

n∑
i=1

{Xi − SX(Zi)} (X̂i −Xi)
Tβ0 (B.20)

=

p∑
r=1

{
1

n

n∑
i=1

{Xi − SX(Zi)} (X̂ri −Xri)β0r

}

=
1

n

p∑
r=1

n∑
i=1

ln(ψr(Ui))E[Xr(Xi − SX(Z))]β0r + oP (n
−1/2)

=
1

n

p∑
r=1

n∑
i=1

ln(ψr(Ui))E[(Xi − SX(Z))⊗2]ere
T
r β0 + oP (n

−1/2).

=
1

n

p∑
r=1

n∑
i=1

ln(ψr(Ui))Σ0ere
T
r β0 + oP (n

−1/2).

Together with (B.19) and (B.20), we have

Dn2[2] =
1

n

n∑
i=1

ln(ϕ(Ui))Σ0β0 (B.21)

− 1

n

p∑
r=1

n∑
i=1

ln(ψr(Ui))Σ0ere
T
r β0 + oP (n

−1/2).

Under the condition nh81 → 0 and logn
nh2

1
→ 0, the conclusion of (A.1) in Liang and Li (2009)

entails that sup
z∈Z

|ŝ∗Xr
(z)− sXr (z)| = oP (n

−1/4), r = 1, . . . , p.

According to the proof of Theorem 1 in Zhang et al. (2016), using (B.13), we have

1

n

n∑
i=1

{sXl
(Zi)− ŝXl

(Zi)} (X̂ri −Xri) (B.22)

=
1

n

n∑
i=1

{
sXl

(Zi)− ŝ∗Xl
(Zi)− sXl

(Zi)
1

n

n∑
i=1

ψl(Ui)

}
(X̂ri −Xri) + oP (n

−1/2)

= OP (n
−1/2h21 + n−1) + oP (n

−1/2) = oP (n
−1/2).

Similar to (B.22), Dn2[3] = oP (n
−1/2), and also Dn3 = oP (n

−1/2). Moreover,

1

n

n∑
i=1

[
X̂i − ŜX(Zi)

]⊗2 P−→ Σ0. (B.23)
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Thus, together with (B.16), (B.21) and (B.23), we obtain that

β̂ − β0 = Σ−1
0 (Dn1 + Dn2 + Dn3) + oP (n

−1/2) (B.24)

=
1

n

n∑
i=1

Σ−1
0 {Xi − SX(Zi)} ϵi

+
1

n

n∑
i=1

{
ln(ϕ(Ui))−

p∑
r=1

ln(ψr(Ui))ere
T
r

}
β0 + oP (n

−1/2).

We have completed the proof of Theorem 2.

2.4. Proof of Theorem 3

Note that

ĝ(z)− g(z) =
Tn2(z)V̂n0(z)− Tn1(z)V̂n1(z)

Tn2(z)Tn0(z)− [Tn1(z)]
2 − g(z) (C.1)

=
Tn2(z)[V̂n0(z)− Tn0(z)g(z)]

Tn2(z)Tn0(z)− [Tn1(z)]
2 − Tn1(z)[V̂n1(z)− Tn1(z)g(z)]

Tn2(z)Tn0(z)− [Tn1(z)]
2

= Sn1(z)− Sn2(z)

For the term Sn1(z), we have

Sn1(z) =
1

Tn0(z)− [Tn1(z)]
2
/Tn2(z)

1

nh2

n∑
i=1

K

(
Zi − z

h2

)
ϵi (C.2)

+
1

Tn0(z)− [Tn1(z)]
2
/Tn2(z)

1

nh2

n∑
i=1

K

(
Zi − z

h2

)
(g(Zi)− g(z))

+
1

Tn0(z)− [Tn1(z)]
2
/Tn2(z)

1

nh2

n∑
i=1

K

(
Zi − z

h2

)
XT

i

(
β0 − β̂

)
+

1

Tn0(z)− [Tn1(z)]
2
/Tn2(z)

1

nh2

n∑
i=1

K

(
Zi − z

h2

)(
Ŷi − Yi − (X̂i −Xi)

Tβ̂
)

def
= Sn1,[1](z) + Sn1,[2](z) + Sn1,[3](z) + Sn1,[4](z).

Directly using Lemma 1, we have

Sn1,[1](z) =
1

nh2fZ(z)

n∑
i=1

K

(
Zi − z

h2

)
ϵi +OP

(
h22

√
logn

nh2
+

log n

nh2

)
, (C.3)

Sn1,[2](z) =
h22µ2

2
g′′(z) + h22µ2

g′(z)f ′Z(z)

fZ(z)
+OP

(
h42 +

log n

nh2

)
. (C.4)

By using Theorem 2, we obtain that β̂ − β0 = OP (n
−1/2), and we can have that

Sn1,[3](z) = OP (n
−1/2) = oP ((nh2)

−1/2). (C.5)

Using (A.1) and (A.5), similar to (B.8), we have

Sn1,[4](z) = sY (z)
1

n

n∑
i=1

ln(ϕ(Ui)) (C.6)

− 1

n

n∑
i=1

p∑
r=1

sXr (z)β0r ln(ψr(Ui)) + oP (n
−1/2)

= OP (n
−1/2) = oP ((nh2)

−1/2).

8



Similar to the analysis of (C.2)-(C.6), we have

Sn2(z) =
g′(z)f ′Z(z)

fZ(z)
h22µ2 + oP (h

2
2 + 1/

√
nh2). (C.7)

Together with (C.2) and (C.7), we have

ĝ(z)− g(z)− µ2h
2
2

2
g′′(z) (C.8)

=
1

fZ(z)nh2

n∑
i=1

K

(
Zi − z

h2

)
ϵi + oP (h

2
2 + 1/

√
nh2).

The asymptotic result of Theorem is directly obtained from (C.8), we have completed the
proof of Theorem 3.

2.5. Proof of Theorem 4

We first consider the conditional mean calibration. For 1 ≤ r ≤ p, let ℘̂[r]
n,i(β0) be the

r-component of ℘̂n,i(β0). We decompose ℘̂[r]
n,i(β0) into following terms:

℘̂
[r]
n,i(β0) = (Yi − SY (Zi)− [Xi − SX(Zi)]

Tβ0)[Xri − sXr (Zi)] +

8∑
t=1

R
[r]
n,it,

where,

R
[r]
n,i1 = {Ŷi − Yi − [X̂i −Xi]

Tβ0}[Xri − sXr (Zi)],

R
[r]
n,i2 = {Ŷi − Yi − [X̂i −Xi]

Tβ0}[X̂ri −Xri],

R
[r]
n,i3 = {Ŷi − Yi − [X̂i −Xi]

Tβ0}[sXr (Zi)− ŝXr (Zi)],

R
[r]
n,i4 = {Yi − SY (Zi)− [Xi − SX(Zi)]

Tβ0}[sXr (Zi)− ŝXr (Zi)],

R
[r]
n,i5 = {Yi − SY (Zi)− [Xi − SX(Zi)]

Tβ0}[X̂ri −Xri],

R
[r]
n,i6 = {SY (Zi)− ŜY (Zi)− [SX(Zi)− ŜX(Zi)]

Tβ0}[sXr (Zi)− ŝXr (Zi)],

R
[r]
n,i7 = {SY (Zi)− ŜY (Zi)− [SX(Zi)− ŜX(Zi)]

Tβ0}[X̂ri −Xri],

R
[r]
n,i8 = {SY (Zi)− ŜY (Zi)− [SX(Zi)− ŜX(Zi)]

Tβ0}[Xri − sXr (Zi)].

To prove Theorem 4, we need to show that

max
1≤i≤n

|℘̂[r]
n,it| = oP (n

1/2), t = 1, . . . , 8.

It is noted that for any sequence of i.i.d random {Vi, 1 ≤ i ≤ n} and E[V 2] < ∞, we have

max
1≤i≤n

|Vi|√
n

→ 0, a.s.. Then,

max
1≤i≤n

∣∣∣(Yi − SY (Zi)− [Xi − SX(Zi)]
Tβ0)[Xri − sXr (Zi)]

∣∣∣ = oP (n
1/2).

9
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Next, for R[r]
n,i1, according to (A.1) and (A.5),

max
1≤i≤n

|{Ŷi − Yi}[Xri − sXr (Zi)]| (D.1)

≤ max
1≤i≤n

∣∣∣{exp(ln(ϕ(Ui))−
{
m̂ln(|Ỹ |)(Ui)− ln(|Ỹ |)

})
− 1
}∣∣∣

× |Yi[Xri − sXr (Zi)]|

≤ max
1≤i≤n

|Yi[Xri − sXr (Zi)]|
∣∣∣ln(|Ỹ |)− E(ln(|Y |))

∣∣∣
+ max

1≤i≤n
|Yi[Xri − sXr (Zi)]|OP

(
h2 +

√
log n

nh

)
+OP

(
h4 +

log n

nh

)
OP (n

1/2)

= oP (n
1/2).

Similar to (D.1), we have

max
1≤i≤n

|R[r]
n,i1| = oP (n

1/2), max
1≤i≤n

|R[r]
n,i5| = oP (n

1/2). (D.2)

For R[r]
n,i2, similar to (D.1), we have

max
1≤i≤n

|{Ŷi − Yi}[X̂ri −Xri]| (D.3)

≤ max
1≤i≤n

|YiXri| max
1≤i≤n

∣∣∣{exp(ln(ϕ(Ui))−
{
m̂ln(|Ỹ |)(Ui)− ln(|Ỹ |)

})
− 1
}∣∣∣

× max
1≤i≤n

∣∣∣{exp(ln(ψr(Ui))−
{
m̂ln(|X̃r|)(Ui)− ln(|X̃r|)

})
− 1
}∣∣∣

= OP

(
h4 +

log n

nh
+ n−1

)
OP (n

1/2) = oP (n
1/2)

Thus, according to (D.3), we show that

max
1≤i≤n

|R[r]
n,i2| = oP (n

1/2). (D.4)

The conclusion of (A.1) in Liang and Li (2009) entails that sup
z∈Z

|Ŝ∗
Y (z)−SY (z)| = oP (n

−1/4),

and sup
z∈Z

|ŝ∗Xr
(z)− sXr (z)| = oP (n

−1/4), r = 1, . . . , p. Similar to (B.22), we have

max
1≤i≤n

|{Ŷi − Yi}[sXr
(Zi)− ŝXr

(Zi)]| (D.5)

≤ max
1≤i≤n

|Yi| max
1≤i≤n

|sXr (Zi)− ŝXr (Zi)|

× max
1≤i≤n

∣∣∣{exp(ln(ϕ(Ui))−
{
m̂ln(|Ỹ |)(Ui)− ln(|Ỹ |)

})
− 1
}∣∣∣ = oP (n

1/2).

Similar to (D.5), we show that

max
1≤i≤n

|R[r]
n,i3| = oP (n

1/2). (D.6)

Similar to the proofs of |R[r]
n,it|, t = 1, 2, 3, 5, we have max

1≤i≤n
|R[r]

n,it| = oP (n
1/2) for t =

4, 6, 7, 8. We omit the details. Followed the same argument in the proof (2.14) in Owen
(1991), we have λ̂ = OP (n

1/2). Thus, max
1≤i≤n

|λ̂T℘̂n,i(β0)| = oP (1). Note that log(1+ t) ≈

t− 1
2 t

2 for t sufficiently small, we have

l̂(β0) = 2
n∑

i=1

(
λ̂T℘̂n,i(β0)−

1

2
{λ̂T℘̂n,i(β0)}2

)
+ oP (1). (D.7)
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Note that λ̂ satisfies the following equation,

1

n

n∑
i=1

℘̂n,i(β0)

1 + λ̂T℘̂n,i(β0)
= 0.

Further,

0 =
1

n

n∑
i=1

℘̂n,i(β0)

1 + λ̂T℘̂n,i(β0)

1

n

n∑
i=1

℘̂n,i(β0)−
1

n

n∑
i=1

℘̂n,i(β0)℘̂n,i(β0)
Tλ̂

+
1

n

n∑
i=1

℘̂n,i(β0){λ̂T℘̂n,i(β0)}2

1 + λ̂T℘̂n,i(β0)
. (D.8)

Above equation (D.8) and max
1≤i≤n

|λ̂T℘̂n,i(β0)| = oP (1) entail that

λ̂ =
( 1
n

n∑
i=1

℘̂n,i(β0)℘̂n,i(β0)
T
)−1 1

n

n∑
i=1

℘̂n,i(β0) + oP (n
−1/2). (D.9)

Plugging the asymptotic expressions (D.7)-(D.9), we have

l̂(β0) (D.10)

= n
( 1
n

n∑
i=1

℘̂n,i(β0)
)T( 1

n

n∑
i=1

℘̂n,i(β0)℘̂n,i(β0)
T
)−1( 1

n

n∑
i=1

℘̂n,i(β0)
)

+ oP (1).

According the proof Theorem 2, we can obtain that

l̂(β0) = n
( 1
n

n∑
i=1

κn,i(β0)
)T( 1

n

n∑
i=1

κn,i(β0)κn,i(β0)
T
)−1( 1

n

n∑
i=1

κn,i(β0)
)
+ oP (1),

where κn,i(β0) = {Yi − SY (Zi)− [Xi − SX(Zi)]
Tβ0}[Xi − SX(Zi)] is independent and

identically distributed p-dimensional random vector with zero mean. Theorem 4 for l̂(β0)

follows from the central limit theorem and the Slutsky theorem.

3. PROOF OF THEOREM 5 AND THEOREM 6

Step 1 Note that

β̂R = β̂ − Σ̂
−1

AT
{
AΣ̂

−1
AT
}−1 [

Aβ̂ − b
]
. (E.1)

Under the null hypothesis H0, we have Aβ0 = b. Using (E.1), it is seen that

β̂R − β0 =
(
β̂ − β0

)
− Σ̂

−1
AT

{
AΣ̂

−1
AT
}−1 [

Aβ̂ −Aβ0

]
(E.2)

=

[
Ip − Σ̂

−1
AT

{
AΣ̂

−1
AT
}−1

A

](
β̂ − β0

)
.

Together with (B.23) and (B.24), the equation (E.2) can be expressed as

β̂R − β0 =

[
Ip −Σ−1

0 AT
{
AΣ−1

0 AT
}−1

A

](
β̂ − β0

)
+ oP (n

−1/2). (E.3)

Define ΩA = Ip −Σ−1
0 AT

{
AΣ−1

0 AT
}−1

A, the expression (E.3) entails that

√
n
(
β̂R − β0

)
L−→ N(0,ΩAΣ

−1
0 Σ0ϵΣ

−1
0 ΩT

A +ΩAΣϕ,ψΩ
T
A).

11
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We have completed the proof of Theorem 5.
Step 2 Under the null hypothesis H0 : Aβ0 = b, using (B.24) and Theorem 1, we have

√
n
(
Aβ̂ − b

)
=

√
nA

(
β̂ − β0

)
(E.4)

L−→ N
(
0,AΣ−1

0 Σ0ϵΣ
−1
0 AT +AΣϕ,ψA

T
)
.

Similar to the analysis of (B.23), we have

AΣ̂
−1

Σ̂ϵΣ̂
−1

AT +AΣ̂ϕ,ψA
T P−→ AΣ−1

0 Σ0ϵΣ
−1
0 AT +AΣϕ,ψA

T. (E.5)

The Slutsky theorem entails that[
AΣ̂

−1
Σ̂ϵΣ̂

−1
AT +AΣ̂ϕ,ψA

T
]−1/2 [√

n
(
Aβ̂ − b

)]
(E.6)

L−→ N(0, Ik),

where Ik is a k×k dimensional identity matrix. Using (E.6), the continuous mapping theorem
entails that

Tn = n
(
Aβ̂ − b

)T [
AΣ̂

−1
Σ̂ϵΣ̂

−1
AT +AΣ̂ϕ,ψA

T
]−1 (

Aβ̂ − b
)

(E.7)

L−→ χ2
k,

where χ2
k is the centered chi-squared distribution with degree of freedom k We have com-

pleted the proof of Theorem 6.

4. PROOF OF THEOREM 7

Step 1 It is noted that b = Aβ0 − n−1/2c under the null hypothesis H1n, from (E.1) and we
have

β̂R = β̂ − Σ̂
−1

AT
{
AΣ̂

−1
AT
}−1 [

Aβ̂ − b
]

(F.1)

= β̂ − Σ̂
−1

AT
{
AΣ̂

−1
AT
}−1 [

Aβ̂ −Aβ0 + n−1/2c
]

= β̂ − Σ̂
−1

AT
{
AΣ̂

−1
AT
}−1

A
(
β̂ − β0

)
−n−1/2Σ̂

−1
AT

{
AΣ̂

−1
AT
}−1

c.

Using (E.2)-(E.3) and (F.1), we have

β̂R − β0 = ΩA

(
β̂ − β0

)
− n−1/2Σ−1

0 AT
{
AΣ−1

0 AT
}−1

c+ oP (n
−1/2). (F.2)

According to Theorem 1, we have
√
n
(
β̂R − β0

)
(F.3)

L−→ N(−Σ−1
0 AT

{
AΣ−1

0 AT
}−1

c,ΩAΣ
−1
0 ΣϵΣ

−1
0 ΩT

A +ΩAΣϕ,ψΩ
T
A).

Step 2 Under the local alternative hypothesis H1n : Aβ0 = b + n−1/2c, using Theorem 1,
we have

√
n
(
Aβ̂ − b

)
=

√
n
(
Aβ̂ −Aβ0 + n−1/2c

)
(F.4)

=
√
nA

(
β̂ − β0

)
+ c

L−→ N
(
c,AΣ−1

0 Σ0ϵΣ
−1
0 AT +AΣϕ,ψA

T
)
.
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Using (E.5)-(E.6) and (F.4), we have[
AΣ̂

−1
Σ̂ϵΣ̂

−1
AT +AΣ̂ϕM ,ψM

AT
]−1/2 [√

n
(
Aβ̂ − b

)]
(F.5)

L−→ N

([
AΣ−1

0 Σ0ϵΣ
−1
0 AT +AΣϕ,ψA

T
]−1/2

c, Ik

)
.

Then, according to (F.5), the continuous mapping theorem entails that

Tn (F.6)

= n
(
Aβ̂ − b

)T [
AΣ̂

−1
Σ̂ϵΣ̂

−1
AT +AΣ̂ϕ,ψA

T
]−1 (

Aβ̂ − b
)

L−→ χ2
k(πc),

where χ2
k(πc) is the noncentral chi-squared distribution with degree of freedom k, and πc

is the noncentrality parameter, defined as πc = cT
[
AΣ−1

0 Σ0ϵΣ
−1
0 AT +AΣϕ,ψA

T
]−1

c.
We have completed the proof of Theorem 7.

5. PROOF OF THEOREM 8

Step 1 In this step, we establish the asymptotic order of minimizer estimator β̂P . Define

LP (β) =
1

2

n∑
i=1

{
Ŷi − ŜY (Zi)−

[
X̂i − ŜX(Zi)

]T
β

}2

+ n

p∑
s=1

pζs(|βs|).

Let κn = n−1/2 + a∗n with a∗n = max1≤j≤p{p′ζj (|β0j |), β0j ̸= 0}, and s = (s1, . . . , sp)
T

with ∥s∥ = C0. Moreover, we define β(n) = β0 + κns and

Fn,1 =
1

2

n∑
i=1

{
Ŷi − ŜY (Zi)−

[
X̂i − ŜX(Zi)

]T
β(n)

}2

−1

2

n∑
i=1

{
Ŷi − ŜY (Zi)−

[
X̂i − ŜX(Zi)

]T
β0

}2

Fn,2 = −n
p0∑
j=1

{pζj (|β0j + κnsj |)− pζj (|β0j |)}.

Using (B.23)-(B.24), we have

Fn,1 =
1

2
κ2n

n∑
i=1

sT
[
X̂i − ŜX(Zi)

]⊗2

s (G.1)

−κn
n∑

i=1

sT
[
X̂i − ŜX(Zi)

]T (
β̂ − β0

)
=

n

2
κ2ns

TΣ0s− nκns
TΣ0

(
β̂ − β0

)
+oP (nκ

2
nC

2
0 ) + oP (n

1/2κnC0)

As a∗n = OP (n
−1/2), we have κn = OP (n

−1/2) and the asymptotic expression (G.1) en-
tails that the first argument of Dn,1 is positive and dominated by n

2κ
2
nC

2
0 in probability and

the second argument of is dominated by C0OP (1). Taylor expansion and Cauchy-Schawz
inequality entail that

|Fn,2| ≤ n
√
p0κna

∗
n∥s∥+ nκ2na

∗∗
n ∥s∥2 ≤ C0nκ

2
n

{√
p0 + a∗∗n C0

}
.

13
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where a∗∗n = max1≤j≤p{p′′ζj (|β0j |), β0j ̸= 0}. Furthermore, Dn,2 is bounded by nκ2nC
2
0 in

probability. Thus, as a∗∗n , b
∗∗
n tend to 0 and C0 sufficiently large, Dn,1 dominates Dn,2. As a

consequence, for any given δ > 0, there exists a large constant C0 such that

P

{
inf
S

LP (β(n)) > LP (β0)

}
≥ 1− δ,

where S = {s : ∥s∥ = C0}. We conclude that b̂P is OP (n
−1/2).

Step 2. Let β∗
1 satisfies ∥β∗

1 − β01∥ = OP (n
−1/2). Similar to the proof of Lemma 1 in Fan

and Li (2001), we can show that

LP

(
(β∗T

1 ,0T)T
)
= min

L∗
LP

(
(β∗T

1 ,β∗T
2 )T

)
, (G.2)

where, L∗ = {∥β∗
2∥ ≤ L∗n−1/2} and L∗ is a positive constant. We omit the details for the

proof in this step.
Step 3. Denote that β̂P,1 is the penalized least squares estimator of β0,1. In addition, we
denote that X̂i,1 and ŜX,1(Zi) consist of the first p0 components of X̂i and ŜX(Zi), re-
spectively. Define L∗

P (β1) = LP

(
(βT

1 ,0
T)T

)
. Taylor expansion entails that

0 =
∂L∗

P (β1)

∂β1

∣∣∣∣∣
β1=β̂P,1

(G.3)

= −
n∑

i=1

[
X̂i,1 − ŜX,1(Zi)

]{
Ŷi −

[
X̂i,1 − ŜX,1(Zi)

]T
β0,1

}

+nRζ1 +

(
n∑

i=1

[
X̂i,1 − ŜX,1(Zi)

]⊗2

+ nΣζ1

)(
β̂P,1 − β0,1

)
+OP (δn),

where δn = n∥β̂P,1 − β01∥2. Similar to (B.24), we have that

1√
n

n∑
i=1

[
X̂i,1 − ŜX,1(Zi)

]{
Ŷi −

[
X̂i,1 − ŜX,1(Zi)

]T
β0,1

}
(G.4)

L−→ N
(
0p0 ,Σ0ϵ,1 +Σ0,1Σϕ,ψ1

Σ0,1

)
,

where Σ0ϵ,1, Σ0,1 and Σϕ,ψ1
are defined in Theorem 1. The asymptotic expression (G.2)

and (G.4) entail that

√
n
(
Σ0,1 +Σζ1

){(
β̂P,1 − β0,1

)
+
(
Σ0,1 +Σζ1

)−1
Rζ1

}
L−→ N

(
0p0 ,Σ0ϵ,1 +Σ0,1Σϕ,ψ1

Σ0,1

)
.

We have completed the proof of Theorem 8.
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