Supplementary material

for review of the manuscript

Properties and Approximate p-value Calculation of the Cramer test

1 Statistical properties of the test statistic 7, ,,

Using the notation and definition as in the main manuscript, we present the proof for the expected
value E[T}, ;] and variance Var[T, ,,,] of the test statistic T}, ,,, in the case of n # m.

Proposition 1 The expectation of the test statistic T}, ,, where n > m follows the following formula;

where H(t) is the distribution of the two data sets under the null hypothesis.

Proof Consider the test statistic
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the empirical cumulative distribution functions for distributions f and g respectively.
The formulas for the empirical cumulative distribution function can be substituted into equation

(1) to give
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Now, the expectation of the test statistic can be calculated as follows;
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Now, under the null hypothesis, the data points x1,zo,...,z, and y1,y2, - .., ym are assumed to follow
the same distribution, namely H(t¢). Hence

E[la,<n] = E 1<) = H().

Thus,

O
Proposition 2 The variance of the test statistic 73, ,, where n > m follows the following formula;
Var[T,, ] = 20+ / / H(s (1 42 ("m(” +m)? 2) H(s) — 3H(t)
' nm(n + m)? +m
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where H(t) is the distribution of the two data sets under the null hypothesis.
Proof Consider the test statistic
nm EaEUIN A
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where
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are the empirical cumulative distribution functions for the distributions f and g, respectively.
From the standard theory,

Var[Tn,m] = E[Tr%,m] - {E[Tn,m]}2

and we have the expression for E[T}, ,,,] from Proposition 1. We now focus to obtain the expression for
E[T7,,]-



Now,
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1{yi3t}1{yj3t}1{yk35}1{y135}] ds dt. (3)

Each term in equation (3) can be calculated separately. For the first term in equation (3), we have
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Now, equation (4) is equivalent to
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which, under the null hypothesis, is equivalent to
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Next, the second term in equation (3) can be calculated as
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Now, equation (5) is equivalent to

n3m / Z Z Z Z E [1{36157?}l{xjﬁt}l{a;kgs}l{ylgs} ds dt =
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which, under the null hypothesis, is equivalent to

e / / Z Z Z Z E [1{wz<t}1{x1<t}1{xk<s}1{yz<s}} ds dt =

X =1 j=1 k=1 I=1

n3m oo
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Next, the third term in equation (3) can be calculated as
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Now, equation (6) is equivalent to

n2m2 / / Z Z Z ZE [1{Ii§t}1{xj§t}1{yk§5}1{yl§s} ds dt =
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which, under the null hypothesis, is equivalent to

nzmz / / Z 200 F [Hmét}1{xj3t}1{yk9}1{yzgs}} ds dt =
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1 ¢ ) ,
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—00
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+2m(m — 1) H(t)?H(s)? + 4m(m — 1)(n — 2)H (t)*H(s)?
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/t h {an(s)H(t)  2m(m — 1) H(s)2H(t) + 2m(n — 1)H(s)H(t)?
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Next, the fourth term in equation (3) can be calculated as

00 fos) 9 n o m mn n
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+2m(n —1)(n - 2)E [%9}1{ziSt}1{wj3s}1{ykSt}]
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Now, equation (7) is equivalent to

n3m/ / ZZZZE[ (w<t My <ty {ap<s} L {m <oy | ds dt =
=1

TP =1 j=1 k=1

n3m/ / {mpr{X < min(s,t)} pr{Y; < t}

+m(n — 1)pr{X; < min(s,t)} pr{Y; <t}

+m(n — 1)pr{X; < s} pr{Y; < t} pr{X; < ¢}

+2m(n — 1)pr{X; <min(s,t)} pr{¥; <t} pr{X; <s}
+m(n — 1)pr{X; < s}pr{X; <t}pr{Y; <t}

+2m(n — 1)pr{X; < min(s,t)} pr{X; < s} pr{Y; <t}

+m(n—1) 2)pr{X; < s} pr{X] <_t} pr{¥; <t}

(n—
+2m(n — 1)(n — 2)pr{X; < min(s,t)} pr{X; < s} pr{¥; <t}
+3m(n —1)(n —2)pr{X; < s}pr{Y; < t}pr{X; < s}pr{X;, <t}
(

+m(n—1)(n—2)(n —3)pr{X; < s}pr{X; < s}pr{X; <t}pr{¥; <t} }ds dt,

which, under the null hypothesis, is equivalent to

n3m/ / —2E|: {zi <t}1{ya<t}1{$k<8}1{:vl<s} ds dt =

/_oo { /too {mnH(s)H(t) +2m(n — 1)H(s)H(t)> + m(n — 1)(n — 2)H(s)H(t)?
+dm(n — 1)H(s)2H(t) + 2m(n — 1)(n — 2)H(s)*H (t)

+3m(n — 1)(n — 2)H(s)*H(t)> + m(n — 1)(n — 2)(n — 3)H(s)2H(t)2}ds}
+ /t {mnH(t)2 +6m(n — 1)H(s)H(t)> + 3m(n — 1)(n — 2)H (s)H(t)*

+3m(n —1)(n — 2)H(s)*H(t)> + m(n — 1)(n — 2)(n — 3)H(s)2H(t)2}ds}dt.



Next, the fifth term in equation (3) can be calculated as

n

/ / n2m2 2222 F [1{@9}1{yj§t}1{:ck§s}1{yz§s}} ds dt =

i=1 j=1 11=1

k=
n;inQ /_ /_ {mE o<ty Yoty Yoo L)
m—1E [1{;,0 <t liy<ty Hai<st iy, <s}}
m(n = DB [Lg< s Loy oo
m(n —1)E [1{x <t}1{yj<t}1{xj<s}1{yj<s}]
m—1)E [ {xi <t}1{z1<s}1{yl<s}1{yj<t}:|
)

m(m — 1)E { {mSt}1{y¢§t}1{ﬂfj§5}1{yy‘§5}

m(

m(

m(

m(

m(

m(n —1)E [1{z <t {a, <s}1{y3<t}1{yj<s}}
m(m —1)E [ - <t}1{y1<5}1{yj<t}1{x]<s}:|
m(m —1)(n — 2)E |:1{a: <t}]—{yl<t}]—{:pj<s}1{yk<s}:|
m(m —1)(n - 2)E [ {wigt}1{yj3t}1{zk58}1{yk3s}]
m(m —1)(n —2)E {1{90 <t}1{xl<s}1{y7<t}1{yk<s}:|
m(n—1)(n —2)E [1{1 <t}1{$]<5}1{yk<t}1{yk<s}}
m(m —1)(n — 2)E { {ei<tt Ly <s}1{yj<t}1{xk<s}:|

1)

m(m —

(= 2B (1<t Ly <oy Lty el

#m(m = 1)(n = 2)(n = 3E 1<l < s e }ds dt.



Now, equation (8) is equivalent to

m

n2m2/ /_ ZZZZE[1{mi§t}1{yj3t}1{xk§s}1{y138} ds di =

=1 j=1 k=1 [=1

n2m2 /Oo /OO {mpr{Xi < min(s,t)} pr{Y¥; < min(s,?)}
+ m(m — 1)pr{X; < min(s, )} pr{¥; <t} pr{Y¥; < s}
+m(n — 1)pr{Y; < min(s, )} pr{X; <t} pr{X; < s}
+ m(n — 1)pr{X; < min(s,t)} pr{¥; <t} pr{Y¥; < s}
m(m — 1)pr{X; < min(s,t)} pr{¥; <t} pr{Y¥; < s}
m(m — D)pr{X; <t} pr{Y; <t} pr{X; < s}pr{Y¥; < s}
m(n — 1)pr{X; < min(s,t)} pr{Y¥; < min(s,t)}
m(m — )pr{X; <t} pr{Y; < s}pr{Y; <t} pr{X; < s}
m(m — 1)(n — 2)pr{X; <t} pr{Y; <t}pr{X; <s}pr{Y; <s}
m(m — 1)(n — 2)pr{X; <t} pr{Y; <t} pr{Xy < s}pr{¥; < s}
mlm — 1)(n — 2)pr{X; < min(s, )} pr{¥; < t} pr{V < s}
m(n —1)(n — 2)pr{X; <t} pr{X; < s}pr{Y; < min(s,t)}
m(m — 1)(n — 2)pr{X; < t}pr{Y; < s}pr{Y; <t} pr{Xy < s}
m(
m(

m(m — 1)(n — 2)pr{X; < ¢} pr{X; < s} pr{¥}, < t} pr{X; < s}

3

)
m(m —1)(n —2)(n — 3)pr{X; <t} pr{¥; <t} pr{X; < s}pr{¥; <s} }ds dt,

which, under the null hypothesis, is equivalent to

n2m2 / / ZZZZE[ {a: <t}1{yj<t}1{xk<s}1{y1<s}] ds db =

=1 j=1k=11=1
/_OO { /too {an(S)Q + Qm(n — 1)H(S)2H(t) + Qm(m — 1)H(S)2H(t)
+2m(m — 1)H () H(8)” +m(n — 1)(n — 2)H(s)H () + m(m — 1)(n — 2)H(s)H(t)

+4m(m —1)(n — 2)1%[(3)2]'{(15)2 +m(m—1)(n—2)(n— 3)H(s)2H(t)2}ds}

0o 00 2 B s 9 (s ) )
*/oo{/t {m (0 + 2m(n )P + 2m0m - DHH

+2m(m — 1)H(s)?H(t)? + m(n — 1)(n — 2)H(s)H(t)> + m(m — 1)(n — 2)H (s)H(t)?

+4m(m —1)(n —2)H(s)2H(t)? + m(m — 1)(n — 2)(n — 3)H(s)2H(t)2}ds}dt.



Next, the sixth term in equation (3) can be calculated as

n m

/ / nm3 >0 ZE [1{1 <t}1{y]<t}1{yk<s}1{yz<s}} ds dt =

i=1 j=1 k=1
" / / {mE el Lmsny | +mn = DE |13, <1< Lip,n)
Fmm = DB |17, <y L lpy<n) +2m(m = DE L, <oy men Ly <o)
m(m =D 13, <1< s 0] +2mm = DE (1< lgcn <ol <o)
+mlm = 1)(n = 2)E 13, <11, < <y
+2m(m —1)(n - 2)E [1{%28}1{y¢§t}1{yj§s}1{w,£§t}]
+3m(m = 1)(m = 2)B |1gy,<a) 1<y Ly, <o) gt}

+m(m—1)(m—2)(n—3)E |:1{yi§5}1{yj§5}1{yk§t}1{$l§t}:| }ds dt.

Now, equation (9) is equivalent to

mmm

=3 / / > D F [1{@-9:}1{yj3t}1{yksS}1{yz§s}} ds dt =
= 1] 1 k=11=1

T om3 / / {mpr{X < min(s t)}pr{Y <t}

+m(n — 1)pr{X; < min(s,t)} pr{Y; < t}

+m(m — Dpr{V; < s}pr{X; <t} pr{Y¥; <t}

+2m(m — 1)pr{Y; < min(s,t)} pr{X; < t} pr{Y; < s}

+m(m — 1pr{Y; < s} pr{Y; <t} pr{X; <t}

+ 2m(m — Dpr{¥; < min(s, )} pr{Y; < s} pr{X; < 1}

+m(m —1)(n — 2)pr{Y; < s} pr{Y; <t} pr{X; <t}

+2m(m — 1)(n — 2)pr{¥; < min(s,t)} pr{Y; < s} pr{X; <t}
+3m(m —1)(m — 2)pr{Y; < s}pr{X; <t} pr{Y; < s}pr{Y; <t}

+m(m —1)(m —2)(n — 3)pr{Y; < s} pr{Y; < s}pr{Y; <t}pr{X; <t} }ds dt,

which, under the null hypothesis, is equivalent to

mmm

nm3/ /_ DD B L i< Loy Linssy | ds dt =

=1 j= 1k: 11=1

- nm3/oo {/t {mnH(s)H(t) +2m(m — 1)H(s)H(t)
+m(m —1)(n —2)H(s)H(t)* + 2m(m — 1)(n — 2)H(s)?H(t)

+3m(m —1)(m — 2)H(s)2H(t)2 +m(m —1)(m —2)(n — 3)H(s)2H(t)2}ds}

+ /t {mnH(t)2 + 6m(m — 1) H(s)H(t)*> 4+ 3m(m — 1)(n — 2)H(s)H (t)?

—0o0

+3m(m — 1)(m — 2)H(s)*H(t)> + m(m — 1)(m — 2)(n — 3)H(s)2H(t)2}ds}dt.
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Next, the seventh term in equation (3) can be calculated as

/ / Z > B Ly Lyt L) Loy | ds dt =

i=1 j=1 k=1 I=1

ang/ / {mE [ focs L <t}i| +2m(m — 1E [ {: <s}1{y1<t}1{y1<t}}
+2m(n — 1E [L{m <s}1{xj<s}]'{y <t}] +m(n—1)E [ {w:<s} {y <t}}

+2m(m — 1)E [1{xi3s}1{yi3t}1{xj§s}1{yj3s}] (10)
+m(m = 1)(n = 2E [13, 210,20 <o

tmn = 1)(n = 2)E Lz s <

+ 4m(m — 1)(n — 2)E [l{xigs}1{y¢§t}1{1j§5}1{yk§t}:|
+ m(m - 1)(n — 2)(TL — 3)E [1{x¢§s}l{xjgs}l{ykgt}l{ylgt}} }ds dt. (11)

Now, equation (11) is equivalent to

- m2 / / ZZZZE { {yl<t}l{yj<t}1{xk<s}1{:r:l<s}} ds dt =

T i=1 j=1k=11=1
[e.9]
nzmQ/ / {mpr{Xi <s}pr{Y; <t} +2m(m — 1)pr{X; < s}pr{Y; < t}pr{Y; <t}
—o00 J—00

+2m(n — )pr{X; < s}pr{X; < s}pr{Y; <t} +m(n — 1)pr{X; < s}pr{Y; <t}
+2m(n — Dpr{X; < s}pr{¥; <t} pr{X; < s}pr{¥; <t}

+m(m —1)(n — 2)pr{X; < s}pr{Y; <t} pr{Y; <t}

+m(n —1)(n —2)pr{X; < s}pr{X; <s}pr{Y¥, <t}

+4m(m —1)(n — 2)pr{X; < s} pr{¥; <t} pr{X; < s}pr{Y; <t}

+m(m —1)(n —2)(n — 3)pr{X; < s}pr{X; <s}pr{Y;, <t}pr{y; <t} }ds dt,

which, under the null hypothesis, is equivalent to

n2m2 / / ZZZZE [ {yz<t}1{yg<t}1{xk<s}1{xz<s}] ds di =

T =1 j=1k=11=1

t , )
n2m2 /_Oo { /_OO {mnH(s)H(t) +2m(m — 1)H(s)H(t)" + 2m(n — 1)H (s)*H(t)

+2m(m — 1) H(s)>H(t)* + m(m — 1)(n — 2)H(s)H(t)* + m(n — 1)(n — 2)H(s)?H(t)

+4m(m —1)(n —2)H(s)*H(t)? + m(m — 1)(n — 2)(n — 3)H(s)2H(t)2}ds

+ /t {mnH(s)H(t) +2m(m — 1) H(s)H(t)*> 4+ 2m(n — 1)H(s)>H(t)

+2m(m — 1) H(s)2H(t)?> + m(m — 1)(n — 2)H(s)H(t)> + m(n — 1)(n — 2)H(s)*H (t)

+4m(m —1)(n — 2)H(s)2H(t)? + m(m — 1)(n — 2)(n — 3)H(s)2H(t)2}ds}dt.
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Next, the eighth term in equation (3) can be calculated as

2 m n m
/ / nm3 Z E [1{yi§t}1{ngt}1{zkgs}1{y135}} ds db =
k=11=1
{mE [ﬁyigt}l{yigs}l{xi@}} +m(n—1E [1%yi§t}1{yi§8}1{xj§5}:|

vi <t}1{xi<s}1{y'<s}] +2m(m —1)E [1{%9&}1{yigs}1{wigs}1{yﬁt}}

_|_

=

3
\_/8
.ﬁem
ﬁw8

+m(m —1)E {yz<t}1{y]<s}1{xj<s}] +2m(m = DE 1, <Lzt Ly <0 oy <0

+ mlm = 1)(n = 2)E [13, <41y, <0) fr<a)]
+2m(m —1)(n — 2)BE [1{%@}1{yigs}1{yj§t}1{xk§8}}
+ 3m(m — 1)(m — 2)E |:1{y¢§t}1{l“¢§s}1{yj§t}l{ykﬁs}:|

+ m(m — 1)(m — 2)(')1 — 3)E [1{y¢§t}1{yj§t}1{yk§s}1{ml§3}:| }ds dt. (12)

Now, equation (12) is equivalent to

n

nm3/ / ZZZZE[ {ui <t}1{yg<t}1{xk<s}1{yz<s}} ds dt =
=1

T =1 j=1k=1

3 / / {mpr{Y < min(s,t)} pr{X; < s}
+m(n — 1)pr{¥; < min(s,t)} pr{X; < s}
+m(m — )pr{Y; < t}pr{X; < s}pr{Y¥; < s}
+2m(m — 1)pr{Y; < min(s,t)} pr{X; < s} pr{Y; <t}
+m(m — pr{Y; < t}pr{Y; < s}pr{X; < s}
+ 2m(m — Dpr(¥; < min(s, )} pr(Y; < £} pr{X; < s}
+m(m —1)(n — 2)pr{Y; <t} pr{Y; < s} pr{X; < s}
+2m(m — 1)(n — 2)pr{¥; < min(s,t)} pr{Y; <t} pr{X; < s}
+3m(m — 1)(m — 2)pr{V; <t} pr{X; < s}pr{Y; <t} pr{¥} < s}

+m(m —1)(m — 2)(n — 3)pr{Y¥; < t} pr{Y; <t} pr{¥s < s}pr{X; < s} }ds dt,

which, under the null hypothesis, is equivalent to

co m m n

e / / ZZZZE[1{yz<t}1{y]<t}1{:ck<s}1{yz<s} ds dt =

=00 =1 j=1 k=1 I=1

_/ {/t {mnH(S)2+6m(m—1)H(S)2H(t)+3m(m—1)(n_2)H(S)2H(t)

3
nm oo

+ 3m(m — 1)(m — 2)H(s)*H(t)> + m(m — 1)(m — 2)(n — 3)H(s)2H(t)2}d5

+ /too {mnH(s)H(t) +2m(m — 1)H(s)?H(t)
+4m(m — 1)H(s)H(t)? + m(m — 1)(n — 2)H(s)>H(t) + 2m(m — 1)(n — 2)H(s)H(t)*

+3m(m — 1)(m — 2)H(s)*H(t)> + m(m — 1)(m — 2)(n — 3)H(s)2H(t)2}ds}dt.
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Next, the ninth term in equation (3) can be calculated as

3=
P

3
g 8
—
3
s

2 2
yz‘St}l{yiSS}] +2m(m - 1)E [l{yiét}l{yiSS}l{yﬂ'Ss}]
2 2 2
1{yiSt}1{ijt}1{yisS}} +m(m — 1)E [1{%3@1{%@}]

+2m(m —1)E |:1{yi§t}1{yi§5}1{yjft}1{yifs}:|

)
)
+mlm = 1)(m = 2)B |13, <410, < L) |
(
)

m(m = 1)(m = 2)(m = 3)E 1< Ly <0 oy Linset }ds dt.

Now, equation (13) is equivalent to

3=
—
g 8]
—
3 8
—N

mpr{Y; < min(s,t)} + 2m(m — 1)pr{Y; < min(s,t)} pr{Y; < s}

+2m(m — 1)pr{Y; < t} pr{Y; < min(s,t)} + m(m — 1)pr{Y; < t} pr{Y¥; < s}
+2m(m — 1)pr{Y; < min(s, t)} pr{Y; < min(s,?)}
+m(m —1)(m — 2)pr{Y; <t} pr{Y; < s}pr{¥; < s}
+m(m —1)(m — 2)pr{Y; < ¢} pr{¥; < ¢} pr{¥}, < s}
)(m —2)pr{Y; < min(s, )} pr{¥; <t} pr{¥s < s}

+m(m —1)(m — 2)(m — 3)pr{Y; <t} pr{Y; < t}pr{Y; < s}pr{}; < s} }ds dt,

which, under the null hypothesis, is equivalent to

1 o0 co m m m m
m? / 2.2 2.2 F [1{%3}1{yj§t}1{yk35}1{yzgs} ds dt =

T =1 j=1k=11=1

;4 /Oo { /t {mH(s) +4m(m — 1)H(s)? + 3m(m — 1) H(s)H(t)

—00 —0Q0

+5m(m — 1)(m — 2)H(s)*H(t) +m(m — 1)(m — 2)H(s)H (t)?
- /Oo {mH(t) +4m(m — 1)H(t)* + 3m(m — 1)H(s)H ()

+m(m — 1)(m — 2)H(s)2H(t) + 5m(m — 1)(m — 2)H (s) H(t)?

+m(m—1)(m —2)(m — 3)H(S)2H(t)2}ds}dt.

13



Collecting all the calculated terms from equation (3), we get

Now, from Proposition 1,
o0

< i )H ( m) (20

(2 o ) T

< ifn”niﬁ )H } } - (14)
=]

(e o]

and thus

BT,]} = /_OO /_Oo H()(1— H#®)H(s)(1 — H(s))ds dt

= 2/00 /oo H(s)H(t)(1—H(s))(1 — H(t))ds dt
— 2/00 /t (H(S)H(t) — H(s)H(t)? —H(s)QH(t)+H(s)2H(t)2) ds di. (15)

Collecting together equations (14) and (15) we get

Var (T m] / / m:nin;z ()
+ <4 - 8(“”)) H(s)? - S ) - <8 - M) H(s)2H(1)

nm(n +m)? nm(n +m)? nm(n +m)?
4(n3 +m3)

12(n3 +m3)
nm(n + m?)

nm(n + m)?

H(s)H(t)? + (4 — > H(s)2H(t)ds dt,

which can be factorized to give

Var(Tom] = nﬂ?n—:-n;”t / / il ( <nm(n +mn;) - 2) His) = 3H()

. <2nm(n + m)?

nd o+ m _5> H(s)H (1) + 2H(t)* +2 <”m<n+m>2

n3 4+ m?3

— 3) H(s)H(t)2> ds dt.

14



Proposition 3 The third moment of the test statistic 75, ,, where n > m follows the following
formula;

E[T3,,|F =G| = (n+”m+m ///H (

nm(n +m)?(7m? — 10nm + Tn?
+2< ( )(5 = )—8)H(t)
ne +m
202 2 20,22 _ 2
Lo (nm(n—i—m) (;’)m 57nm+5n ) —6) His) + (nm(n+m)5(m : nm + n®) _3) Hr)
n°+m n’+m
2(2m*n + 2mn? — 19m? + 25mn — 19n?
+5(nm(n+m)(mn+ T5YL7”L i m* + 25mn n)+18>H(s)H(t)
n’ +m
N <nm(n+m)2(2m2n+ 27?712 —519m2 + 25mn — 19n?) N 18) H(s)?
ne +m
B <nm(n—|—m)i(m2;nm—|—n2) B 2> H(r)?
n° +m
2(m? 2 — 19m? + 26mn — 19n?
+2<nm(n+m) (m n—i—msn 5m + 26mn n>—|—20>H(r)H(t)
ne +m
N (nm(n%—m)?(an—kmgﬂ _ i7m2 + 37mn — 27n?) +30> H(r)H(s)
n’ +m
nm(n 4+ m)?(3m?2n + 3mn? — 26m? + 34mn — 26n?)
—4 5 5 24 | H(s
ne +m
. (nm(n+m)2(5m2n+ 57;1712 —545m2 + 59mn — 49n?) +42> Hr Ht)
n’ +m
Ly (nm(n +m)?3(m?n + m5n2 - é2m2 + 16mn — 12n?) N 12) H(r2H()
ne +m
B <nm(n+m)2(5m2n+ 57?712 —545m2 + 59mn — 49n?) +42) H(r)H (s)?
ne +m
_(nm(n+ m)%(m?n + mn? — 17m? 4 23mn — 17n?) +18) H(r)2H(s)
n® +m?
Lo (nm(n +m)?(3m*n + 375rm2 —526m2 + 34mn — 26n?) 4> Hir H(t)
n’ +m
45 (nm(n +m)?(3m?n + 37;17# f526m2 + 34mn — 26n?) + 24) Hr Ht)
n’ +m
N <nm(n+m)2(3m2n+ 37?712 —526m2 + 34mn — 26n?) N 24> H(r)2H(s)?
ne +m

s (nm(n +m)?(3m?n + 3mn? — 26m? + 34mn — 26n?)

"o+ mb + 24) H(?‘)QH(S)ZH(t)> dr ds dt. (16)

where H(t) is the distribution of the two data sets under the null hypothesis.

Proof Consider the test statistic

15



To calculate the third non-centralised moment we need to calculate

E[T

3

n,

m] =

1 n n n n n n
52020 0.0 Laza ez Mozt ozt ooz a2
i=1 j=1 k=1 I=1 o=1 p=1

n n n n n m

2

B m Z D2 20 el lmen Heeo ez Ly,

i=1 j=1k=11 o=1 p=1

1 m m
oz 2200 2> e ez lmen Lo Lyen L=

n n

2 m
n%ZZ 20 Heea ez oo Luzt Heozut oy 2u)

o=1 p=1

4 m
5D 2 D0 0 D e lm e e lwzo Len Ly2u

i=1 j=1 k=1 I=1 o=1 p=1

2 n n n m m m
S50 D0 0> > Hema ez lmon Lot Lusu Ly )
i=1 j=1 k=1 l=1 o=1 p=1
1 n n m m n
520 2 D > D Yeea ez e o Hazw e, 20
i=1 j=1 k=1 =1 o=1 p=1
2 n n m m n m
33 222000 e lzalwmen Lyeo Heou Ly, >
i=1 j=1 k=1 I=1 o=1 p=1
1 n n m m m m
2 DD 22 Mzl e Lt Lz Lz L 2w
i=1 j=1 k=1 =1 o=1 p=1
2 n m n n n n
= B > D2 Leeslyza lmen ezt Heozuw Lz, >u)
i=1 j=1 k=1 I=1 o=1 p=1
4 n m n n n m
v > DD sl lmeo g lezan L2
i=1 j=1 k=1 I=1 o=1p=1
2 n m n n m m
33 2 2 > Teesluealmenlwen e Hy2a
i=1 j=1 k=1 I=1 o=1 p=1
4 n m n m n
32220 2.0 D Weealea lasn Huzo Lazuw ey
i=1 j=1 k=1 I=1 o=1 p=1
8 n m n m n m
n3m?3 2.2 0.0 L tuealmen Huzo s Ly,2u
i=1 j=1 k=1 =1 o=1 p=1
4 n m n m m m
D20 0 > 0 Yl lazn et ez L gz
i=1 j=1 k=1 I=1 o=1 p=1
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m /: /Z /Z B [(F(s) _ é(s))2 (F) - é(t))2 (Fw) - G(u))z] du dt ds

n3m3 00 o) 0o
= — E
e AN

(33)

(34)



4 n m m m n m
T et D22 2 00 Teesluealpenlpeo w2 (35)
i=1 j=1 k=1 I=1 o=1 p=1
2 n m m m m m
iy D20 00 tees s e Lwen Lyesu Ly>u (36)
i=1 j=1 k=1 [=1 o=1 p=1

+
S
-
NE
M:
M:

@
I
—
<.
I
_
=

Ly sy 1y, >0 a6 Ha> 6 Hao>u) Hap >u) (37)
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S
I
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NE
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NE
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NE
NE

Ly Hyzs) Ha0 Lyt Heo>u) Hap>u) (40)

3
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s
NE
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4 m m n m n m
D D D0 0 D e luza Heen Huen Heoza Lz (41)
i=1 j=1 k=1 I=1 o=1 p=1

3

NE
NE
Eﬁ
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NE

NE
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I
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I
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I
i

Liyi>syliy,>st Lyt My Hao>u Ly >u) (44)
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NE
NE
NE
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Il
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NE
NE
NE
NE
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o
I
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I
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It is important to note that we can split the triple integral into the sum of six triple integrals for the
following six cases;

1. s>t>u,
2. s>u>t,

S u

w
Y
Y

=
-+
Vv
N

v

S

5.

<
v

S

v

t,

6. u

v
v

t > s.

We also know that due to symmetry, all six triple integrals will be equal. Thus we will only consider
the first scenario and multiply the result by six. Now, we can calculate the integral for each line in the
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above expectation separately. Equation (18) is equivalent to,

6 Z Z Z Z Z Z E [ {ws}1{x]>s}1{xk>t}1{zz>t}1{xo>u}1{xp>u}]

i=1 j=1 k=1 [=1 o=1 p=1

nlﬁ {nE Moz Loz oz ]
+2n(n—1)E [l{x >s) 1{zz>t} Lizi>uy1{a; >u}:|
+2n(n [1{%25} Yozt a0 Haizu) }
+20(0 = VE 150 Lo, 20) w20 L)
(0= DB 120" 020 o, 2]
+n(n—1)E [1{90 >s3 Lo, Loz} }
B

(2,55} Moty Haisu) }

+4n(n —1)E _1{:v1>s} 1{ml>t}1{a)]>t}1{xl>u}1{x3>u}]
+4n(n —1)E :1{@« >stle;>s) Lz >0 1{xl>u}1{xj>u}}
+4n(n — 1)E :1{50 >} ey >y ity Loy >0 Hau) ]
+4n(n —1)E :1{x >si e >s) Hazty Ly >0 aizu) e, >u}:|
+2n(n — 1)E :1{:v >t oo 1w, >0 e, >u) }

+2n(n — 1)E :1{x1>s}1{x]>5}1{xl>t} Lo, >u) }

+2n(n —1E :1{xl>s} Lz, >} 1{ml>u}1{m]>u}}

+n(n—1)(n-2)E [1{“25} Lz >t} 1{a:j2u}1{$k2u}:|

+n(n—1)(n—2)E [1{%28}21{szt}1{xkzt}1{m2u}2}
(0 = 1)1 = 20 |1g, 50 L0 Lo Lazu)

+4n(n —1)(n —2)E :1{xi25}21{xi2t}1{xj2t}1{xi2u}1{xk2u}}
+dn(n —1)(n —2)E :1{xizs}1{x]~zs}1{xizt}21{xizu}1{xk2u}}
+4n(n —1)(n - 2)E :1{901-25}1{a:j23}1{xi2t}1{xk2t}1{$i2u}2:|
+2n(n — 1)(n — 2)E :1{@25}21{12@1 (o] {xkzu}ﬂ
+dn(n —1)(n - 2)E :1{wizs}21{zizt}1{szt}1{zj2u}1{zk2u}]
+2n(n—1)(n —2)E :1{x¢25}21{xk2t}21{xi2u}l{a:qu}:|
+4n(n = 1) = 2B |10 1,20 et ez Ls 2
+20(n = 1)(n = 2)F |1g20) (0,0 L ron T 20
+4n(n —1)(n — 2)E :1{x¢25}1{xj25}1{xi2t}21{xj2u}1{xk2u}}
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+2n(n—1)(n—2)E :1{%25}21{%2@21{%2“}1{%2“}}
+4n(n—1)(n —2)E :1{96]-28}1{3%25}l{xiZt}Ql{xiZu}l{iju}}
+2on(n — 1)(n — 2)E :1{%23}1{%28}1{9%2”21{12”}2]
Fdn(n—1)(n—2)E :1{“25}1{%28}1{%2”1{”2,5}1{%2“}2}
+2n(n — 1)(n — 2)E :1{%25}21{%2”1{%2”1{%2“}2}
Fdn(n—1)(n —2)E :1{%_25}1{“25}1{mi2t}1{xj2t}1{$i2u}2}
+8n(n —1)(n — 2)E :1{@25}1{xj25}1{xi2t}1{xj2t}1{xi2u}l{kaU}]
+8n(n—1)(n - 2)E :1{xizs}1{x]~zs}1{mizt}1{xk2t}1{mi2u}1{rjzu}]
+8n(n —1)(n—-2)E :1{%28}1{xkzs}1{xi2t}1{szt}1{xizu}1{szu}]

+n(n = 1)(n = 2E 120120 )

+2n(n —1)(n - 2)E :1{%25}21{@2&1{xk2t}1{wj2u}1{xk2u}}
+2n(n —1)(n - 2)E :1{x]~zs}1{xkzs}1{zizt}21{mg~zu}1{mkzu}}
+2n(n —1)(n - 2)E :1{:@28}1{xk25}1{wj2t}1{wk2t}1{zi2u}2}
+8n(n —1)(n - 2)E :1{@25}1{szs}1{xizt}1{xk2t}1{szu}l{xkzu}]
+ 2n(n = 1)(n = 2)(n = 3)E [1p20) o2 Lo, 20 Lmezu Loz |
+2n(n —1)(n —2)(n - 3)E :1{xi25}21{a}k2t}1{x12t}1{xi2u}1{x]~2u}}
+2n(n —1)(n —2)(n — 3)E :1{%’25}1{xj25}1{xi2t}21{xk2u}1{xlzu}}
+on(n—1)(n—2)(n —3)E :1{“25}1{9@5}1{%2“21 . {szu}}
+2n(n —1)(n —2)(n - 3)E :1{w¢25}1{mj25}1{mk2t}1{x12t}1{x¢2u}2}
+2n(n —1)(n - 2)(n - 3)E :1{%25}1{:czzs}1{xi2t}1{szt}1{xizu}2}
+8n(n —1)(n —2)(n - 3)E :1{xizs}1{szs}1{xizt}1{xkzt}1{xizu}1{xeu}}

+n(n = 1)(n = 2)(n = 3B [Lp20 L, 202 500 ot
tn(n—1)(n—2)n—3)E {1{%28}21{%2”1{@2,5}1{%2”}2}
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Each expectation can be calculated and by taking the integral over the first scenario we get
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Thus the integral of equation (18) is equivalent to
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Equation (19) is equivalent to
n n n

IR BRI

i=1 j=1 k=

> E [1{@25}1{%28}1{xk2t}1{x12t}1{x02u}1{yp2u}

=1 p=1

1
Y

{mE Lzt Lzt Lasuy Lyt

+m(n = VE |1z @z e L)
+m(n—1)E [1{zizs}21{mizt}21{yizu}1{zjzu}}
+2m(n —1)E [1{%25}21{%2&1{xj2t}1{xizu}1{yizu}}
+2m(n = DE |12 1 (0, 20) Loz "Lz Lz |

S GERY 1 of | VA PR PR T

|
Fmn = DE 1oz 120" o Lz
+m(n—1)E [ (2,55} Lot} 1{$1>u}1{y1>u}1|

+2m(n —1

E _1{xl>s} Liw>ty >y Ha>uy 1 {y]>u}
+2m B 1oz Yz o0 Lzut Loy 2

2
E 1wz la;2s) ety aizuy Ly >u) |

: ) :
E | Laizst ozt Mozt Hyizup Ha>u) |

)
-1
-1
)
FAmn = DB Lo o200 o2t oy 20 oz Lz
)
)
)
)

+2m(n —1)E :1{xizs}1{w]~zs}1{mz~2t}1{szt}1{xizu}1{yjzu}}
F2mn = DB Lo a2 L2t oy 20 uz i e
+2m(n — 1)E :1{%23}21{%2@1{xj2t}1{xj2u}1{yj2u}}
+2m(n = DE 1o g2 oot Loz L 20

2 2
+m(n—1)E [1{zi2s} Liz;>0) 1{xi2u}1{yjzu}]

)
(= DE [0 o202 L2
tm(n—1)(n—2)E [1{xi28}21{mi2t}21{xj2u}1{%2”}]
+m(n—1)(n— [1{;;: >s} 1{zj>t}1{xk>t}1{xl>u}1{y >'u,}i|
+m(n—1)(n— [ (a;>s} Yap>s) a0 1{$->u}1{y->u}]
+2m(n —1)(n - 2)E l{x > 51 Uity Loy >t Lwisu) {yk>u}:
+2m(n —1)(n - 2)E _1{@25} 1{mizt}1{mjzt}1{yizu}1{mkzu}:
+2m(n —1)(n = 2)E :1{xizs}1{szs}1{xizt}21{xi2u}1{yk2u}:
+2m(n —1)(n - 2)E :1{xizs}1{w]~zS}1{zizt}21{yeu}1{xkzu}:

23



+4m(n = 1) = 2B |15 e, 20 Lron oo Lo o)
+2m(n —1)(n - 2)E _1{xizs}21{xi2t}1{szt}1{xk2u}1{ykzu}}

+ 2m(n = 1)(n = DE [Ln20 ez Loy 20 Loz L |

n= 1) = 2B L2 Lzt o202 Lnu
+ m(n = 1)(n = 2E [1n.20 nezn oz L2 |
+mn = 1) = DB 1o eon L on o
+2m(n = 1) = 2B 10,20 o, 20 20 Ly Ly 20

+2m(n = D)= 2B |10 a2 ez Ly e 2w

+2m(n = 1)(n = 2)E | Lp> e, 25 ozt ey za) Ly}

(n—1)( ]
(n—1)( ]
+2m(n—1)(n - 2)E _1{30,'28}1{xj28}1{$¢2t}21{xk2u}1{yk2t}}
(n—1)( |
(n—1)( |

+ 2m(n — 1) n — Q)E 1{:5,-25}1{:cj25}1{xi2t}21{yj2u}1{xk2u}

n—2)E _1{mjzs}1{zk2s}1{x12t}21{yizu}1{szu}}

+2m(n—1

+2mn = 1)(n = DB Lz L2 oz ez Ly
+am(n = 1) = 2B 120120 020 0 Lezu L |
+2m(n —1)(n —2)E :1{%25}21{%21:}1{w.72t}1{xi2u}1{yi2u}}

( (
( (
( (
( (
( (
+4m(n —1)(n - 2)E _1{Ij25}1{xk23}1{xi2t}1{$j2t}1{xizu}1{yizu}:
( (
( (
( (
( (
( (
( (

+4m(n = 1)(n = 2E | 120 1o, 20 Loz L2 Lz L
+dm(n = 1) = 2B L2010, 20 Loz 1o, 20 Lz Loz
+4m(n —1)(n - 2)E :1{zizs}1{szs}1{xizt}1{mkzt}1{mi2u}1{yjzu}:
+4m(n = 1)(n = 2E [ 120 a2 Loz Lz Lz L 20
+dm(n = 1)(n = 2)B (Lo 1wz Lz Loz L Lz
+4m(n = 1)(n = 2E 120 Lz Lz Lo 20 Lz L 20
+m(n = 1)(n = 2E [1o20 20 a2 gz

+min =10 = 2)B |10 20 Lo L2 L)
SRR V)] of | PSS PSS P TS Ty
+m(n—1)(n - 2)E :1{zjzs}1{zkzs}1{zizt}21{zjzu}1{ykzu}}

24



+m(n—1)(n - 2)E [1{rjzs}1{mk2s}1{zizt}21{yj2u}1{zkzu}}

+2m(n —1)(n —2)E [1{xj25}1{xk25}1{xj2t}l{kat}l{xiZu}l{inU}]
+4m(n—1)(n - 2)E [1{mi23}1{szs}1{x¢2t}1{zk2t}1{xj2u}1{yk2u}]
+dm(n —1)(n — 2)E [1{%28}1{%28}1@2”1{$k2t}1{yj2u}1{$k2u}]
+2m(n = 1)(n = 2)(n = 3B |Lip,2 o2 Loy 20 Lz Lz |

+2m(n —1)(n—2)(n - 3)E :1{xizs}1{a:jzs}1{wkzt}1{wzzt}1{xizu}1{yizu}:
+2m(n = 1)(n = 2)(n = IE [Lo ) Lrze) Lo Lo 2n Lo L
+4m(n —1)(n —2)(n - 3)E :1{zizs}1{zj2s}1{zizt}1{wk2t}1{xi2u}1{y12u}:
+4m(n —1)(n —2)(n - 3)E :l{xizs}l{szs}l{xizt}1{xkzt}1{yizu}1{xlzu}:

_l_
2
N
|
[a—
~—
N
|
[\
~
N
|
w
~—

=
—
—_
—~
8
Y
vl
—
N
—
—~—
8
o
I\
~
—
—
-
3
I\
~+
—
—_
—~~
8
<
vV
<
—
—_
—~
&
vV
<
—
—

) )
) )
) )
+mn =)= 20 = 3)E [z @20 wen Ly
( (
( (
) )

+2m(n—1)(n—2)(n — 3)E _1{%28}21{%2”1{%275}1{%2“}1{%2”}}
+2m(n—1)(n — 2)(n — 3)E :1{%25}21{%2t}1{%2”1{%@}1{@2“}}
+2m(n —1)(n —2)(n - 3)E :1{$j25}1{zk2$}1{mi2t}21{1j2u}1{y12u}}
+2m(n —1)(n — 2)(n — 3)E :1{%_25}1{xk25}1{x2t}21{y2u}1{@2”}}
+4m(n —1)(n —2)(n - 3)E :1{zjzs}1{mkzs}1{xj2t}1{mzzt}1{mi2u}1{yeu}:
+2m(n—1)(n —2)(n — 3)E :1{%28}1{%28}1{%_27&}1{Ij2t}1m2u}1{ylzu}:
+2m(n —1)(n —2)(n - 3)E :1{xizs}1{szs}1{xkzt}1{xlzt}1{zizu}1{yjzu}:
+2m(n—1)(n —2)(n — 3)E :1{“28}1{”28}1{%2”1{%2“1{%2”}1{%2”}:
+dm(n —1)(n — 2)(n — 3)E :1{%25}1{%25}1{%2”1{xk2t}1 (o501 {ylzu}:
+4m(n —1)(n—2)(n - 3)E :1{zi2s}1{zj2s}1{zm}1{mkzt}1{yj2u}1{z12u}:
+dm(n —1)(n — 2)(n — 3)E :1{%25}1{%28}1{xi2t}1{rj2t}1 (o)1 {ylzu}:
+dm(n —1)(n - 2)(n - 3)E :1{zizs}1{xkzs}1{wi2t}1{mjzt}1{yjzu}1{zzzu}:

25




+4m(n —1)(n —2)( [1{z >t ez s) ;>0 Lot >u}1{yj>u}:
+4m(n —1)(n - 2)( [ {xizs}l{xkzs}l{wjzt}1{xlzt}1{yizu}1{szu}:
+m(n—1)(n—2)(n—3)(n—4)E [1{1 >s}21{xj>t}1{zk>t}1{xl>u}1{y >u}-
+mn=1)(n=2)(n = 3) (0~ DE 10,501 o0 o0 oz o)
+m(n—1)(n—2)(n—3)(n —4)E {1{xj>s}1{xk>s}1{xl>t}1{zo>t}1{xl>u}1{y >u}:|
+4m(n —1)(n —2)(n — 3)(n — 4)E -1{$,>s}1{J:J>s}1{xz>t}1{xk>t}1{$l>u}1{yo>u}
+2m(n —1)(n =2)(n =3)(n —4)E :1{:cizs}1{a:jzs} {xlzt}l{xozt}l{xizu}l{ykzu}_
+2m(n —1)(n = 2)(n = 3)(n - 4)E :1{zizs}1{mj2s}1{ml2t}1{z02t}1{yeu}1{rk2u}:
+2m(n —1)(n — 2)(n — 3)(n — 4)E :1{@28}1{z025}1{m2t}1{xj2t}1{mi2u}1{yk2u}:
+2m(n —1)(n —2)(n —3)(n — 4)E :1{x125}1{w028}1{w¢2t}1{Ij2t}1{yi2u}1{mk2u}:

26



Each expectation can be calculated and by taking the integral over the first scenario we get
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Thus the integral of equation (19) is equivalent to

=N

mnH (u)? + 12mn(n — 1) H (t) H (u)?

o0 J =00

[e.9]

)*H (u)*
2

+ 15mn(n — 1)(n — 2)H(s)H (t)H (u)* + Tmn(n — 1)(n — 2)(n — 3)H(s)H (t)*H (u)

+3mn(n — 1) H(s)H(u)? +mn(n — 1)(n — 2)H(s)*H(u)? + 9mn(n — 1)(n — 2)H(
+ 3mn(n —1)(n — 2)(n — 3)H(s)>H(t)H (u)?

+mn(n—1)(n—2)(n—3)(n —4)H(s)*H(t)*H (u)*du dt ds.

28



Equation (20) is equivalent to,
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Each expectation can be calculated and by taking the integral over the first scenario we get
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Thus the integral of equation (20) is equivalent to
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Equation (21) is equivalent to
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Each expectation can be calculated and by taking the integral over the first scenario we get
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Thus the integral of equation (21) is equivalent to
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Equation (22) is equivalent to
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Each expectation can be calculated and by taking the integral over the first scenario we get
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Each expectation can be calculated and by taking the integral over the first scenario we get

mH (t)H (u) + 2m(m — 1)H(t)H (u)? +m(m — 1)H (t)*H(u)

[

4
nim?2

—

+m(n — 1) H(s)H(t)H(u) + 2m(n — 1) H(s)H(t)H (u) +m(m — 1) H(t)*H (u
+m(m — 1)H(s)H (t)H (u) + m(n — 1)H(s)H (t)H (u) + 2m(m — 1)H (t)H (u)?

+2m(m — 1) H (s)H (t)H (u)* + 4m(m — 1)H (s)H (t)H (u)? + 2m(m — 1)H(s)H (t)>H (u)

+2m(n — 1)H(s)H(t)H(u) + 2m(m — 1)H(s)H(¢)H (w)? + m(n — 1)H(t)H(u)

+m(m — 1)H(s)H(t)?H (u) + 2m(m — 1) H(s)H (t)>H (u) + 2m(m — 1)H (s)H (t)H (u)?

+m(m —1)(m — 2)H(t)2H(u)? + m(m — 1)(n — 2)H(s)H (t)>H

u)

~—

~—r

—~

T —

o~ o~

~— ~—

—

—

+~

21 2m(m —1)(m — 2)H(s)H (t)*H (u)?
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+4m(m —1)(m — 2)(n
+4m(m —1)(n —2)(n
+m(m—1)(m—2)(n
+m(m —1)(m —2)(n
+m(m—1)(n—2)(n
+2m(m —1)(m —2)(n
+2m(m —1)(m — 2)(n
+4m(m —1)(m — 2)(n
+2m(m —1)(m —2)(n
+2m(m —1)(n —2)(n
+m(m —1)(m —2)(n

Thus the integral of equation (23) is equivalent to

s [ e

— 3)H(s)?H(t)*H (u)? + 4m(m — 1)(m — 2)(n — 3)H (s)?H(t)*> H (u)?
—3)H(s)*H (t)H (u)
—3)(n—4)H(s)H(t)*H (u)?
—3)(n—4)H(s)*H(t)*H (u)?
—3)(n —4)H(s)*H (t)*H (u)
= 3)(n — 4)H(s)H(t)*H(u)?
—3)(n — 4)H(s)*H (t)*H (u)*
—3)(n—4)H(s)"H (t)*H (u)”
—3)(n —4)H(s)*H (t)*H (u)?
—3)(n — 4)H(s)" H (t)H (u)?
—3)(n—4)(n —5)H(s)2H(t)?H (u)?du dt ds.
)
u) 4+ 2mn(m — 1)H (t)H (u)* + mn(m — 1)H (t)*H (u)

+ 3mn(n — 1)H(s)H (t)H (u) + 3mn(m — 1)(n — 1)H(s)H (t)*H (u)

+ 6mn(m — 1)(n — 1)H(s)H(t)H(u)* + mn(m — 1)(m — 2) H (t)* H (u)”

+mn(n —1)(n — 2)H(s)*H(t)H (u) + 3mn(m — 1)(m — 2)(n — 1)H(s)H (t)*H (u)?
+2mn(m —1)(n — 1)(n — 2)H (s)*H (t) H (u)? + mn(m — 1)(n — 1)(n — 2)H(s)*H (t)* H (u)
+mn(m —1)(m — 2)(n — 1)(n — 2)H(s)?H(t)*H (u)?du dt ds.

The integral of equation (24) is equivalent to the integral of equation (20) but with ¢ and u permuted.
Thus the integral of equation (24) is equivalent to

e [

Y+ mn(n — 1) H(#)?H(u) + 4mn(n — 1) H(t)H (u)?

+ 3mn(n — 1)H(s)H (t)H (u) + 4mn(m — 1)(n — 1)H(t)*H (u)?

+ 3mn(m — 1)(n — 1)H(s)H (t)2H (u) + 5mn(n — 1)(n — 2)H(s)H (t)H (u)?

+mn(n —1)(n —2)H(s)*H (t)H (u) + 5mn(m — 1)(n — 1)(n — 2)H(s)H (t)*H (u)?
+mn(m —1)(n —1)(n — 2)H(s)*H(t)*H(u) +mn(n — 1)(n — 2)(n — 3)H(s)* H (t) H (u)*
+mn(m —1)(n — 1)(n — 2)(n — 3)H(s)?H(t)>H (u)*du dt ds.

52



Equation (25) is equivalent to
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Each expectation can be calculated and by taking the integral over the first scenario we get

mH (u)? 4+ 2m(m — 1)H (t)H (u)? + m(m — 1)H (t)H (u)?

[
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n3m3

+m(n — 1) H(s)H(u)*> 4+ 2m(n — 1)H(s)H (u)* + m(m — 1)H (t)H (u)*

+m(m — 1)H(s)H(t)H (u)? + m(n — 1) H(s)H (u)? + 2m(m — 1) H (t)H (u)?

+2m(m — 1)H(s)H (t)H (u)? + 4m(m — 1)H (s)H (t)H (u)* + 2m(m — 1)H (s)H (t)H (u)*

+2m(n — 1)H(s)H(u)? + 4m(m — 1)H(s)H (t)H (u)? +m(n — 1) H (u)?

+m(m — 1)H(s)H (t)H (u)? + 2m(m — 1) H(s)H (t)H (u)? + 2m(m — 1)H (s)H (t)H (u)?
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+4m(m — 1)(m — 2)(n — 3)H(s)?H(t)>H (u)* 4+ 4m(m — 1)(m — 2)(n — 3)H(s)?H (t)* H (u)?

- dim(m — 1)(n — 2)(n — 3)H(s)*H() H(w)? +m(m — 1)(m — 2)(n — 3)(n — 4 H(s) H(t)2H (1)’
+m(m —1)(m —2)(n — 3)(n — 4)H(s)*H(t)H (u)?

+2m(m —1)(m — 2)(n — 3)(n — 4)H(s)H (t)*H (u)?

+2m(m — 1)(m — 2)(n — 3)(n — 4)H (s)>H (t)*H (u)?

+4m(m —1)(m — 2)(n — 3)(n — 4)H(s)*H (t)* H (u)?

+2m(m —1)(m — 2)(n — 3)(n — 4)H (s)*H (t)* H (u)?

+2m(m —1)(n —2)(n — 3)(n — 4)H(s)>H(t)H (u)?

+m(m —1)(m —2)(n — 3)(n — 4)(n — 5)H(s)?H(t)>H (u)*du dt ds

Thus the integral of equation (25) is equivalent to

n3m3/ / / mnH (u)? + 3mn(m — 1) H(t)H(u)? + 3mn(n — 1) H(s)H (u)?
+9mn(m — 1)(n — 1) H(s)H (t)H (u)* + mn(m — 1)(m — 2)H(t)*H (u)?
+ mn(n — 1)(n — 2YH (8)?H(t)* 4+ 3mn(m — 1)(m — 2)(n — 1)H(s)H (t)*H (u)*
+3mn(m —1)(n — 1)(n — 2)H(s)* H (t)H (u)”
+mn(m —1)(m — 2)(n — 1)(n — 2)H(s)2H (t)*H (u)du dt ds.

The integral of equation (26) is equivalent to the integral of equation (24) but with s and ¢ permuted
and n and m permuted. Thus the integral of equation (24) is equivalent to

n2m4 / / / mnH (s)H (u) +mn(m — 1)H(s)*H (u) + 4mn(m — 1) H(s) H (u)?

+ 3mn(m — 1) H(s)H (t)H (u) + 4mn(m — 1)(n — 1)H(s)*H (u)?

+3mn(m —1)(n — 1)H(s)*H (t)H (u) + 5mn(m — 1)(m — 2)H (s)H(t) H (u)”

+mn(m —1)(m — 2)H(s)H(t)*H (u) + 5mn(m — 1)(m — 2)(n — 1)H(s)>H (t)H (u)*
+mn(m —1)(m —2)(n — 1) H (s)*H (t)*H (u) +mn(m — 1)(m — 2)(m — 3)H (s)H(t)* H (u)
+mn(m —1)(m — 2)(m — 3)(n — 1)H(s)?H (t)>H (u)?du dt ds.
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Equation (27) is equivalent to
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+2m(n = 1)(n = DB Lz L2010 L, 20 s |

+2m(n —1)(n - 2)E 1{yizs}1{xj2s}1{mizt}21{szu}1{xkzu}}
2

( (
( (
+om(n—1)(n —2)E :1{xk28}1{yk25}1{xi2t}1{x]—2t}1{xi2u}
( (
( ( 2

+2m(n —1)(n - 2)E _1{mjzs}1{ykzs}1{zizt}1{xj2t}1{zizu}2}

+2m(n = 1)(n = 2)E |1y > 1o, >0 Hazt) Ha, 20 Haiza)

(
(

+2m(n = 1) = 2B (Lo 1y, 20 120 Leon L)
)(n —2)E :1{yizs}1{szs}1{szt}1{xk2t}1{mizu}2}
)

(

( (
+2m(n = )0 - 2B 129 gz Lt L 20 Lnew |
+dm(n = D = DB L0 gz Lz Lz Lz Lz
+2m(n—1)(n —2)E :1{%28}1{in8}1{xk2t}21{mi2u}1{mu}}
+dm(n —1)(n - 2)E :1{372‘25}1{1/1‘25}1{mj2t}1{xk2t}1{$izu}1{$jzu}:
+4m(n —1)(n - 2)E :1{xi2s}1{ykzs}1{xi2t}1{a:j2t}1{zi2u}1{zj2u}:
+dm(n — 1)(n — 2)E :1{%23}1{%23}1{%2“1 (o0 misup 1 {szu}:
+dm(n —1)(n - 2)E :1{3:2-28}1{y]~2s}1{xizt}1{xj2t}1{mizu}1{mkzu}:
+dm(n —1)(n — 2)E :1{%28}1{xj25}1{xi2t}1{zj2t}1{m2u}1{xk2u}:
+dm(n —1)(n - 2)E :1{xizs}1{y]~zs}1{xizt}1{xk2t}1{xizu}1{szu}:
+dm(n —1)(n — 2)E :1{%28}1{$J_28}1{$i2t}1{“2”1{%2”}1{%@}:
+m(n = 1)(n = 2E [1p0 e e ez
+m(n = 1)(n = 2E 1,29 gza Lezn Lz L
(= 1)(n = 2B Ly, 0 2o Lz oy 20t )
+m(n—1)(n = 2)E (L2 g Lza Lz e e
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+m(n—1)(n - 2)E [1{yj28}1{zk25}1{mj2t}1{zk2t}1{mi2u}2]

+2m(n = 1) = DB 1o o e 20 men L,z Lz |
+dm(n —1)(n - 2)E [1{mjzs}1{ykzs}1{xi2t}1{szt}1{mizu}1{mkzu}]
+dm(n —1)(n —2)E [1{yj28}1{%25}1{xi2t}1{zj2t}1{$i2u}1{$k2u}]
+2m(n —1)(n —2)(n - 3)E [1{xkzs}1{yzzs}1{zizt}21{zizu}1{zjzu}}

+om(n—1)(n —2)(n — 3)E :1{%28}1{%25}1{xi2t}1{xj2t}1{xk2u}1{$lzu}:
+2m(n —1)(n —=2)(n - 3)E :1{%23}1{%25}1{mk2t}1{$12t}1{xi21‘}1{xj2u}:
+4m(n —1)(n —2)(n - 3)E :1{%‘25}1{yl25}1{$i2t}1{$j2t}1{$i2u}1{fk2u}:
+dm(n —1)(n — 2)(n — 3)E :1{%25}1{@23}1{%2”1{%2&1 . {:c,gu}:

) )
) )
) )
+mn=1)(n =20 = 3E [1po0 1o oo L, z0)
( (
( (
) )

+mn=1)(n = 2)(n = 3E [1, 5011y, Leon sz L)
+m(n —1)(n - 2)(n - 3)E [1{x]~2s}1{yjzs}1{wk2t}1{xzzt}1{zizu}2]
+2m(n—1)(n —2)(n — 3)E :1{%_28}1{y128}1{xi2t}21{%2u}1{%2“}}
+2m(n = 1)(n = 2)(n = B [14,5 0 n20 L eon 020 L]
+2m(n = 1)(n = 2)(n = 3)E [ L2 Lyize) Lo 20 Lz Loz
+2m(n —1)(n — 2)(n — 3)E :1{%28}1{@25}1{%2,5}1{%2”1{%2“}2}
+4m(n —1)(n —2)(n - 3)E :1{mizs}1{yizs}1{mjzt}1{xk2t}1{mjzu}1{zzzu}:
+2m(n—1)(n —2)(n — 3)E :1{%28}1@28}1{xi2t}1{%2,5}1{%2@1{%2“}:
+2m(n —1)(n — 2)(n — 3)E :1{%23}1{ij3}1{xi2t}1{%2t}1{%2“}1{@2“}:
+2m(n—1)(n —2)(n — 3)E :1{%28}1{ij5}1{“2,5}1{@2”1{%2“}1{%2@:
+dm(n —1)(n — 2)(n — 3)E :1{Ij25}1{y25}1{mi2t}1 (o) L zuy 1 {xkzu}:
+4m(n —1)(n—2)(n - 3)E :1{yj2s}1{mzzs}1{xizt}1{mj2t}1{zizu}1{zk2u}:
+dm(n —1)(n —2)(n - 3)E :l{szs}l{ylzs}1{xz—zt}1{xk2t}1{mzu}1{szu}:
+dm(n —1)(n = 2)(n - 3)E :1{yj2s}1{w12s}1{mizt}1{xk2t}1{xizu}1{szu}:
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+m(n —1)(n - 2)(
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(
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(n —2)( [ {vs >s}1{xj28}1{xi2t} {xkzt}l{szu}l{l’lzu}_
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Yyzsp ozt Mzt Ha, 20 Hwza Haozu)

Lzt Hpezst Mot Hzo> 0 Haiup e, >0y |
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Each expectation can be calculated and by taking the integral over the first scenario we get

mH (s)H (u) +m(n — 1)H(s)H(u) +m(n — 1)H(s)*H (u)
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Thus the integral of equation (27) is equivalent to

H(s)H(t)H (u) + 15mn(n — 1)(n — 2)H(s)H (t)H (u)?

o s s T SN

+ 6mn(n — 1
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Equation (28) is equivalent to

n m

4 n m n n
D DD DD DD DY P IR [1{@25}1{.%-25}1{a:kzt}1{x12t}1{xozu}1{yp2u}

i=1 j=1 k=1 I=1 o=1 p=1
4 2
= 5 "B [lpealpesg Leen Yz L]

m(m — 1)E [ {xizs}l{yizs}1{xi2t}21{mi2u}1{y'EU}]
m(n —1)E [1{:,; >s Lyt zi>t) 1{yl>u}1{$]>u}}
m(m —1)E [ (wizst{y;>s1 w1} 1{x1>u}1{yl>u}]
m(n—1)E [1{y > o} oy sy Hai>t) 1{wl>u}1{yz>u}:|
+2m(n - 1E [1{xizs}1{yizs}1{:cz-2t}1{szt}1{xizu}1{yi2u}}
mim = DE [L20 Lz oz Loy 20 Lz
m(m —1)E [1{zjzs}1{yjzs}1{a:izt}21{wi2u}1{yi2u}]

2
m(n —1)E [1{xizs}1{yizs}1{szt} 1{mzu}1{yz~zu}}

m(
m(
m(
m(n = DE Lo (g2 Lo L Ly 2u |
m(m = DE |12 (0,20 Lo L Ly |
m(m = DE (1201 (y,20 020 g L 20 |
m(n —1)E [1{311'28}1{xj28}1{xi2t}21{yi2u}1{a:j2u}:|
+ 2m(m = DE 120 L yz0) Loz 1o 20 ez Ly |
+ 2m(n = DE |12 Lz Lozt L2 Loz Loy 20
+ 2m(m = VB (L2 Lot Lzt L0 Lrz L
+ 2m(n = DE |1y, 20) Lay20) Lriz) L2 Loz Loz
m(n = DB Lz 1,20 b L2 e L)
m(m —1)E [1{%23}1{szS}1{zizt}1{mjzt}1{xizu}1{yjzu}}
m(m —1)E [1{@25}1{yj25}1{xi2t}1{:cj2t}1{yeu}1{xj2u}}
m(n —1)E [1{yizs}1{szs}1{mzt}1{szt}1{y¢zu}1{szu}]
M= D |10y (y;20 Lo Lny 2y (5200
m(m = DB 120 La, 20 Lzt Lz L2l
+2m(m = DE 1,01 2 (w20 Loy 20 oy 20 Ly 2
+m(n—1)E [1{@25}1{yj2s}1{zi2t}21{zi2u}1{yjzu}}

2
Fm(m = DE 120120 o0 Lz L 2]
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m—1)(n - 2)E 1{1 st yissy Loty 1{m]>u}1{yk>u}
+m(m—1)(n—-2)E 1{xg>s}1{yk>s}1{xz>t} 1{xz>u}1{yz>u}

n—1)(n—-2)E [1{:2 >s}]-{yl>s}1{x]>t}1{xk>t}1{mz>u}1{yl>u}

+m(m —1)(n - 2)E 1{y syl zy Lain” 1{zz>u}1{yk>u}

+m(m—1)(n—2)E 1{z1>8}1{y]>5}1{$z>t} 1{yz>u}1{wk>u}

( )
( )
( (
+m(m—1)(n—=2)E | 1p>gly,>0 1020 1{a:,>u}1{yk>u}
( )
( )
( (

+2m(m —1)(n — 2) [1{93 >s}1{yz>s}1{ml>t}1{m]>t}1{xl>u}1{yk>u}]
+2m(n = 1)(n = 2E 120 Lz Lz Lo 2 Ly L)
+2m(m —1)(n - 2)E [1{xizs}1{ykzs}1{xizt}1{mjzt}1{xizu}1{yizu}]
+2m(n —1)(n - 2)E |:1{yl>s}1{a:k>s}1{J:Z>t}1{x3>t}1{1’1>u}1{yl>u}:|
+m(m —1)(n —2)E 1{:1: >s}1{yj>s}1{xz>t} 1{zk>u}1{yk>u}_
m(m =10 = 2B Ly L0 e e Lpeu),
+ m(m = 1)(n = 2 [1o20) 1,20 Lz Loz Ly |
+m(m —1)(n - 2)E :1{%25}1{x]-zs}1{xi2t}21{mjzu}1{yk2u}:
+m(n—1)(n—2) [ (w5t {y; 25y Lty 1{y]>u}1{:ck>u}i|
+m(m —1)(n - 2)E :1{yi2s}1{z]~28}1{zizt}21{yjzu}1{xk2u}:
+ m(m = 1)(n = 2E [ 120 Lo Lo Lz Lz
+ m(m = 1)(n = 2E [1 29 Lo Lo Lz Lz
+mlm = 1)(n = 2B |1 20 Lz Lo Lz L 2|
+m(n —1)(n—2) [ izt Yozt Hazty Ha>a 1y >u}:|
+m(m —1)(n—2) [ {a;>s} Lyt wi>t) 1{yl>u}1{:pj>u}i|
+m(m—1)(n-2) [ {y;>st Hap>st wi>t) 1{y1>u}1{z3>u}:|

+ 2m(m = 1)(n = 2B [Lp,20) Lz Loz Loy 20 Lz Loz
+2m(m —1)(n — 2)E [1{%28}1{yes}1{%2t}1 (51} Lz sup | {ykZu}}
+2m(m — 1)(n — 2)E [1{%25}1{%25}1{%2”1{%3}1{yj2u}1{zk2u}}
m(m =)0 = 2B |10 e oo Lo Ly )
Fm(n =10 = 2B 1200 lnen Lz L)

+ 2m(m = 1)(n = 2)B [Lp,20) Lgezo) Loy 20 Lozt Loz Ly
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(

+2m(m = 1)(n = 2)B | Lz Lguzo sz Lo 20 Lz Lpzu

+2m(m = 1)(n = 2E 120 2 w0 ey 20 o2 Ly
)

+2m(m —1)(n - 2)E [1{yjzs}1{mkzs}1{x@-zt}1{szt}1{xi2u}1{yi2u}}

m(m = 1) = 2E 120120 L0 Lot Lo

m = 1)(n = DB |Ly 1,20 Lzt Lo Lz Ly 20

+2m(m = 1)(n = 2E 120120 e oo Lo Lo 20

+mn = 1)(n=2E [1g,29 1 goa leen ez Lpe
+m(m—1)(n—2)E :1{xj28}1{yk28}1{%2t}21{yj2u}1{%2”}}

)(n —2)E :1{wizs}1{yi28}1{zj2t}1{xkzt}1{wjzu}1{yk2u}:
+m(m—1)

)
)

(= 2B 10201201 Loy 20 Loaz) L) Lz
JE :1{szs}1{yk23}1{szt}1{xkzt}1{xizu}1{yizu}:
)

+m(m =1 = 2B | Liy> 0 ezt ;20 Mozt Hezup Hyzuy)
+2m(n —1)(n - 2)E [Hmzs}l{ykzs}l{xizw1{xj2t}1{szu}1{ykzu}}

+2m(m —1)(n —2)E [1{yizs}1{zk2s}1{xizt}1{mjzt}1{szu}1{ykzu}}
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+m(m —1)(n—2)(n—3)E l{x sty =5y sty 1{2k>u}1{yz>u}
+m(m—1)(n—2)(n —3)E 1{y >sta;>s1 Hai>t) 1{fck>u}1{yl>u}
+m(m—1)(n—2)(n—3)E 1{xk>s}1{yl>s}1{xl>t} 1{xz>u}1{y]>u}
+m(m —1)(n— 2)(n — 3)E 1{zk>s}1{yz>s}1{z@>t} 1{yz>u}1{wj>u}

(

(

+2m(m — 1)(n — 2)(n —3)E |1 {xizs}1{yizs}1{xizt}1{szt}1mzu}1{ylzu}]
m(m = 1) (0 = 2)(n = 3B |12 Ly Lmeot Lozt Loz Ly
Fm(n =10 =2 =B Lz g Lz azn Lnet e ez
+ 2m(m = 1)(n = 2)(n = 3B [Liy g Lze) Lz L2 Loz Lz
+m(m—1)(n—2)(n—-3)E [1{wi2s}1{yjzs}1{a:kzt}1{xzzt}1{xi2u}1{yi2u}}

+m(n—1)(n—-2)(n-3)E [1{y¢zs}1{szs}1{xkzt}1{xlzt}1{xizu}1{y¢zu}}

Fm(m = 1) = 2)(n = 3 L2120 2 Lz iz
+m(m—1)(n—=2)(n—-3)E :1{@25}1{y12s}1{xi2t}21{szu}1{yj2u}}
+ m(m = 1)(n = 2)(n = 3)E [ Lz Lz Lzt Loz Loz Ly |
+m(m = 1)(n = 2)(n = E 1,29 e 1wz ez Lz
+m(m—1)(n —2)(n - 3)E :l{ijS}l{kas}1{xi2t}21{xj2u}1{yl2u}}
mlm = 1)(n = 2)(n = 3E [1a,59 o) w20 g0 L nu) |
+mln=1)(n =20 = 3E [1g,50 1 meo L eon (g0

+2m(m —1)(n —2)(n - 3)E _1{xizs}1{yizs}1{szt}1{wkzt}1{x]~zu}1{yzzu}:
+2m(m —1)(n — 2)(n — 3)E :1{%28}1{%28}1{%_2“1{$k2t}1{yj2u}1{mlzu}:
+2m(m —1)(n = 2)(n - 3)E :1{xj25}1{yl25}1{$j2t}1{Ik2t}1{xizu}1{yizu}:
+2m(m = 1)(n = 2)(n = E |1,z ez L e20 L men Len Lps),
+2m(m —1)(n = 2)(n = 3E [ 120 Lyy20) Lozt L2 Loz L)
+2m(m —1)(n = 2)(n - 3)E :1{xk2s}1{ylzs}1{xi2t}1{rjzt}1{mizu}1{yjzu}:
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m(n = 1) =2 = IE 1Ly, 20 Lmeon Lo L L)

+m(m —1)(n —2)(n - 3)E [ (v >s}1{x3>s}l{xk>t}1{xl>t}1{xl>u}1{y]>u}:|

+2m(m —1)(n —2)(n — 3)E 1{a:l>s}1{yk>s}1{xl>t}1{:Ej>t}1{x]>u}1{yl>u}_
+2m(m —1)(n — 2)(n — 3)E _1{%25}1{%28}1{%2“1{%2}1 fay2a) 1 {ylzu}:
+2m(m —1)(n = 2)(n - 3)E :1{x12s}1{ykzs}1{xet}1{zjzt}1{yjzu}1{zzzu}:
+2m(m —1)(n = 2)(n - 3)E :1{%’25}l{wkzs}1{zi2t}1{mj2t}1{yj2u}1{mlzu}:
+om(m—1)(n—2)(n — 3)E :1{96125}1{%25}1{xi2t}1{xk2t}1{%2u}1{ylzu}:
+2m(m —1)(n = 2)(n - 3)E :1{yz-zs}1{zjzs}1{zizt}1{mkzt}1{szu}1{yzzu}:
+2m(n —1)(n - 2)(n - 3) [ (w5 1y >s}1{xz>t}1{xk>t}1{y]>u}1{xl>u}}
+2m(m —1)(n —2)(n — 3) |:1{y >s}]-{mjzs}1{x2>t}1{zk>t}1{yj>u}1{zl>u}:|
+2m(m = 1)(n = 2)(n = 3)B L9 Lz Lot Lo Loz L2
+2m(n —1)(n —2)(n —3) |:1{y]>s}1{x125}1{zz>t}1{xk>t}1{x >u}1{y]>u}:|
+2m(m = 1)(n = 2)(n = 3)B L Lzt Lot Lo o L2
+2m(m — 1)(n —2)(n — 3)E { (2t Hazs) Hainty Hazty Lyisu) e >u}:|
+m(m —1)(n =2)(n = 3)(n - 4)E [1{xj2s}1{ykzs}1{zizt}21{mzzu}1{y02u}}
Fmm = 1) = 2)(n = 3)(n ~ DE Lz Lz Lo Uz Lz L
+mlm = 1)(n = 2)(n =30~ OB [z L2y Loz Loz Loz Lz
+2m(m —1)(n = 2)(n = 3)(n = DE |1y >0 1y, >0 Haizn Ly >t}1{xl>u}1{yo>u}
+2m(m —1)(n —2)(n — 3)(n —4)E 1{y >s}1{xk>s}1{xl>t}1{:cj>t}1{zl>u}1{yo>u}
+2m(m —1)(n —2)(n —3)(n —4)E 1{xl>s}1{yo>s}1{x1>t}1{x]>t}1{xl>u}1{yk>u}
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Each expectation can be calculated and by taking the integral over the first scenario we get
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Thus the integral of equation (28) is equivalent to
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Equation (29) is equivalent to
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Equation (30) is equivalent to
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( )

E 1{:17 >sHiye>sy e >ty 1y, >t}1{$1>u}

n—2)E [1{szs}1{yk2s}1{yizt}1{xj2t}1{zizu}2}
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)
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Each expectation can be calculated and by taking the integral over the first scenario we get
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Thus the integral of equation (30) is equivalent to

- S u mn(n — 2 u
o [ @)+ mnton = 2B ) () + 2mnn )07 )

+ dmn(n — 1) H(t)H(u)? + mn(n — 1)(2m +n — 4)H(s)H (t)*H (u)

+mn(m —1)(n — 1) H(s)*H(t)H (u) + 2mn(n — 1)(2m + n — 4)H (s) H (t) H (u)?

+3mn(n —1)(n —2)Ht)*H(u)* + mn(m — 1)(n — 1)(n — 2)H (s)*H (t)*H (u)

+mn(n —1)(n —2)(3m +n — 6)H(s)H(t)*H(u)* 4+ 2mn(m — 1)(n — 1)(n — 2)H(s)*H (t) H (u)*
+mn(m —1)(n —1)(n — 2)(n — 3)H(s)?H(t)> H(u)*du dt ds.
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+m(m —1)(m —2)(n — 3) [1{1 >s}1{yj>s}1{yl>t}1{xk>t}1{xl>u}1{yl>u}j|
+m(m—1)(n—2)(n—3) [ o Lzt et Lo Lo Lz
+m(m—1
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o
=

:1{mizs}1{yz-zs}1{zjzt}1{yjzt}1{xk2u}1{yl2u}:
:1{@28}1{yizs}l{xkzt}l{yla}l{xj >up by, Zu}:
:1{xk2s}1{yzzs}1{xizt}1{yi2t}1{szu}1{yjzu}:
:1{xi28}1{yi2s}1{xj >ty >3 1z zu}l{yeu}:

Lz Lwizay L2 Lo Ly 2u Ly |

ez lyiza Hay 20 g Ly zu Haz |
1{xizs}1{yizs}1{yjzt}1{xkzt}1{yjzu}1{xlzu}}
Lozt gzt oz Ly e zu Huzuy |

Lyt lmezst e Hy>o My >up Ly>uy

Laszst Lyt Moz Ly My 2oy a2y |

l{xk>s} 1{yl>s} {y:i>t} 1{1‘] >t} 1{:cz>u} l{y >u}_
_1{xi2s}1{y]-zs}1{mizt}1{ykzt}1{mjzu}1{yl2u}_

| Myizst Yozt Mozt g Hay 2o Ly ay |

1{xr>s}1{yj>s}1{y¢>t}1{xk>t}1{zj>u}1{y1>u}_
l{y >t ;> s >t Mot He>up

1{x >st{y; >} Lo >ty {yk>t}1{yj>u}1{zz>u}

—

Lyi>st Yoy >t Hao> 0 Ly >0 My >uy Lz >uy
1{:(: >si{y;>st it Ha > Ly >u l{xl>u}

1{y >s}1{x1>s}1{yz>t}1{mk>t}1{y]>u}1{zz>u}
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m—2)(n —3)E { (>t g >t Ly > 1 {x]>t}1{y]>u}1{a:l>u}

n—2)(n—3)E 1{yl>s}1{xk>s}1{yl>t}1{x]>t}1{y]>u}1{xz>u}

)E 1{y >s}1{xk>s}1{yl>t}1{x1>t}1{x]>u}1{yz>u}
)E 1{x >s}1{yk>s}1{zz>t}1{yj>t}1{yj>u}1{zz>u}

)E 1{yz>s}1{xk>s}1{xz>t}1{y]>t}1{y]>u}1{mz>u}

[ E—

2)(n=3)(n —4)E _1{x > s o2 ezt oz Lz
E (L2 Lz Lozt Lzt sz Loz

(n—4)E :1{xj28}1{yk25}1{$12t}1{yozt}1{zi2u}1{yizu}:

(n —4)E :1{:::1-28}1{y]-zs}1{wizt}1{ykzt}1{wzzu}1{yozu}_

(n—4)E _1{y >st s> st Mz Ly Lo Lyo>uy |

(n —4)E 1{w >s}1{yj>s}1{yz>t}1{xk>t}1{mz>u}1{yo>u}

n— 4) [1{y >5}1{x]>5}1{y,>t}1{xk>t}1{xl>u}1{yo>u}i|

(n=3)(n = DE 12> 20 Lozt Lyt Haizuy Lyezuy

(n —4)E 1{y >s}1{x]>s}1{xz>t}1{yo>t}1{mz>u}1{yk>u}

(n—4)E 1{x >s}1{yj>s}1{xz>t}1{yo>t}1{yz>u}1{xk>u}

=2)(n=3)(n-4)E [1{y >s}1{x]>s}1{mz>t}1{yo>t}1{yz>u}1{mk>u}}

(n -3 (n - 4)E 1{$l>5}1{yo>5}l{xz>t}1{yj >t}1{xz>u}1{yk>u}

(n—=3)(n—-4)E ]‘{-TL>S}1{yo>3}1{yz>t}1{xj >t}1{11>u}1{yk>u}
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+ m(m = 1)(m = 2)(n = 3)(n = VE | 1oz Ly,z0) Lz Loy 20 Lz Lz

+m(m—1)(n =2)(n = 3)(n = DE L9 Lz Ly Lo Lpsn e |

+m(m —1)(m —2)(n —3)(n—4)(n - 5)E [1{xizs}1{yj28}1{xkzt}1{yzzt}1{xozu}1{ypzu}} }
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mH (u)? +m(m — 1)H(t)H (u)? + m(n — 1)H (t)H (u)*

o0

t

./

s

/

[e.9]
o0

/

-8

Each expectation can be calculated and by taking the integral over the first scenario we get
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Thus the integral of equation (31) is equivalent to

2 _ O H (u)2
n3m3/ / / mnH (u)? + 2mn(n +m — 2)H(t)H(u)? + mn(n +m — 2)H(s)H (u)

+ 4mn(m (n — 1) H(t)*H (u)? +mn(m — 1)(n — 1)H(s)*>H (u)*
+ mn(m? —|—4mn+n —Tm —Tn + 8)H (s)H (t)H (u)?

+ 2mn(m — 1)(n — 2)(m +n — 4)H(s)H(t)*H (u)?
+mn(m —1)(n —1)(m +n — 4)H(s)*H () H (u)*

+mn(m — 1)(m — 2)(n — 1)(n — 2)H(s)?H(t)*H (u)?du dt ds.

The integral of equation (32) is equivalent to the integral of equation (30) but with n and m
permuted. Thus the integral of equation (32) is equivalent to

n2m4 / / / mnH (t)H (u) + mn(m 4+ n — 2)H(s)H (t)H (u) + 2mn(m — 1)H (t)*H (u)
+ 4mn(m H(t)H (u)? +mn(m —1)(2n +m — 4)H(s)H (t)*H (u)
+ mn(m )(n — 1)H(s)2H(t)H (u) + 2mn(m — 1)(2n +m — 4)H(s)H (t) H (u)?

+ 3mn(m — 1) (m — 2)H(t)*H (v)* + mn(m — 1)(m — 2)(n — 1)H(s)*H(t)* H (u)

)
+mn(m —1)(m —2)(3n +m — 6)H(s)H (t)*H (u)?
+ 2mn(m — 1)(m — 2)(n — 1)H(s)*H (t)H (u)?
+mn(m —1)(m — 2)(m — 3)(n — 1)H(s)*H(t)*H (u)*du dt ds.

The integral of equation (33) is equivalent to the integral of equation (29) but with n and m
permuted. Thus the integral of equation (33) is equivalent to

— 2H (u mn(n — u)?
53 / / / mnH (t)H (u) + 2mn(m — 1)H (¢)*H(u) + 2mn(n — 1)H (t) H (u)

+mn(m +n— 2)H(s)H(t)H (u) + mn(m — 1)(n — 1)H(s)?H (t)H (u)
+mn(m —1)(2n +m — 4)H(s)H (t)>H(u) + mn(n — 1)(2m +n — 4)H(s)H (t) H (u)?

+4dmn(m —1)(n — 1) H (t)*H (u)® +mn(m — 1)(m — 2)(n — 1)H(s)H (t)*H (u)
+mn(m —1)(n —1)(n — 2)H(s)*H (t) H (u)*

+ 2mn(m — 1)(n — 1)(n +m — 4)H (s)H (t)?H (u)?

+mn(m —1)(m —2)(n —1)(n — 2)H(s)>H(t)*H (u)*du dt ds.

The integral of equation (35) is equivalent to the integral of equation (28) but with n and m
permuted. Thus the integral of equation (35) is equivalent to

ﬁ /Z/ /OO mnH (u)? +mn(m +n — 2)H(s)H(u)? + 6mn(m — 1)H (t)H (u)*
+mn(m —1)(n — 1)H(s)2H(u)? + 3mn(m — 1)(2n +m — 4)H(s)H (t)H (u)*
+ 3mn(m — 1)(m — 2)H(t)*H (u)? + 3mn(m — 1)(m — 2)(n — 1) H(s)*H (t) H (u)?
+mn(m —1)(m —2)(3n +m — 6)H (s)H (t)*H (u)*
+mn(m —1)(m — 2)(m — 3)(n — 1)H(s)?H (t)>H (u)?du dt ds.
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The integral of equation (36) is equivalent to the integral of equation (27) but with n and m
permuted. Thus the integral of equation (36) is equivalent to

2 2
nm5/ / / mnH (s)H(u) + mn(m — 1)H(s)"H(u) + 8mn(m — 1)H(s)H (u)

+ 6mn(m — 1) H(s)H(t)H (u) + 15mn(m — 1)(m — 2)H(s)H (t)H (u)*

+3mn(m — 1)(m — 2)H(s)H (t)* H (u) + 3mn(m — 1)(m — 2)H (s)* H (t) H (u)

+ dmn(m — 1)(m — 2)H(s)*H(w)? + 5mn(m — 1)(m — 2)(m — 3)H(s)2H (1) H (1)’
- mn(m — 1)(m — 2)(m — 3)H(s)2H(t)H(u)

+4mn(m — 1)(m — 2)(m — 3)H (s)H (t)*H (u)*

+mn(m —1)(m — 2)(m — 3)(m — 4)H(s)?H(t)*H (u)*du dt ds.

The integral of equation (37) is equivalent to the integral of equation (26) but with n and m
permuted. Thus the integral of equation (37) is equivalent to

n4m2 / / / mnH (s )+ mn(m — 1)H(s)*H(u) + 4mn(n — 1)H (s)H (u)*
+ 3mn(n — 1)H(s)H (t)H (u) + 4mn(m — 1)(n — 2)H(s)*H (u)?

+ 3mn(m — 1)(n — 1)H(s)2H (t)H (u) + 5mn(n — 1)(n — 2)H(s)H (t)H (u)?

+mn(n —1)(n — 2)H(s)H(t)>H (u) + 5mn(m — 1)(n — 1)(n — 2)H(s)*H (t)>H (u)
+mn(m —1)(n — 1)(n — 2)H(s)2H (t)H(u)* + mn(n — 1)(n — 2)(n — 3)H(s)H (t)*H (u)?
+mn(m —1)(n — 1)(n — 2)(n — 3)H(s)?H(t)>H (u)*du dt ds.

The integral of equation (38) is equivalent to the integral of equation (25) but with n and m
permuted. Thus the integral of equation (38) is equivalent to

53 / / / mnH (u)? + 3mn(n — 1)H(t)H (u)? + 3mnH (s)H (u)?
+ 9mn(m (n — 1) H(s)H(t)H (u)* + mn(n — 1)(n — 2)H(t)* H(u)?
+mn(m )(m 2)H (s)2H (u)? + 3mn(m — 1)(n — 1)(n — 2)H(s)H(t)*> H (u)?
+ 3mn(m — 1)(m — 2)(n — 1)H(s)*H (t)H (u)?
+mn(m —1)(m —2)(n — 1)(n — 2)H(s)>H (t)*H (u)*du dt ds.

The integral of equation (39) is equivalent to the integral of equation (24) but with n and m
permuted. Thus the integral of equation (39) is equivalent to

3)H (s)*H (t)H (u)*
)

m

n2m4 / / / mnH (t )+ mn(m — 1) H(t)*H (u) + 4mn(m — 1)H (t)H (u)?
+ 3mn(m — 1)H(s)H(t)H(u) + 4mn(m — 1)(n — 2)H(t)* H(u)?
+ 3mn(m — 1)(n — 1)H(s)H(t)*H (u) + 5mn(m — 1)(m — 2)H(s)H (t) H (u)?
+mn(m —1)(m — 2)H(s)*H(t)H (u) + 5mn(m — 1)(m — 2)(n — 1)H(s)H (t)*H (u)?
+ mn(m (m (n—1)H(s)?H(t)>H (u)
(
(

1)
(m —1)(m —2)
+mn(m —1)(m —2)(m —
(m —1)(m — 2)(m — 3)(n — 1)H(s)*H (t)>H (u)*du dt ds.

+ mn(m m
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The integral of equation (40) is equivalent to the integral of equation (23) but with n and m
permuted. Thus the integral of equation (40) is equivalent to

p— / / / mnH () H (1) + 2mn(n — 1) H(E)H ()2 + mn(n — 1) H(£)2H ()
+ 3mn(m — V) H(s)H (t)H (u) + 3mn(m — 1)(n — 1) H(s)H (t)*H(u)
+ 6mn(m — 1)(n — 1) H(s)H (t)H (u)* + mn(n — 1)(n — 2)H(t)*H (u)?
+mn(m — 1)(m — 2)H(s)?H (t)H (u) + 3mn(m — 1)(n — 1)(n — 2)H (s)H (t)>H (u)?
+2mn(m — 1)(m — 2)(n — 1) H (s)* H (t) H (u)”
+mn(m —1)(m — 2)(n — 1) H(s)H (t)*H (u)
+mn(m —1)(m — 2)(n — 1)(n — 2)H(s)?H(t)*H (u)?du dt ds.

The integral of equation (41) is equivalent to the integral of equation (22) but with n and m
permuted. Thus the integral of equation (41) is equivalent to

o / / / mnH (u)? +mn(n + 4m — 5)H(t)H (u)* + 3mn(m — 1)H(s)H (u)?
+ 4mn(m — 1)(n — 1)H(t )2H( )2+ mn(m —1)(3n 4 5m — 13)H (s)H (t)H (u)?
+mn(m —1)(m — 2)H(s)*H(w)® + 5mn(m — 1)(m — 2)(n — 1) H (s) H (t)* H (u)?
+mn(m —1)(m — 2)
+mn(m —1)(m — 2)

(n+m —4)H(s)*H(t)H (u)?
(m —3)(n — 1)H(s)*H(t)>H (u)*du dt ds.

The integral of equation (42) is equivalent to the integral of equation (21) but with n and m
permuted. Thus the integral of equation (42) is equivalent to

—% / / / mnH (t )+ dmn(m — 1) H(t)*H (u) + 8mn(m — 1)H (t)H (u)?
+ 3mn(m (8)H (t)H (u) + 9mn(m — 1)(m — 2)H(t)*H (u)?
( (5)H (1) H(u)
+ 10mn(m — 1)(m — 2)H(s)H (t)H (u)? + Tmn(m — 1)(m — 2)(m — 3)H(s)H (t)*H (u)?

+mn(m —1)(m — 2)(m — 3)H(s)*H (t)*H(u)
+2mn(m —1)(m —2)(m — 3)H (s ) H(t )H(u)2
( )

-HH

+mn(m —1)(m — 2)H(s)?H (t)H (u) + 5mn(m — 1)(m — 2)H
(
1) )

+mn(m — 1)(m — 2)(m — 3)(m — 4)H(s)?*H(t)*H (u)*du dt ds.

The integral of equation (43) is equivalent to the integral of equation (20) but with n and m
permuted. Thus the integral of equation (43) is equivalent to

/ / / mnH (t)H (u) +mn(n — 1) H(t)H(u)® + 4mn(m — 1)H (t)* H (u)

n2m4
+ 3mn(m — 1)H(s)H(t)H (u) T 4mn(m — 1)(n — 1) H (t)*H (u)?
+3mn(m — 1)(n — 1) H(s)H (t)H (u)? + 5mn(m — 1)(m — 2)H(s)H (t)*H (u)
+mn(m — 1)(m — 2)H(s)>H(t)H (u) + 5mn(m — 1)(m — 2)(n — 1) H(s)H (t)*H (u)?
+ mn(m —1)(m — 2)(n — 1)H(s)?H(t)H (u)?
+mn(m —1)(m — 2)(m — 3)H (s)*H(t)>H (u)
+mn(m —1)(m — 2)(m — 3)(n — 1)H(s)?H (t)?H (u)?du dt ds.
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The integral of equation (44) is equivalent to the integral of equation (19) but with n and m
permuted. Thus the integral of equation (44) is equivalent to

—= / / / mnH (1) + 12mn(m — 1) H () H ()2 + 3mn(m — 1)H (s)H (u)2
+mn(m — 1)(m — 2)H(s)*H(u)? + 9mn(m — 1)(m — 2)H (t)*H (u)?
+ 15mn(m — 1)(m — 2)H (s)H () H () + Tmn(m — 1)(m — 2)(m — 3)H(s)H (£) H(u)?
+ 3mn(m — 1)(m — 2)(m — 3)H (s)*H (t) H (u)?
( (

+mn(m —1)(m — 2)(m — 3)(m — 4)H(s)>H (t)*H (u)*du dt ds.

The integral of equation (45) is equivalent to the integral of equation (18) but with n and m
permuted. Thus the integral of equation (45) is equivalent to

2 - u
o / / / mH (u) + 16m(m — 1)H (u)” + 12m(m — 1)H (t)H (u)
+ 3m(m — 1) H(s)H(u) 4 45m(m — 1)(m — 2)H (t) H (u)?

- 9m(m — 1)(m — 2)H(®) H(u) + m(m — 1)(m — 2)H(s)*H(x)

+20m(m — 1)(m — 2)H(s)H (u)? + 15m(m — 1)(m — 2)H(s)H (t) H (u)

+ 16m(m — 1)(m — 2)(m — 3)H (t)*H (u)? + 35m(m — 1)(m — 2)(m — 3)H(s)H (t) H (u)?
+4m(m — 1)(m — 2)(m — 3)H(s)*H (u)* + Tm(m — 1)(m — 2)(m — 3)H(s)H (t)*H (u)
+3m(m —1)(m — 2)(m — 3)H(s)>H(t)H (u)

+9m(m —1)(m — 2)(m — 3)(m — 4)H (s)H (t)*H (u)?

+5m(m —1)(m — 2)(m — 3)(m — 4)H (s)*H (t) H (u)?

- m(m = 1)(m — 2)(m — 3)(m — 4)H(s)* H(t)*H ()

+m(m —1)(m — 2)(m — 3)(m — 4)(m — 5)H (s)>H(t)>H (u)*du dt ds.
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If we collect all the integrals of equation (18) to (45) and multiply the result by six then we get

(n+m n® +md

—8>Hm)

5 -7 5 2 2 _ 2
+2<nm(n+m) (5m : nm + n)_6>H(t)+<nm(n+m)5(m 5nm—i—n
ne+m ne +m
2(2m*n + 2mn? — 19m? + 25mn — 19n?
+5<nm(n+m) (2m*n + 7’:71 i 9m* + 25mn 9n)+18> H#H(u)
n°e +m
n nm(n +m)?(2m2n + 2mn? — 19m? + 25mn — 19n?) +18) H(t)?
n® +md
B <nm(n+m)z(m2 - nm+n?) 2) H(s)?
ne +m
2 2 2_1 2 92 -1 2
i nm(n + m)*(mn + mn 9m* + 26mn 9n)+20 H(s)H (u)
nd + mb
N nm(n +m)%(m?n + mn? — 27m? 4+ 37mn — 27n?) 30 H(s)H (D)
n® 4+ md

. <nm(n +m)2(3m2n + 3mn? — 26m? + 34mn — 26n?) +24) H(t)2H (u)

s )
)

2 2 2 4 2 —_4 2
s nm(n + m)*(5m*n + 5mn 5m® + 59mn — 49n*) 42 H(s)H(t) H (u)
nd 4+ md
Ly <nm(n +m)%(m?n + mng - Z;2m2 + 16mn — 12n?) N 12> H(s)2H (u)
n° +m
2 2 2 _ 4 2 —4 2
3 (nm(n+m) (5m n—|—5n5m i 5m* 4+ 59mn — 49n*) +42) H(s)H ()2
ne +m
nm(n +m)?(m2n + mn? — 17m? + 23mn — 17n2)
- nd +m5 (S) ( )
29,2 2 _ 2 _
+9 nm(n +m)?(3m2n + 3mn? — 26m? + 34mn — 26n?) 24 ) H(s H ()
no + mo
29,2 2 _ 2 _
+5 nm(n +m)?(3m2n + 3mn? — 26m? + 34mn — 26n?) + 24 H{(s )
nd 4+ md
N (nm(n +m)?(3m?n + irgfn;ZGmQ + 34mn — 26n?) N 24) H(s)2H(1)?

5 nm(n +m)?(3m?n + 3mn? — 26m? + 34mn — 26n?)
nd 4+ md
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+ 24> H(S)QH(t)QH(u)> ds dt du.
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2 Additional Figures

In this section, we present some more figures to complement the results in the main text.

2.1 Approximate distribution of 7, ,, under H,

In Section 3.2 of the main manuscript, we show that the distribution of the test statistics under the
null hypothesis can be well approximated by the generalised Pareto distribution (GDP). To indicates
the good approximation, we present in this section the histograms and quantile-quantile plots (QQ-
plots) of the test statistics (under Hp), when the data follow the Normal(0,1), Skewed-Normal(2,2,2),
Gamma(5,5), and N(0,1)'™ - N(5,2)" (with m ~ Bernoulli(7/8)) distributions. They are presented
in Figures S1 to S4. All of the figures indicate that the approximation is very good, especially for the
test statistics in the rejection regions.
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Figure S1: Histogram (left panel) and quantile-quantile plot (QQ-plot, right panel) of the test statistics
Tm under Hy, when the data are simulated under the Normal(0,1) distribution. The histogram is
overlaid with the theoretical generalised Pareto distribution (dashed red line), and the QQ-plot compares
the quantiles of the test statistics to the quantiles of the GPD.
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Figure S2: Histogram (left panel) and quantile-quantile plot (QQ-plot, right panel) of the test statistics
Tym under Hy, when the data are simulated under the Skewed-Normal(2,2,2) distribution. The his-
togram is overlaid with the theoretical generalised Pareto distribution (dashed red line), and the QQ-plot
compares the quantiles of the test statistics to the quantiles of the GPD.
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Figure S3: Histogram (left panel) and quantile-quantile plot (QQ-plot, right panel) of the test statistics
Ty,m under Hy, when the data are simulated under the Gamma(5,5) distribution. The histogram is
overlaid with the theoretical generalised Pareto distribution (dashed red line), and the QQ-plot compares
the quantiles of the test statistics to the quantiles of the GPD.
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Figure S4: Histogram (left panel) and quantile-quantile plot (QQ-plot, right panel) of the test statistics
Ty.m under Hy, when the data are simulated under the N(0,1)1=" - N(5,2)™ (with m ~ Bernoulli(7/8))
distribution. The histogram is overlaid with the theoretical generalised Pareto distribution (dashed red
line), and the QQ-plot compares the quantiles of the test statistics to the quantiles of the GPD.
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3 Type-I error for 0.01 and 0.001 significance levels

In Section 4.1.1 of the main manuscript, we present the results of type-I error control of the test
statistics at the 0.05 significance level, where the generalised Pareto distribution (GPD) is the reference
distribution. In this section, we present the type-I error control at the 0.01 and 0.001 significance levels
in Figure S5 where we vary the mean. The figure indicates that the type-I error control remains
appropriate for the corresponding signficance level. This is not surprising, since the GPD has a good
approximation to the test-statistics’ null-distribution as seen in Figures S1 to S4.
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Figure S5: False positive rates for the Cramer test, (two-sample) ¢-test, Cramer-von Mises test, Ander-
son Darling test, F-test, and Kolmogorov-Smirnov test at varying u (from skewed normal SN (u, 02, @)
for 0.01 (left panel) and 0.001 (right panel) significance levels.
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