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APPENDIX

Appendix A: Technical Lemmas

To establish the theoretical results in Section 3, the following technical lemmas are

considered.

Lemma 1. The OLS estimator of αi is not consistent.

Proof: Define

A1i =
1

T − 1

T∑
t=2

ZitZi(t−1)Y
2
i(t−1), B1i =

1

T − 1

T∑
t=2

ZitZi(t−1)Yi(t−1)εit.

Then, we have α̂LSE
i − αi = A−1

1i B1i and compute the following equation,

E(B1i) =
1

T − 1

T∑
t=2

E{ZitZi(t−1)Yi(t−1)εit}

=
1

T − 1

T∑
t=2

E
[
Yi(t−1)εit

{
E
(
Zit

∣∣∣F)E(Zi(t−1)

∣∣F)}]
=

1

T − 1

T∑
t=2

E
{
Yi(t−1)εitpitpi(t−1)

}
= E

{
Yi(t−1)εitpitpi(t−1)

}
̸= 0

E(A1i) =
1

T − 1

T∑
t=2

E{ZitZi(t−1)Y
2
i(t−1)} = E

{
Y 2
i(t−1)pitpi(t−1)

}
→ c > 0.

By the law of large numbers, we have A1i →p E(A1i) → c and B1i →p E(B1i) ↛ 0.

With Slutsky’s Theorem, we can show that α̂LSE
i is inconsistent.
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Lemma 2. Assume M1 and M2 are N × N square matrices. Let U = (u1, · · · , uN)
⊤

follows a N-dimensional standard normal distribution. Then, we have

(i) E(U⊤M1U) = tr(M1);

(ii) E(U⊤M1U · U⊤M2U) = tr(M1)tr(M2) + 2tr(M1M2);

(iii) cov(U⊤M1U,U⊤M2U) = 2tr(M1M2);

(iv) var(U⊤M1U) = 2tr(M2
1 ).

Proof: This Lemma follows Lemma A.11 in the supplement of Lee (2004).

Lemma 3. Define S = (N(T − 1))−1(2σ2)−1
∑T

t=2 E⊤
t Ȧt(ρ)Et, and S1 = (N(T −

1))−1(2σ2)−1
∑T

t=2 E⊤
t At(ρ)Et. Assume the conditions in Theorem 3 hold, we have

√
N(T − 1)

{
S − E(S)

}
→d N

(
0,∆11

)
,√

N(T − 1)
{
S1 − E(S1)

}
→d N

(
0, σ4∆22

)
.

Proof: Denote Ut = Σ−1/2Et = σ−1Ω(ρ)1/2Et = (U1t, · · · , UNt)
⊤, where Ut follows a

N -dimensional standard normal distribution. Denote Bt(ρ) = Ω(ρ)−1/2At(ρ)Ω(ρ)
−1/2,

and Ḃt(ρ) = Ω(ρ)−1/2Ȧt(ρ)Ω(ρ)
−1/2, i.e.,

Ḃt(ρ) = Ω(ρ)−1/2
[
ZtP−1

t {Ω̇(ρ)− diag(Ω̇(ρ))}P−1
t Zt + diag(Ω̇(ρ))P−1

t Zt

]
Ω(ρ)−1/2.

Then, we have

S =
1

2N(T − 1)

T∑
t=2

U⊤
t Ω(ρ)

−1/2Ȧt(ρ)Ω(ρ)
−1/2Ut =

1

2N(T − 1)

T∑
t=2

U⊤
t Ḃt(ρ)Ut.
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Then, by Lemma 2, we have the expectation of S as,

E(S) = 1

2N(T − 1)

T∑
t=2

E
[
E
{
U⊤

t Ḃt(ρ)Ut|F
}]

=
1

2N(T − 1)

T∑
t=2

E
[
tr
{
Ḃt(ρ)

}]
=

1

2N(T − 1)

T∑
t=2

E
[
tr
{
Ȧt(ρ)Ω(ρ)

−1
}]

=
1

2N
tr
{
Ω̇(ρ)Ω(ρ)−1

}
.

The associated second moment is

E(S2) = E
{
E(S2|F)

}
=

1

4N2(T − 1)2
E

(
T∑
t=2

E
[{

U⊤
t Ḃt(ρ)Ut

}2|F]+
∑
t1 ̸=t2

E
[{

U⊤
t1
Ḃt1(ρ)Ut1

}{
U⊤

t2
Ḃt2(ρ)Ut2

}
|F
])

=
1

4N2(T − 1)2

(
T∑
t=2

E
[
2tr{Ḃ2

t (ρ)}
]
+

T∑
t1=2

T∑
t2=2

E
[
tr{Ḃt1(ρ)}tr{Ḃt2(ρ)}

])

=
1

4N2(T − 1)2

(
T∑
t=2

E
[
2tr{Ḃ2

t (ρ)}+ tr2{Ḃt(ρ)}
]
+
∑
t1 ̸=t2

tr2
{
Ω̇(ρ)Ω(ρ)−1

})
.

Consequently, we have

(N(T − 1))cov(S) = (N(T − 1)){E(S2)− E2(S)}

=
1

4N(T − 1)

T∑
t=2

E
[
2tr{Ḃ2

t (ρ)}+ tr2{Ḃt(ρ)}
]
− 1

4N
tr2
{
Ω̇(ρ)Ω(ρ)−1

}
=

1

4N(T − 1)

T∑
t=2

E

(
2tr
[{

Ȧt(ρ)Ω(ρ)
−1
}2]

+ tr2
{
Ȧt(ρ)Ω(ρ)

−1
})

− 1

4N
tr2
{
Ω̇(ρ)Ω(ρ)−1

}
→ ∆11.

According to Lemma 2 of Sun and Wang (2019), we can obtain the asymptotic

normality of S. Similar results can be obtained for S1 following the same logic, where

E(S1) = 1/2, and (N(T−1))cov(S1) = (4NT−4N)−1
∑T

t=2E

(
2tr
[{

At(ρ)Ω(ρ)
−1
}2]

+
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tr2{At(ρ)Ω(ρ)
−1}
]
−N/4 → σ4∆22. In addition, we have

(N(T − 1))cov(S,S1) = (4NT − 4N)−1

T∑
t=2

E
[
2tr
{
Ȧt(ρ)At(ρ)Ω(ρ)

−2
}

+ tr
{
Ȧt(ρ)Ω(ρ)

−1
}

tr
{
At(ρ)Ω(ρ)

−1
}]

− 1

4
tr
{
Ω̇(ρ)Ω(ρ)−1

}
→ −σ2∆12.

This completes the proof of Lemma 3.

Lemma 4 (Asymptotic normality of the ideal estimation equation). Under the condi-

tions in Theorem 3, we have

1√
NT

dℓ1(θ)

dθ
→d N(0,∆),

where ∆ is defined as in condition (C1).

Proof: Recall the likelihood function for θ,

ℓ1(θ) = ℓ1(ρ, σ
2) =

T − 1

2
log
∣∣Ω(ρ)∣∣− N(T − 1)

2
log(σ2)− 1

2σ2

T∑
t=2

E⊤
t At(ρ)Et.

The associated first derivative is

dℓ1(θ)

dρ
=

T − 1

2
tr{Ω−1(ρ)Ω̇(ρ)} − 1

2σ2

T∑
t=2

E⊤
t Ȧt(ρ)Et = −N(T − 1)(S − ES)

dℓ1(θ)

dσ2
= −N(T − 1)

2

1

σ2
+

1

2σ4

T∑
t=2

E⊤
t At(ρ)Et =

N(T − 1)

σ2
(S1 − ES1).

Then, we have

1√
NT

dℓ1(θ)

dθ
=


1√

N(T−1)

dℓ1(θ)
dρ

1√
N(T−1)

dℓ1(θ)
dσ2

+ op(1) =

 −
√

N(T − 1)(S − ES)

1
σ2

√
N(T − 1)(S1 − ES1)

+ op(1).
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By Lemma 3 and condition (C1), we have (N(T − 1))−1/2dℓ1(θ)/dρ →d N(0,∆11),

(N(T − 1))−1/2dℓ1(θ)/dσ
2 →d N(0,∆22), and (N(T − 1))−1cov{dℓ1(θ)/dρ, dℓ1(θ)/dσ2}

→ ∆12. Then, we can derive the asymptotic normal distribution of (NT )−1/2dℓ1(θ)/dθ

using the central limit theorem for linear-quadratic forms. Thus, the proof of Lemma

4 is completed.

Lemma 5. Under the conditions in Theorem 3, the symmetric information matrix

Λ1,NT = −(NT )−1{d2ℓ1(θ)/dθdθ⊤}, we have Λ1,NT →p Λ.

Proof: The second derivative for the likelihood of θ is specified as follows

−d2ℓ1(θ)

dρ2
=

T − 1

2
tr
[
{Ω−1(ρ)Ω̇(ρ)}2 − Ω−1(ρ)Ω̈(ρ)

]
+

1

2σ2

T∑
t=2

E⊤
t Ät(ρ)Et

−d2ℓ1(θ)

dρdσ2
= −d2ℓ1(θ)

dσ2dρ
= − 1

2σ4

T∑
t=2

E⊤
t Ȧt(ρ)Et

−d2ℓ1(θ)

dσ2dσ2
= −N(T − 1)

2

1

σ4
+

1

σ4

1

σ2

T∑
t=2

E⊤
t At(ρ)Et.

Note that E{σ−2E⊤
t Ät(ρ)Et} = tr{Ω−1(ρ)Ω̈(ρ)}, then, we have

− 1

N(T − 1)
E
{d2ℓ1(θ)

dρ2

}
=

1

2N
tr
[
{Ω−1(ρ)Ω̇(ρ)}2

]
→ Λ11

− 1

N(T − 1)
E
{d2ℓ1(θ)
dρdσ2

}
= − 1

2Nσ2
tr{Ω−1(ρ)Ω̇(ρ)} → Λ12

− 1

N(T − 1)
E
{d2ℓ1(θ)
dσ2dσ2

}
=

1

2σ4
→ Λ22.

For Λ1,NT , we have

Λ1,NT =
1

NT

{d2ℓ1(θ)
dθdθ⊤

}
=

1

N(T − 1)
E
{d2ℓ1(θ)
dθdθ⊤

}
+ op(1) → Λ.

This follows by condition (C2). Thus, we have Λ1,NT →p Λ. This completes the proof
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of Lemma 5.

Lemma 6 (Asymptotic normality of the feasible estimation equation). Assume con-

ditions (C1)–(C3), we have

1√
NT

{dℓ1(θ)
dθ

− dℓ2(θ)

dθ

}
= op(1).

Then, by the Lemma 4, we have (NT )−1/2dℓ2(θ)/dθ →d N(0,∆).

Proof: Define P̂t = diag{p̂itp̂i(t−1)} ∈ RN×N . Recall the feasible weighted log-

likelihood is specified as :

ℓ2(θ) = ℓ2(ρ, σ
2) =

T − 1

2
log
∣∣Ω(ρ)∣∣− N(T − 1)

2
log(σ2)− 1

2σ2

T∑
t=2

Ê⊤
t Ât(ρ)Êt,

where Ât(ρ) = ZtP̂−1
t {Ω(ρ)−diag(Ω(ρ))}P̂−1

t Zt+diag(Ω(ρ))P̂−1
t Zt, Êt = (ε̂1t, · · · , ε̂Nt)

⊤,

and ε̂it = Yit − α̂iYi(t−1). The associated first derivative is

dℓ2(θ)

dρ
=

T − 1

2
tr{Ω−1(ρ)Ω̇(ρ)} − 1

2σ2

T∑
t=2

Ê⊤
t
ˆ̇At(ρ)Êt

dℓ2(θ)

dσ2
= −N(T − 1)

2

1

σ2
+

1

2σ4

T∑
t=2

Ê⊤
t Ât(ρ)Êt.

Compared to dℓ1(θ)/dθ = (dℓ1(θ)/dρ, dℓ1(θ)/dσ
2)⊤, we have

−
{dℓ2(θ)

dρ
− dℓ1(θ)

dρ

}
=

1

2σ2

{ T∑
t=2

Ê⊤
t
ˆ̇At(ρ)Êt −

T∑
t=2

E⊤
t Ȧt(ρ)Et

}
. (A.1)

To prove the Lemma, we can assume σ2 = 1, and it suffices to show that

1√
N(T − 1)

T∑
t=2

{
Ê⊤
t
ˆ̇At(ρ)Êt − E⊤

t Ȧt(ρ)Et
}
=

1√
N(T − 1)

T∑
t=2

L1,t = op(1), (A.2)
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where L1,t = Ê⊤
t
ˆ̇At(ρ)Êt −E⊤

t Ȧt(ρ)Et = Ê⊤
t Ȧt(ρ)Êt −E⊤

t Ȧt(ρ)Et + Ê⊤
t {

ˆ̇At(ρ)− Ȧt(ρ)}Êt.

Note that Et = Yt − diag(Yt−1)α and Êt = Yt − diag(Yt−1)α̂ = Et − diag(Yt−1)(α̂− α),

where Yt = (Y1t, · · · , YNt)
⊤ and α̂ = (α̂1, · · · , α̂N)

⊤. Then, we have Ê⊤
t Ȧt(ρ)Êt =

{Et − diag(Yt−1)(α̂− α)}⊤Ȧt(ρ){Et − diag(Yt−1)(α̂− α)}, and

Ê⊤
t Ȧt(ρ)Êt − E⊤

t Ȧt(ρ)Et =(α̂− α)⊤diag(Yt−1)Ȧt(ρ)diag(Yt−1)(α̂− α)

− 2E⊤
t Ȧt(ρ)diag(Yt−1)(α̂− α) = L1,t1 + L1,t2.

Then, we have

T∑
t=2

L1,t2 = 2
T∑
t=2

E⊤
t Ȧt(ρ)diag(Yt−1)(α− α̂) ≤ sup

i
(αi − α̂i)

∣∣∣2 T∑
t=2

diag(Yt−1)Ȧt(ρ)Et
∣∣∣

Since
√
T (α̃WLSE

i − αi) is asymptotic normal and (NT )−1/2
∑T

t=2 diag(Yt−1)Ȧt(ρ)Et =

Op(1). We can show that (NT )−1/2
∑T

t=2 L1,t2 = op(1). Similarly, we can show that

(NT )−1/2
∑T

t=2 L1,t1 = op(1). Next, considering

Ât(ρ)− At(ρ) = Zt

(
P̂−1

t − P−1
t

)[
Ω(ρ)− diag{Ω(ρ)}

](
P̂−1

t − P−1
t

)
Zt

+ Zt

(
P̂−1

t − P−1
t

)[
Ω(ρ)− diag{Ω(ρ)}

]
P−1

t Zt

+ ZtP−1
t

[
Ω(ρ)− diag{Ω(ρ)}

](
P̂−1

t − P−1
t

)
Zt + diag{Ω(ρ)}

(
P̂−1

t − P−1
t

)
Zt.

Then, we can show that Ât(ρ) − At(ρ) = op(1), and ˆ̇At(ρ) − Ȧt(ρ) = op(1). We

have L1,t3 = Ê⊤
t {

ˆ̇At(ρ) − Ȧt(ρ)}Êt = E⊤
t {

ˆ̇At(ρ) − Ȧt(ρ)}Et + op(1) = op(1). Therefore,

(NT )−1/2
∑T

t=2 L1,t = op(1), i.e., (A.2) holds. In addition, 1√
NT

{
dℓ2(θ)
dσ2 − dℓ1(θ)

dσ2

}
=

1
2σ4

∑T
t=2{Ê⊤

t Ât(ρ)Êt − E⊤
t At(ρ)Et} = op(1). Thus, we have

1√
NT

{dℓ2(θ)
dθ

− dℓ1(θ)

dθ

}
= op(1).

7



Following Lemma 4, we have the asymptotic normality of (NT )−1/2dℓ2(θ)/dθ. This

completes the proof of Lemma 6.

Lemma 7. The symmetric information matrix Λ2,NT = −(NT )−1{d2ℓ2(θ)/dθdθ⊤}, we

have Λ2,NT = Λ1,NT + op(1) →p Λ.

Proof: The second derivative of ℓ2(θ) for the likelihood of θ is specified as follows

−d2ℓ2(θ)

dρ2
=

T − 1

2
tr
[
{Ω−1(ρ)Ω̇(ρ)}2 − Ω−1(ρ)Ω̈(ρ)

]
+

1

2σ2

T∑
t=2

Ê⊤
t
ˆ̈At(ρ)Êt

−d2ℓ2(θ)

dρdσ2
= −d2ℓ2(θ)

dσ2dρ
= − 1

2σ4

T∑
t=2

Ê⊤
t
ˆ̇At(ρ)Êt

−d2ℓ2(θ)

dσ2dσ2
= −N(T − 1)

2

1

σ4
+

1

σ4

1

σ2

T∑
t=2

Ê⊤
t Ât(ρ)Êt.

Following the similar proof of (A.1), we can easily verify Λ2,NT − Λ1,NT = op(1). By

Lemma 5, Λ1,NT − Λ = op(1). Therefore, we have Λ2,NT − Λ = op(1). Thus, the proof

of Lemma 7 is completed.

Appendix B: Proof of Theorem 1

Proof: For the ideal WLS estimation of αi, define

A2i =
1

T − 1

T∑
t=2

Zit

pit

Zi(t−1)

pi(t−1)

Y 2
i(t−1), B2i =

√
1

T − 1

T∑
t=2

Zit

pit

Zi(t−1)

pi(t−1)

Yi(t−1)εit.

Then, we have

√
T − 1(α̃WLSE

i − αi) = A−1
2i B2i. (A.3)
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With Slutsky’s Theorem, it is sufficient to prove that

A2i →p σ
2
Yi
, (A.4)

B2i →d N(0, σ2
1i). (A.5)

For A2i, we have

E(A2i) = (T − 1)−1

T∑
t=2

E
[
Y 2
i(t−1)E

{Zit

pit
E
(Zi(t−1)

pi(t−1)

∣∣F)∣∣∣F}]
= (T − 1)−1

T∑
t=2

E
{
Y 2
i(t−1)

}
= σ2

Yi
.

Then, by the law of large numbers, we have A2i →p σ
2
Yi

. For B2i, the expectation and

variance are computed as follows

E(B2i) =

√
1

T − 1

T∑
t=2

E
[
Yi(t−1)εitE

{Zit

pit
E
(Zi(t−1)

pi(t−1)

∣∣F)∣∣∣F}] = 0

E(B2
2i) =

1

T − 1

T∑
t=2

E
[
Y 2
i(t−1)ε

2
itE
{Z2

it

p2it
E
(Z2

i(t−1)

p2i(t−1)

∣∣F)∣∣∣F}]
+

2

T − 1

∑
t1 ̸=t2

E
[
Yi(t1−1)Yi(t2−1)εit1εit2E

{Zit2

pit2

Zi(t2−1)

pi(t2−1)

E
(Zit1

pit1

Zi(t1−1)

pi(t1−1)

∣∣F)∣∣∣F}]
=

1

T − 1

T∑
t=2

E
{
Y 2
i(t−1)ε

2
itp

−1
it p

−1
i(t−1)

}
+

2

T − 1

∑
t1 ̸=t2

E
{
Yi(t1−1)Yi(t2−1)εit1εit2

}
=E
{
Y 2
i(t−1)ε

2
itp

−1
it p

−1
i(t−1)

}
= σ2

1i.

Then, we have (T − 1)−1/2B2i →p 0. Thus, α̃WLSE
i − αi →p 0. By a slight extension of

Example 7.15 in Hamilton (1994), we can obtain the result of equation (A.5). Thus,

the proof of Theorem 1 has been completed.

Appendix C: Proof of Theorem 2
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By the theory of logistic regression, we can obtain (β̂ − β) = Op(1/
√
NT ). Then with

Delta method, we have

p̂it − pit = Op(1/
√
NT ), p̂−1

it − p−1
it = Op(1/

√
NT ),

p̂itp̂i(t−1) − pitpi(t−1) = Op(1/
√
NT ).

For the feasible WLSE, define

A3i =
1

T − 1

T∑
t=2

Zit

p̂it

Zi(t−1)

p̂i(t−1)

Y 2
i(t−1), B3i =

1√
T − 1

T∑
t=2

Zit

p̂it

Zi(t−1)

p̂i(t−1)

Yi(t−1)εit.

Then, we have

√
T − 1(α̂WLS

i − αi) = A−1
3i B3i. (A.6)

With Slutsky’s Theorem, it is sufficient to prove that

A3i →p σ
2
Yi
, (A.7)

B3i →d N(0, σ2
1i). (A.8)

For A3i, we have

E(A3i) = (T − 1)−1

T∑
t=2

E
[
Y 2
i(t−1)E

{Zit

p̂it
E
(Zi(t−1)

p̂i(t−1)

∣∣F)∣∣∣F}]
= (T − 1)−1

T∑
t=2

E
{
Y 2
i(t−1)

pit
p̂it

pi(t−1)

p̂i(t−1)

}
= E(A2i) +Op(1/

√
NT ) →p σ

2
Yi
.

Then, by the law of large numbers, we have A3i →p σ2
Yi

. For B3, the expectation is
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computed as

E(B3i) =

√
1

T − 1

T∑
t=2

E
[
Yi(t−1)εitE

{Zit

p̂it
E
(Zi(t−1)

p̂i(t−1)

∣∣F)∣∣∣F}]→p 0.

Its variance is computed as

E(B2
3i) =

1

T − 1

T∑
t=2

E
[
Y 2
i(t−1)ε

2
itE
{Z2

it

p̂2it
E
(Z2

i(t−1)

p̂2i(t−1)

∣∣F)∣∣∣F}]+ 2

T − 1

∑
t1 ̸=t2

E
[
Yi(t1−1)Yi(t2−1)εit1εit2E

{Zit2

p̂it2

Zi(t2−1)

p̂i(t2−1)

E
(Zit1

p̂it1

Zi(t1−1)

p̂i(t1−1)

∣∣F)∣∣∣F}]
=

1

T − 1

T∑
t=2

E
{
Y 2
i(t−1)ε

2
it

pitpi(t−1)

p̂2itp̂
2
i(t−1)

}
+

2

T − 1

∑
t1 ̸=t2

E
{
Yi(t1−1)Yi(t2−1)εit1εit2

pitpi(t−1)

p̂itp̂i(t−1)

}
=

1

T − 1

T∑
t=2

E
{
Y 2
i(t−1)ε

2
itp

−1
it p

−1
i(t−1)

}{
1 +Op

( 1√
NT

)}
+

2

T − 1

∑
t1 ̸=t2

E
{
Yi(t1−1)Yi(t2−1)εit1εit2

}{
1 +Op

( 1√
NT

)}
= E(B2

2i) +Op(1/
√
NT ) →p σ

2
1i.

Then we have (T − 1)−1/2B3i →p 0. Thus, α̂WLS
i − αi →p 0. By a slight extension of

Example 7.15 in Hamilton (1994), we can obtain the result of equation (A.8). Thus,

the proof of Theorem 2 has been completed.

Appendix D: Proof of Theorem 3

The proof is similar to the proof of Theorem 1 in Sun and Wang (2019). The details

are given in the following two steps.

Step 1: To demonstrate the consistency of θ̃MLE, we first show that there exists
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some constant C > 0 so that

lim
N,T→∞

P{ sup
∥t∥=C

ℓ1(θ + a(NT )−1/2t) < ℓ1(θ)} = 1. (A.9)

Applying Taylor’s expansion to ℓ1(θ + a(NT )−1/2t), we have

RNT (θ) = ℓ1(θ + (NT )−1/2t)− ℓ1(θ)

= (NT )−1/2t⊤
dℓ1(θ)

dθ
+ (2NT )−1t⊤

d2ℓ1(θ)

dθdθ⊤
t+ op(1). (A.10)

From Lemma 2, we know that (NT )−1/2dℓ1(θ)/dθ = Op(1). In addition, we have

(NT )−1d2ℓ1(θ)/dθdθ
⊤ = −Λ1,NT +op(1) → −Λ1. By the similar arguments of Theorem

1 in Sun and Wang (2019), we can obtain the consistency of θ̃MLE . Specifically, the

second term of (A.10) is quadratic and negative, and the first term is linear. Then,

for a sufficiently large C, the second term would dominate the first one. Thus, (A.9)

holds. In addition, we maximize l(θ) at θ̃MLE, which means θ̃MLE is controlled by

{θ + (NT )−1/2t : ∥t∥ ≤ C}. Consequently, ∥θ̃MLE∥ = Op(NT )−1/2.

Step 2: To demonstrate the asymptotic normality of θ̃MLE, we take a Taylor ex-

pansion of dℓ1(θ̃MLE)/dθ = 0 at the true value of θ. This leads to

√
NT (θ̃MLE − θ) =

{
− 1

NT

d2ℓ1(θ̆)

dθdθ⊤

}−1 1√
NT

dℓ1(θ)

dθ
,

where θ̆ lies between θ̃MLE and θ. By the Slutsky’s Theorem and Lemma 4, it suffices

to show

1

NT

d2ℓ1(θ̆)

dθdθ⊤
− 1

NT

d2ℓ1(θ)

dθdθ⊤
= op(1). (A.11)

Consequently, we only to consider each block of the two related matrices, respectively.

12



First, we consider

1

NT

d2ℓ1(θ̆)

dρ2
− 1

NT

d2ℓ1(θ)

dρ2
= L2,NT = op(1). (A.12)

The details are given below. Note that Ω̈(ρ̆) ≡ Ω̈(ρ), and

Ω−1(ρ̆)Ω̈(ρ̆) = Ω−1(ρ)Ω̈(ρ) + Ω−1(ρ̄)Ω̈(ρ̄)Ω−1(ρ̄)Ω̈(ρ̄)(ρ̆− ρ) (A.13)

{Ω−1(ρ̆)Ω̇(ρ̆)}2 = {Ω−1(ρ)Ω̇(ρ)}2 + 2
[
Ω−1(ρ̄)

{
I − Ω̇(ρ̄)Ω−1(ρ̄)

}
Ω̈(ρ̄)

]
(ρ̆− ρ) (A.14)

with ρ̄ lying between ρ̆ and ρ. We know that

L2,NT
.
=

1

2N

[
tr{Ω−1(ρ̌)Ω̇(ρ̆)}2 − tr{Ω−1(ρ)Ω̇(ρ)}2

]
− 1

2N

[
tr{Ω−1(ρ̆)Ω̈(ρ̆)− tr{Ω−1(ρ)Ω̈(ρ)}

]
+

1

2

(
σ̆−2 − σ−2

) T∑
t=2

E⊤
t Ät(ρ̆)Et

+
1

2σ2

[ T∑
t=2

E⊤
t Ät(ρ̆)Et −

T∑
t=2

E⊤
t Ät(ρ)Et

]
= L2,NT,1 + L2,NT,2 + L2,NT,3 + L2,NT,4.

With the consistency of ρ̃MLE and (A.13), we have LNT,1 = op(1). Similarly, by (A.14),

we have LNT,2 = op(1). By a similar calculation of (A.1) and the consistency of

θ̃MLE = (ρ̃MLE, σ̃2
MLE

)⊤, we also have LNT,3 = op(1), and LNT,4 = op(1). Then, the

equation (A.12) holds, and other blocks of 1
NT

d2ℓ1(θ̆)
dθdθ⊤

− 1
NT

d2ℓ1(θ)
dθdθ⊤

are also op(1). Thus,

(A.11) holds, and we have completed the proof of Theorem 3.

Appendix E: Proof of Theorem 4

The proof of Theorem 4 is similar to the proof of Theorem 3. We can prove the

consistency by the same argument with Lemmas 6 and 7. To show the asymptotic
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normality of θ̂MLE, we apply Taylor expansion to dℓ2(θ̂)/dθ = 0 at the true value of θ.

This leads to

√
NT (θ̂MLE − θ) =

{
− 1

NT

d2ℓ2(θ̆)

dθdθ⊤

}−1 1√
NT

dℓ2(θ)

dθ
,

where θ̆ lies between θ̂ and θ. By the Slutsky’s Theorem and Lemmas 6 and 7, it

suffices to show

1

NT

d2ℓ2(θ̆)

dθdθ⊤
− 1

NT

d2ℓ2(θ)

dθdθ⊤
= op(1). (A.15)

Consequently, similar to (A.12), we can consider each block of the two related matrices,

respectively. First, we have

L3,NT =
1

NT

d2ℓ2(θ̆)

dρ2
− 1

NT

d2ℓ2(θ)

dρ2
.
=

1

2N

[
tr{Ω−1(ρ̌)Ω̇(ρ̆)}2 − tr{Ω−1(ρ)Ω̇(ρ)}2

]
− 1

2N

[
tr{Ω−1(ρ̆)Ω̈(ρ̆)− tr{Ω−1(ρ)Ω̈(ρ)}

]
+

1

2NT
(σ̆−2 − σ−2)

T∑
t=2

Ê⊤
t Ät(ρ̆)Êt +

1

2NTσ2

T∑
t=2

Ê⊤
t {Ät(ρ̆)− Ät(ρ)}Êt

= L3,NT,1 + L3,NT,2 + L3,NT,3 + L3,NT,4 = op(1).

This can be established by a similar calculation for {L2,NT,k}4k=1 in Theorem 3. Then,

L3,NT = op(1), and other blocks of 1
NT

d2ℓ2(θ̆)
dθdθ⊤

− 1
NT

d2ℓ2(θ)
dθdθ⊤

are also op(1). Thus, (A.15)

holds, and this completes the proof of Theorem 4.
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