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Abstract

This supplemental material consists largely of the theoretical proofs.

1. Technical details

For the sake of convenience, we define a rule for all the values in this article,
just like B, dn,d. No superscript means the value belongs to the new confidence
band, superscript / means the value belongs to the old confidence band, and
superscript * means the value belongs to the new resampling confidence band.
For example, B is a new confidence band, %y is a nominal confidence from old
confidence band B’, and "* is the function estimator of resampling confidence
band B*.

1.1. Proof of Theorem 4.1

In this section we prove the main theoretical result, Theorem 4.1. The
proof is divided into three parts. The first part proves the relationship between
nominal confidence dy and real confidence dgz. The second part proves that
when the nominal confidence is the same, the widths of the confidence bands
B and B’ are also of the same order. The third part proves that when the real
confidence is the same, the width of the confidence band B is narrower than B’
for some 0.

1.1.1. part i

Without loss of generality, we assume the nominal confidence of B and B’
are the same, oy = 0y = d. Following the discussion in Sec. 2.2, the confidence
at point z is

P{(X,m(X)) € B(a)|X =z} = Cp(z, )

b(x b
= <Z<1+5N)/2 + ()> -0 <—Z<1+5N)/2 + s@)6

s(z)o
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Let mo(x) = ®(x + Zy) — ®(x — Z,). We have proved that

dme, ()
dr

=0 <= z=0, (1)

7o (0) is the global maximum, and 7, (x) is strictly monotonically decreasing
in |z|. Since oy is the same, the probability that the confidence band holds at
point x depends mainly on the item b(x)/s(z)d.

According to Thm. 3.1 of He et al. (2018), the data-sharpening estimator
m has the property

1
z)=0(Mh"),s(x) =0 | ———
b(z) = O(1"). (x) ( nth(z)>

if m is r—2 times differentiable. Simultaneously the properties of the local-linear
estimator
1
V(z)=0(h?),s'(x) =0 | ———x=
nhfx(x)

are proved in Fan (1992). The estimation of ¢ is an independent problem, so
we may assume that B and B’ use the same & estimation. Thus

b(m)/s(m)& — O(hr—Q) (2)

n—o0,h(n)—0 b’(x)/s’(a:)&

In particular, when r» = 2, the data-sharpening estimator degenerates to the
local-linear case, and B and B’ are the same. In other cases, O(h"~2) — 0,
which means for Vx € [*, AN € N, Vn > N

b(x) b ()
s(x)o < s'(x)6 (3)
Define b (o) )
dz) = s'(x)o| |s(x)o @

Note that d(z) is continuous with respect to x, so that Ve > 0, 3In > 0, if
|z1 — z2| <7, |d(z1) — d(z2)] < €.

For any z € I*, choose N, to satisfy Eq. 3. Choose ¢, = d(z), In, > 0, Va' in
open interval (x —n,,x +1),) satisfies d(z’) > 0 when n > N,. Consider all open
intervals {(x =g, z+n2) }eer+, I* C U(x—ng, z+mn,). These intervals constitute
an open cover of I*. By the HeineBorel theorem, we can choose a finite number
of intervals {(z; — 1,25 + 02,) )21, I* C UM, (25 — 0, 25 4 1, ), Which is a

finite open cover of I*. Let Ny = max N,;. When n > Ny, d(z) > 0 is true
j=1,2...

for any interval (x — 1,z + 1), thus is true on I*.
Note the real confidence g = [ Cy (2, @) fx (z)dz. Because d(x) > 0 always
holds, Cy,(z, o) > C},(x, a), g > %, always holds, too.



Next we consider the case 6 = 0. For the old confidence band B’, a simple
fact is

d[Ch(z,a)fx(z)dx
din

We proved this in Thm. 2.2. Let éy = 1 — a be the nominal confidence of
B, and construct an old band B” with nominal confidence 6%, = dy. From
the discussion above we know oy = 6%, so dg > 0%. Next we compare two
similar confidence bands B” and B”. We know ¢}, = 0r > 0%, and by Eq. 5, dr
monotonically increases with respect to dn. Because d% > 6%, oy > 0 = dn.

>0. (5)

1.1.2. part i
In this part we discuss the width of the confidence band when the nominal

confidence is the same. Assume éy = ¢y = 6. From the discussion in Section
2, the width of B is

W(B)(x) = 2 8(x)0 * Z1/215)2

where 6 is the estimator of ¢ and Zg the S-quantile of the standard normal

distribution. Note
W(B)(z) _ s(x)

W(B)(x) — s'(x)
We know from He et al. (2018) that

s(x) > J{E W) — [ K'(0)Ny(z — hv,u = v) fx (x = hv)dv}” du
nhfx(x)

N, (z,y) is a function determined by X;, Y; and K, and Fan (1992) proves that
2
§'(x) = thi(fu)(du). When r = 2, s(z) = §'(x) and C = 1, otherwise
nhfx(x
. os(x) [{K() —fK'(v)Nr(;v—hv,u—v)fx(x—hv)dv}zdu/\/nhfx(m)
lim =
e 5 (a) J K2(u)du/r/nhfx (@)

=C

)

1.1.3. part it
Assume B, B’ and B” are the confidence bands from 1.1.1, oy = 6% = 4,
0% = dr. The relationship between B and B’ is what we want to study. From

1.1.2 we know
lim 73@) =C
n—o00 s”(x)



Assume A = 0% — 6% > 0. We use B” as a bridge in the proof.

lim M: lim M* lim M
n—oo W/(B)(z) ~ n—coc W(B)(z) ~n—oc W (B)(x)
=Cx lim w

2 % S(x)é' * Zl/2+(5”/2

2% 5(x)0 * Zyja450)2
Z1j2161 )2
Z1j2vs /2
Zyj2+61 )2
Z1 245" +10))2

:C*
=(C %

Z1/245/2 : "o
Let C * Zierrars < 1. We try to find the appropriate §%; = 4. By the

definition of quantile we have

Zy/2+5)2 1 2
——e 2du=6/2
/0 V2T /

Zij2vave)/2 ] W2
/ e~ T du=A/2
VAYPER YD V2w

2

Let g(u) = \/%e*u?, and let g(u) be continuous. By the monotonically de-
creasing nature of g on (0, +00), Ju; € (0, Zy/245/2),

5/2 =Z1/2+5/2 * g(u1)
>Z1215/2 % 9(Z1)2+45/2)

and Juz € (Z1/245/2, Z1/24+(a+5)/2)s
A/2 Z(Z1/2+(A+5)/2 - Z1/2+5/2) * 9(“2)
<(Z1j24(a+6)/2 — Z1j2+6/2) * 9(Z1/215)2)
Making a simple transformation,

0

2% 9(Z1/245)2)
A

2 % 9(21/2+5/2>

Z1j245/2 <

Zyjav(ate)2 — L1ja+s/2 >

Obviously, both sides of the inequality sign are positive. So

Z1)24(A+6) /2 N A+

Z1)2+5/2 4
Z 1)
C *k ﬂ < C k .
Z1 2+ (5+A0)/2 A+

4



If

we have
0< ——. 6
o1 (6)
Next we discuss A. We know A = §% — %, and the corresponding confidence
bands B’ and B are same band with different 5. So the relation functions Qg
are the same,

A =Q¢ () — Qe (6%)
=0 (80) * (8 — %)

where &y € (0%, 07 ). Substituting A into Eq. 6, we have

Oy

d<E-1/D11

(7
for some D > 0.

If C <1, (7) is always true, which means W(B)(z) < W/(B) always holds.
In other cases, this is true only if dx is within a certain range.

Here we can only find a narrow range of §, but this is not the true per-
formance of the new confidence band. In fact, in the simulation, the range
of § where the new confidence band performs better than the old one is very
wide. The shortcoming here is mainly because our estimates of the quantiles of
the normal distribution Zg are not accurate enough, which we will improve in
subsequent studies. The result here is just a sufficient condition.

1.2. Proof of Theorem 4.2

In this section we prove the strong approximation of m*. For the sake of
clarity we give the proof only in the case r = 2.

We separate the derivation into two parts. First, because E{m*(z)|Z} =
m(z) + b*(z) and m(z) = m(z) + b(z) + U, the formula E{m*(x)|Z} — n(x)
equals

b*(x) — b(z) — ¥, (8)

and b*(x) — b(x) is not a random variable, E{¥,} = 0. So
E{E{m"(2)|Z} —m(z)} = b"(x) — b(z) (9)

We also know




In the process of bootstrapping, we replaced Y; by m(X;) + €; and F{¢&} = 0.
So

B (2)) :% S Aiw) + B{m(X:) + &}

1 N
= Z Ai(z) x m(X;)

v
:ﬁ ZAz(x) ZAJ(x) * (m(X]) + '5])

e o
=EZAZ(96)ZAJ($) *m(Xy) + — ZAz(w)ZAJ(w) * €
=g(z) +e1

(11)
Consider the first part g,
1 N
g(x) =—3 > Ai(z) ) _ A;(x)
i=1 j=1
* [’”(X» (X — Xp)m (X) + 5 (X; — X,)2m"(X:) + R(z, X,)
—liA»( ) [ (X)) + L2 (X)) + R( X»)} (12)
_ni:1 A 2 mn ’ T
N
7% > Aia) [m e+ %th”(Xi) + R(x, Xi)}
=1 (z) — es h fu22K(u)du + R(x)
where
1 N
R(z) = - Z Aq(z) * R(z, X;)

The bound of R(x) is given in Supplement 1.3 of He et al. (2018), for some

C >0,
P{sup |R(z)| > Ch"} = O(h™?)

zel*



For any A > 0, because E{e1} = E{e2} = 0, note that the order of R(z) is
higher than the constant term so we omit it. So

_ h? [ u?K (u)du

E{E{m"(x)|2} —m(z)} 5

=b"(z) — b(x) (13)
1.2.1. Proof of Lemma 2
The proof of Lemma 2 is trivial. We know from 1.2 that

_ h? [w?K (u)du

E{m*(2)|2} —im(x) = b"(x) = b(z) — ¥y 5

+e1 —e2 (14)
and —V, = e; — e5. Noting Lemma 1, we can use the same transform as in Sec
1.2 and compare the two formulas. The constant term b* — b is different while
the random term e; — ey are same. In Lemma 1 it is proved that e; — eq —
D(nh)='/2 fx(x)~'/?W (2/h) when n — oo, and the e, e; are same as in Lemma
2, so Lemma 2 is true.

Combining the above-mentioned random variable part ¥, and non-random
variable part b* — b, the proof of Theorem 4.2 is completed.

References

Fan, J., 1992. Design-adaptive nonparametric regression. Journal of the Amer-
ican Statistical Association 87, 998-1004.

He, X., Jiang, Y., Wang, J., 2018. High-order data sharpening with dependent
errors for regression bias reduction. Communications in Statistics - Theory
and Methods 0 (0), 1-8.

URL https://doi.org/10.1080/03610926.2018.1520885


https://doi.org/10.1080/03610926.2018.1520885

	Technical details
	Proof of Theorem 4.1
	part i
	part ii
	part iii

	Proof of Theorem 4.2
	Proof of Lemma 2



