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Derivation of Equation (26): Multiplying expression (24) by n;p; and using ¢ = 71~

vy oYy )
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replacing the left hand side for the corresponding expressions (11), (13) and (15)
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using expressions (16) and (23), and by adding and subtracting (1 — ) Y,
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where pt = i1 + p12. Considering the agricultural price index (9) and Y = (1 —¢) Y}, and

after some manipulation, it yields

l1—0o d
1—p Yld - Ygd d _nipy . l1—0o ¢Y2
tY1+2Pj‘_” (po'—l T +,UqY1 1 Pll—a = mipq _le—a

Ag PZI
finally, by using the expression of industrial price index (8), equation (26) it is obtained.

Proof of Proposition 1: First, and hereinafter, labor in region 2 is taken as numerarie,

then, wy = ps, = pa, =1 and py = B-7, and p = py + po. Furthermore,

Pa _ P _ W1

ba, Dss W

w = Wy (36)
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Using expressions (16), (20)-(23), (29) and replacing these in (27) and (28) it is obtained,

tis L 1—p Lw—(1-L)p?
i = — {Lw+ ot 1 Lw = (1-1) py ] (37)
o — o—14pu(l—t) 2P 70 —1+4puy(1—1)
tps L 1—p (I-L)p7 — L
Y, = — 2 |a-1) - Ha 0 1_’“ff< )P4 v (38)
o — o—1+pp(1—=1) 2Py 70c—1+p(l—1)
YU = Yi4+Y,=Y?+Ys and Yw:%[Ler(l—L)] (39)
00— M

Using (8)-(9), (36), (15), and (37)-(39) the current account equation (26) can be

rewritten as

Huw'~° 1-H

CAo(H, w) = 5y (1= 1) {“”b [Hgbwl—iUvL - # " Ho o1 (1-H) ¢] +(1- ’”}
H,wl—o wl—o

sy {“@ngswl—a gy Sl m} =0 (40)

where s, = Y (w)/Y"(w). Implicit differentiation of (40) leads to

OCA
" - ag{{xz (41)
dH CA2=0 “ow
where,
aCAQ L ¢w1_a (17(;52) [(le_a)27(1—H)2:|
By = — (leig¢+1—H)2 1-— Sy (1 — t) [Hwl o +(1—H)d]? <0 (42)

the second term in curly brackets could be negative or positive, but in the last case, it

will always be lower than one, so the expression is always negative. Additionally,

% — pmo(o—1)H(1-H) 1—3s (1 o t) (17¢>2)[(H’w170)27(17[—])2] +(1—y)(0—1)w‘”
ow  wo(Hw'=o¢+1-H)’ v [Hwl=o+(1—H)¢]? (1+wi—o)?
Os wlfa —
+a_zg {1 — K (1 - t) + o (1 - t> [Hw£°¢+1—H+Hw1*i+g—H)¢] } (43)
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Note that,

8Y1 g potL 14 L<0w1_5+1)+(17L)(071)w_"
Hw - o — I {L+0—1+u2(1—t) + (14wl—o)? o—1+p2(1-t) >0
ay"
- 7 7
ow o — I
On comparing these expressions it can be observed that, % > ‘rg—ww, and Y > Yy, thus,
T e e
Py _ ow oul (44)
Ou (v)
Then,
0C' A,
>0 45
5 (45)

Considering the signs of (42) and (45), (41) must always be positive.

Proof of Proposition 2: From expressions (37) and (39) it can be obtained that

ds, OYi/ot 2
ot oYY o—1tm(l—t)" (46)

Then, deriving the current account equation (40) with respect to ¢,

s wl=° 1-H
608;422071+Hy2(17t) {(0_1"‘:“2) —(0—1) Hgllfl"dﬁli)H_'—lefl—(‘”r(lzd;I)(b—i_ <1_“)] } (47)

The sum in the square brackets is equal to or lower than 1, and [(¢ — 1 + pg) — (0 —

1)(u1 + 1 — p)] > 0. Thus, the expression is always positive. Then:

0C Ay
d_w __ot < 0
dt - 80142
CA2=0 Ow

39



For the second part of the proposition, equation (19) is divided by (39), such that

T Yv —T.
—2 = tSy and 72

Yw - (]‘ - tsy)

Deriving this expressions and expression (39) with respect to t,

d (tSy) 0s Osy dw o—1+ 0s dw
a b + sy tigy dt‘CAQ:OZWQ(Mth) 5w loay—o > 0
d(l—t d(t
( Sy) _ (tsy) <0
dt dt
ay™ o dw
= L — <0
dt o— 1 dt{ou,—0

On looking at equations (43)-(47), it is clear that the first expression is always positive,
while the last two are always negative. Thus, if T5/Y™ increases and (Y* —Ty) /Y™

decreases as t rises, dT5/dt must be positive.

Proceeding in the same way for the disposable incomes,

Yy (1-1)Y; Yy
Y_lwz(y#:(l—t)sy and Y—?wzl—(l—t)sy

by differentiating these expressions with respect to ¢ it is obtained that

dl(1-t)s] o—1 0sy dw
dt B J—1+u2(1—t)8y+(1 2 Ow dt |y, <0
dii=(-8s,] _ _dl(1=1)s)]
dt B dt =0

Then, taking into account that dY™ /dt < 0, the last two expressions imply that

dyy dyd
" d —=2>0
7 T

Proof of Proposition 3: The change in the industrial sector as a proportion of the
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labor force in the sector is:

Ly,  Lpg, Lg,  dt |,

J J

<

Using equations (23), (29), (37), (38), (43) and (47), the previous expression for region 1

at the symmetric equilibrium (30) is equal to

dLp, /dt oU (¢)
LEI

where U (¢), and Z(¢) > 0 for ¢ > 0 (dZ(¢)/d¢ > 0), are polynomials,

U(p) = [2uyto(l—p)]d*+2uy (20 —1)¢p—0 (1 —p) 20 (49)
Z(¢) = (0—1+py) [Apy (0= 1) ¢+ (1= p) (0 —1) (14 ¢)?] (50)

(0= 1+ o) 142552 [(1 = o) (1 6)° =y (1= 6)] >0 (51)

where Z (¢) > 0 for all ¢ € [0,1]. Then, the sign of expression (48) depends only on

the numerator. The polynomial (49) has a unique positive root: P(¢ = ¢*) = 0 with
¢ € (0,1), and

¢M_—m@o—n+¢mx%—nf+au—mmm+au—uﬂ
- 2p2 + o (1— p)]

(52)

Moreover, evaluating expression (48) for the extreme cases of ¢ = 0 and ¢ = 1 yields

dLE1 /dt o

a5 = 0 - 7 9
LEl <¢ ) sym (U - /J“1>

dLg, /dt 11y0

B A =1 = >0
L (¢ ) sym (1 - /1/2) (U - Ml)

Then, expression (48) is negative for 0 < ¢ < ¢*" and positive for ¢*" < ¢ < 1. Proceeding
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in the same way for region 2, (and by symmetry) it is obtained that

dLg,/dt _ dLg, /dt aU(¢)

L Liv |ywm  Z2(9) ©

sym

Proof of Proposition 4: From equation U(¢) = 0 (polynomial (49)) and the implicit

differentiation, it is obtained that

00" 207 (9" + (20 — )]+ 0 [1 - (6")7]

o 22t o (@07 + 20 1) (53)
00 (L= p) (&™) + dped™ — (1 — py)

9o 22mto(l- )T 2 (20— 1) 0 (54)

While expression (53) is clearly negative, expression (54) is also negative since py > 0

and
angT'
Jo

<0+— % > ¢"

where ¢* is the unique positive root of the numerator of (54):
2u 21 2
— 22 2
* = 1 55
e It i (1 - u) i (55)

Proof of Proposition 5: The proof is divided in two parts. The first part proves the

existence of the thresholds ¢° and ¢" that determine the stability /instability of the sym-

metric equilibrium. The second part derives the analytical expression for these thresholds.

Part 1: By differentiating V (H, w) from equation (34) with respect to H,

AV 8V 9V OCA,/OH
- = - 2 >
dH ~ 0H 0w 0CAy/ow = 0 (56)

If this expression is negative, the equilibrium is stable, and if it is positive the equilibrium

is unstable. Evaluating expression (56) at the interior symmetric equilibrium (30) it is
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obtained that

ﬂ 4[1 d+¢(1+d)) + ”1 (1+¢)2[u1(a(11+‘22)“ H2= 311+¢>§S)} (57>
AH |y, e S e [ 2 | (e 152)
where d = . Evaluating (57) at ¢ = 1 yields,
2
o (00— p1) (1= pa)

Thus, when ¢ = 1, the symmetric equilibrium is always stable. Additionally, evaluating

expression (57) at ¢ = 0 yields,

av
dH |

(¢:0):4[’“‘1 —11 (59)

Which implies that, if the BHC holds, the symmetric equilibrium is unstable for ¢ = 0,

and stable otherwise. Furthermore, expression (57) can be rewritten as

dv P(¢) —A¢*+ B>+ Co+ D -

di|,, ~ K@) K(9) <! o
where

A = (1+d) [<1+;(11+’;) ) (1= popiy) + (1= p1) (0 — 1)] >0 (61)
B = 4 _00(11+u)2+1 — u2+u1] —2(1+4d) [#4‘#1 (0 — 1)} (62)

— (1= d) {[ 252 + 1] (L= ) + (1= ) (0 = 1)}
C = 4y _M—H — u] (1+4d) %‘LZ’”) (63)
~2(1—d) [ gy (o - 1)) (64)
D = (d-1)dimlem) (65)
K() = i (01 o= (1+)"+ (14 U8 ) [0 (40— (1=07)] (66)

4(14¢)7 T
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Since expression (66) is positive for all values of ¢ > 0, only P(¢) determines the sign
of the expression (57). As ¢ — oo, P(¢) — —o0; and as ¢ — —oo, P(p) — oo.
Moreover, if d =2 1, then D = 0. Also, when d > 1, C > 0, then there exists a
threshold fi; (o, pi2) € (0, min 1,0 — 1]) for the parameter yu;, which can be expressed as
d= %, such that if d < d < 1, then C' > 0, and there exist two real positive roots of
the polynomial P (¢). And whenever C' < 0, B < 0, according to expression (67), there
are, therefore, no real positive roots.

B—C=—-2u, [(1+u1)+2(1*u2)]0'2*[(1(?:1%;‘(71:?;251fuz)]UJr(l*ug)(1+2u1)< 0 (67)

Part 2: In order to obtain a closed form for the thresholds (¢” and ¢") it is taken into
account that ¢* = —1 is always a solution of P(¢) = 0. Then, this polynomial can be

rewritten as

P(¢) = —(¢+1)[¢* = (Tr) ¢ + (Det)] (68)

where, Tr = % + 1 and Det = —% Thus, the other two roots of P (¢) are

Tr —\/(Tr)* — 4Det

¢ = 5 (69)
Tr 4 +/(Tr)* — 4Det
¢ = 5 (70)

If (Tr)2—4Det > 0, there are three cases: 1)if Tr > 0 and Det > 0, then 0 < ¢’ < ¢" < 1;
2) if Tr < 0 and Det < 0, then ¢* < 0 < ¢" < 1 and 3) if Tr < 0 and Det > 0, then
¢* < ¢" < 0. If (Tr)> —4Det = 0, then ¢* = ¢" € [0,1). If (Tr)* — 4Det < 0, then ¢

and ¢" are conjugated complexes.

Additionally, from these relations, fii(o,p2) € (0,min[l,o — 1]) can be implicitly
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defined as the value of p; that ensures that the following conditions are fulfilled:

Tr* —4Det = 0 with Tr > 0 and Det > 0 (71)

p—(e—1) < 0 (72)

0.9 0.1 %

meee 1=y =t =0

L 4-(o-1=0

.Tr2 —Det = 0 with Tr >0 A Det >0

Figure 7: Regions of Bifurcation Points in the space (p1,p2,0)
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The region above the plane in Figure 7 (a) corresponds to d < 1 (condition (72)).
Only the parameter values below the dashed line of Figure 7 in the plane (uq, p2) are
feasible due to the parameter restriction: p; + p2 = p € (0,1). The red surface in
Figure 7 (b) depicts condition (71). Below this surface Tr* — 4Det > 0, and above
Tr? —4Det < 0. Thus, for each value of o and s, there exist a value p; = ji1 (o, j12) such
that Tr? — 4Det = 0. Moreover, Figure 7 (c) divides the space of parameters (i1, ji2, )
in three regions: 1) below the gray plane, d > 1 and the symmetric equilibrium has only
one bifurcation point, ¢"; 2) above the gray plane and below the red surface, d < d < 1
and the symmetric equilibrium has two bifurcation points, ¢° and ¢"; and 3) above the

red surface, d < d < 1 and the symmetric equilibrium is stable for all values of ¢.

Proof of Proposition 6: By fully differentiating the system (40)-(33) with respect to

t, it is obtained that

0C Ao 0CAs dw _ 0CAs
ow OH dt o ot
v o dH _ov
ow OH dt ot

Then, the change in the number of firms is

0CA> 9V 9V 9CA»
dH ( ot dw ot Gw)
dt - (8CA28_V_ 801428_‘/)

ow OH OH Oow

After some manipulation,

ov. , ov ( 0CA3/on
dH ot T ow 9C' Az /0w (73)
dt 8_V+8_V<_8C’A2/8H>

oH T ow 9C Ay Jow

The denominator is equal to the stability condition (57) in Proposition 5, while the
numerator is the effect of a change in the rate of transfers (¢) over the ratio of indirect

utilities (V4 /V4). Additionally, using (16) and (32), the numerator of (73) can be rewritten
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as

dw

dt

v _n
dt W,

which is equal to expression (35). Evaluating at the symmetric equilibrium,

dLg, dLp, dw | O(P1/Ps)
d _ dr | o | dilcAs=0| H2 oy 2
LE1 LE w Pl/P2

2

av

Tl =g lU@-T@) 20

am  Z(9)

where

J(¢) = (1= pgtp) (2o — py (0 —1)] ¢?

+2 [pa(1 = py)o + 45 (0 — 1)] o4 (1—p) [p120 + 1y (0 — 1)]

CAQO}

(74)

(75)

U (¢) and Z (¢) are defined in (49) and (50), and J (¢) > 0. Thus, the sign is determined

by the numerator. After some manipulations it is obtained that

oU (¢p) — J(¢) =ag? +bp+c=0

where

a = 2490 — (1= g + 1) [po0 — pa (0 = )] + 0% (1 = 1) > 0
b = 220 (0 —1)+ps0 —pi(c—1)] 20

¢ = —(1—p)[o®+p0o+p(c—1)] <0

Additionally, evaluating (74) at the extreme cases ¢ = 0 and ¢ = 1,

av pr(o—1)+0(0+ pa)
= :—2
At | gy (¢ 0) o(oc—1) =0
av o—1+ o
— = 1)=2 >0
dt |, ¢ ) M2(U—M1)(1_M2)
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Thus, the polynomial (76) has only one positive root,

B —b+Vb? — 4dac

S ” € (0,1) (82)

Furthermore, because J (¢) > 0 for all ¢ > 0, then the following relation must hold:

0 < ¢ <o <1 when puye€ (0,1— ) (83)

¢ = ¢ when o =0,1— 1 (84)

Combining these results with those from Proposition 5 properties i) and i) of Proposition

6 are derived. Additionally, from polynomial (49) and the implicit differentiation, it is

obtained that
r da ™2 | 9b r | dc
%:_%(qbl)—i_%l_'_% (85)
do 2ap" + b

The denominator is positive since ¢!" > —b/ (2a). Hence, the sign of (85) depends on the

numerator. Figure 8 depicts the region for which 9¢™ /0c > 0.

R B C) -
20 gp 65

10—
t
i ‘
b L S—
| - 15/ ¥
Yo 0.5 :
0.0
1.0- - Y

Figure 8: Region for ¢! /0a > 0 in the space (i1, iz, o)
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Figure 8 (a) shows that only for a very narrow range of values of the parameters (q,u2,0)
is the derivative (85) positive. Furthermore, Figure 8 (b) highlights that if the agricultural

sector is not too small (approximately 1 — p > 0.08), derivative (85) will be negative.

Derivation of the Figures 3 (a) - (e): First the focus is putted on ¢, which presents
the same shape for all values of d. Then, ¢® and ¢" are analyzed, by considering the

different cases (d <1, d=1and d > 1).

Differentiating of the polynomial (76) with respect to us yields

AT = o {2150°+ (p-p18”) + (0-1) ¢ (4-00) +41156 + -1+ 115} 1y (0-1) > 0

And the differential with respect to ¢ is

9 (aU(¢) = J(¢))
9¢

=2a9p+0>0

which is positive because ¢'" > 52 (see expression (82)). Then, the implicit differentiation

gives

96" 90U (6) — J (9)) /us
Oz 90U (9) — T (9)) /09

Additionally, evaluating the polynomial (76) at ps = 0 and s = 1 — 4,

<0

¢lr(l¢2=0):1andgb“‘(mzl_,ul):o

For ¢® and ¢" the simplest case, d = 1 (¢ — 1 = p;) is studied first. In this special

case it is obtained that

b4 B v 4 _ 1—po—p [Ap3 -+ (62 —1)+2u3+p2—2]
(b (U = 'ul) =0 and ¢ (U 1= Ml) C lepe—m [QM%+M1(2M2—1)+/L2—2]
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Thus, only ¢" needs to be analyzed. Differentiating ¢" (0 — 1 = py) with respect to ps,

09" (0 — 1= puy)  2(5-203 )t pua (2-pa-pad ) 4303 (1) 2001 [1-Hp2 (212 + 202 1o (1-pa2)

Olo —(2u1)’1{1—u2—u1 [2u§+u1(2u2—1)+u2—2] }2

<0

Additionally, note that the previous derivative tends to —oo when po = 1—p. Evaluating

¢"(0—1=p1) at uzg =0 and pp =1 — py:

r 14+-2p1 +p? —4p3 r
¢"(0 =1 =y, py=0) = T = and ¢"(0 = 1 = puy, pg=1 = p1y) =0

Bringing these results together, d = 1 yields ¢"(uy = 0) < ¢ (o = 0) and ¢ (s =
1—u1) = ¢" (ug =1 — py) = 0. Both thresholds diminish as y increases, and they cross

at least once within the interval ps € (0,1 — pq).

When d > 1 (¢ — 1 < ), the BHC case, ¢* < 0. Then, again, only ¢" needs to be

studied. By differentiating expression (70) with respect to ps,

d¢" 1 |:8T7”¢T B 6Det]
Opz (Tr)?* — 4Det

= 36
o o (86)

where

ODet  _ —2uo(o—1-m)(o—m)* s >0ifo—1<
Otz (-14p1) [op3-02 (1-p2)+11 (0-2) (0-1+p12) |
OTr 9Det  —{o(ou)-m(1-p2)tol(1pz)o—pa (0-D) 4 [0 (2-p)-(1-p2)] }
Opa  Ous (441 (0-1)(0-14412)] " (0-14 1) [120-02 (1-p2) 11 (0-2) (0- 1+ p2)]”

Then, expression (86) must be negative whenever d > 1. Now, evaluating ¢" at puy = 0

and gy = 1 — py yields that ¢" € (0,1). Thus, when the BHC holds with inequality

(d>1), ¢"(p2 = 0) < ¢ (u2=0) and ¢"(pe = 1 — ) > ¢ (ua=1— ). Asin
the previous case, both thresholds diminish as ps increases, and they cross at least once

within the interval ps € (0,1 — pq).
When d < 1 (60 —1 > py), the analysis focuses on the case when the thresholds are
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real numbers (0 < ¢* < ¢" < 1), that is, when d < d < 1. From Proposition 5 a value
[ty = ji, (implicitly defined by (Tr)* —4Det = 0) can be defined, such that ¢y = ¢* = ¢".
Then, by differentiating the polynomial O .,y =¢*— (T'r) ¢+ Det = 0 (see the polynomial
(68)), and evaluating at (ua,,00),

g—i(ﬂzm ¢o) = 20 —Tr|, =200 — (¢o+ ¢o) =0
15,0)

a—m(ﬂzm o) > 0

9’0

W(MZ(N ¢0) = 2

Thus, for the function ps(¢) implicitly defined by Oy ,,) = 0, it is obtained that

dpio 2

—0 ana T 0
%(H%; Po) = an W(Wm ¢o) <

which implies that the function py(¢) (implicitly defined by O .,y = 0) has a maximum
at (f12,,00). In a close neighborhood of i9,, ¢° increases, and ¢" diminishes as p5 increases

until pe = pg,. At this point, both thresholds converge to the value ¢y.
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