Semiparametric Tail Index Regression

RUI LI

School of Statistics and Information, Shanghai University of International Business and Economics

CHENLEI LENG*
Department of Statistics, University of Warwick

JINHONG YOU*

School of Statistics and Mathematics, Shanghai Lizin University of Accounting and Finance

Supplementary Material

The supplementary materials include several lemmas and the details of proof for Theo-
rems 1 and Theorem 2 in our article titled with “ Semiparametric Tail Index Regression”.

S1 Several lemmas

Lemma 1. Suppose that conditions (C1)-(C5) are satisfied, then for k =0,...,4 and ng —
oo, we have

R Zi— 2z Zi—2\" log ng 1/2
K(Z : - =0, {n2+ 2 .

Proof. Lemma 1 follows immediately from the results of Mack and Silverman (1982). O]

Lemma 2. If the conditions in Lemma 1 are satisfied, then as n — oo,

sup [7(Z:)] = Op(hy)

1<i<n

where (1(Z1), ..., 71(Z,))" = X—=S)(n(Z1),...,n(Z,))" and S is the smoothing matriz com-
monly used in local linear regression that can be referred in Fan and Gijbels (1996).
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where

wi (Z;) = K((Zi, = Zi) | ha){D2(Zi) — (Zs, — Z3)}/{D2(Z:) Do(Z;) — D} (Z;)}

is the local linear weight and D,(z) = >_7' _,(Zi, — 2)°*K((Z;, — 2)/hn) with s = 1,2. Inte-
grating Lemma 1 with w;(z) = (f(Z;))~ 1K(( ; — z)/h )/(noh )+ O,{(nohy,)~?} uniformly
over (h,,1 — h,) leads to the conclusion in Lemma 2. O

S2 Proofs of main results

Proof of Theorem 1. We write §¢(0y, 2) = (no(z),n(()l)(z))T for simplicity. Simple calcula-
tions using a Taylor expansion show that

m{sn@,z) — 50(8,, z)}

- {sn@,Z) _3, (00,2)} + /noh, {S (80, 2) —50(00,2)}
(1)

18 @1, )\ /11581 — B0) + /110l (B, 2)O, (B — 60)? + \/iohn {8,(60.2) — 60(60. )}

Assumption (C4) and 6, = O,(1/y/ng) imply that 8,(6,,2) and 8,(6,,z) have the same
asymptotic property. Therefore, to derive the conclusion in Theorem 1, it suffices to prove
that d,,(0o, 2) is asymptotically normal for given 8 and z. Specifically, we take the first-order
Taylor expansion of (6) on o and get

Z Ky, (Z; — 2) % [log(Y;/w,) exp(X, 0+ Z;8) — X0 — Z 8] I(Y; > w,)
_ZKhn i — 2) {log(Y;/w,) exp(X, 0 + Z]8) — 1} Z,1(Y; > wy,)
_ZKhn i — 2) {log(Y;/w,) exp(X, 0 + Z 60) — 1} Z;1(Y; > w,)
+ Z K, (Z; — 2)10g(Y; /wy,) exp(X; 0 + Z] 6)Z;Z] I(Y; > w,)(8 — §g) = 0
in which 6 is between 8, and Sn for given z and satisfies 5 — & in probability. Consequently,

-1
5,(0,2) — 80(69, 2) {Z K, (Z; — 2) log(Y;Jw,) exp(X[ 0 + Z] 8)Z;Z] 1(Y; > wn)}

ZKhn — 2) {log(Y;/w,) exp(X[ 0 + Z] 80) — 1} Z,1(Y; > w,).
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For ease of notation, we write
ZKh — 2)log(Y;/wy) exp(X) 0 + Z] ) Z,Z] 1(Y; > wy,)
no

and
hn <O / 7
Sa =D K (Zi = 2) {log(Yi/wn) exp(X{ 0 + 2] 80) — 1} ZiI(Yi > w).
(i

Now, we prove that A, converges to A(z) in probability where A(z) is a diagonal matrix
with entries

Oé()(l7 Zl)
(Xh Zl) + 6(X15 Zl)

n
Api(2) :n_,UQ(kfl)E {Co(Xl, Z)w, XA e (X, 7))
0
@ XnZ)-Xn2) 7, — z} fz(2), k=1,2.

Noting that the (k,[)th entry of A, is

1 « . T
(A = — § :Khn(ZZ- — 2) log(Y; /w,) exp(XiTO—I—ZZT&(—Zh Z)k+l—21(yg > wy), k1 =1,2,
no “—

n

then we just show that (A, ) — Ay in probability. Using that e* — 1 ~ z for + — 0 and
the argument in Section 5.6 of Fan and Gijbels (1996), we get

B(Au) = 2Bl (20 (572) T enXo+m(z))

nh?
)

2710

k+1—2
2) exp{X, 9+noZl}/ pr(Y1 > wpe') dt

-Eflog(Y1/wn) (Y1 > wn)| Xy, Z1}] + O(

nh?

2710

Zy —

n
- —E
hy

no

Ky, (Zy — 2) ( +O0(=—

*)

Zy — 2 =2
(X1, Zy)w, @20
I {Co 1, Z1)w,

(X1, Zy) _ _ nh?
X, 7 ! . a(X1,21)-B(X1,21) 19 n
+C1( 15 1>oz(X1,Zl) —i—ﬁ(Xl,Zl) w,, + (2%)

n
= _Nk+l72E {CO(le Z)w, “Fe4) e (X, Zy)

- —E {Khn(z1 —2)(

Oé(Xl, Zl)
(X, Z1) + B(Xy, Zy)

_a(Xl Z1)—B(X1, Zl)|Z _ Z} fZ ‘l— 0(1)
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moreover, the (k,l)th entry of the variance-covariance matrix of A,, is

2

var{(A,)u} = %E {Khn(Z1 — 2)exp(X] 0 + Z] &) log(Yy /w,)I(Yi > wn)(%)kﬂd}

n ’ o S n 2
T2 {E {Khn<Zl — 2)exp(X] 0 + Z] 8) log (Y1 /w,)I (Y1 > wn)(lh—)k+l—2}]

) n

_ 7
- ngj;E {;@((zl — 2)/hn) [ exp{2(X{ 0 + Z] &)} log? (Y1 /wa) [ (Y1 > wy)( 1hn Z)“’““ﬂ
1 nh,

- O(n—o) +O( 2 ).

Simple calculations and condition (C4) imply that var[(A,,)u] = O(n/néh,) + O(nh, /n3) =
o(1). Therefore, A,, —, A(z) in probability follows from the fact R = E(R) + O,(y/var(R))
for each random variable R and A(z) is diagonal that is guaranteed by the definition of
tg, Vk. Now, we just consider (X,,);; that’s the summation of independent and identically
distributed variables. Thus, it suffices to construct asymptotic mean and variance for 3, by
following CLT conditions. Specifically, the mean of the (1, 1)th entry of 3, is

E{(Z.)u} = ”Z)‘E [Kn, (21 = 2){log(Y1 /wy) exp(X] 8 + Z] 8o) — 1}I(Y1 > w,)]

— nZ)LHE {Khn(Zl —2)exp(X,| 0 +Z] &) /000 pr(Yy > wype') dt}
_ n:;ol"E{Khn(Zl —2)pr(Yy > w,)}

= n;}ol"E {Khn(Zl — 2)exp(X, 0 +n0(Z1)) {1 — %in(g)(Zl)] /000 pr(Yy > wye') dt}
_ ”;};”E{Khn(Zl —2)pr(Y1 > w,)}

= [ {20 X 2y o X IV I) a0
—alX, Zl)a(Xl,éS(—li: gz;(l, Zl)w;a(XhZI)_B(XLZl)wl - Z} fal2) = Zulz)
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and the corresponding variance-covariance matrix is

var{(X,)u} = (K, (Z1 — 2) {log(Y1/w,) exp(X{ 0 + Z] 60) — 1} I(Yy > wy,)]

nh,
No

[Kgn@l — 2) {log(¥ /un) exp(X[ 0 + Z] &) — 1} I(Y; > w,)] + O(1/n)

2(X1, Zl) + 52<X17 Zl)
(X1, Z1) + B(X1, Z1))?
w "IN 7, — 2} fr(2)un + o(1) = Au(2).

n
= n—E{Co(Xl,Zl) —a(X1,21) +CI(X17ZI)
0

Thus, we conclude that

VT (7(8.2) — 10(2)) = —(An1(2)) "1 (2) + 0y (e + h2),

o hn

which leads to the asymptotic variance matrix [A1;(z)] 7 A11(2)[A11(2)]. Therefore, we
complete the proof.

Proof of Theorem 2. From the proof of Theorem 1, we can obtain that ﬁn(b\n, z) —no(z) =
O,(n 2/5) by taking h, = n51/5 and 7,(0,2) — no(2) = O,(ny = ). Moreover, an under-
smoothlng condition nh} — 0 is also needed in deriving asymptotic distribution of 0. We
use 7y (00, z) and %2)(90, z) to denote the first and second order derivatives of 7,(8, z) at
0 = 6y. Then, the first-order Taylor expansion for (7) at 8, leads to

0=

\/_Z = [1og Y fn) exp{XT 0 + 7u(0r, Z:)} — {XTO + 7,(0,, Z)Y| 1(Y; > wy)

WZ =5 [1og Y /wa) exp{X] 0 +7,(6, Z,)} exp{7u(Bn, Zi) — (6. Z)}
(X0 47140, 2)} ~ {78, Z5) — (0, Z)}| 1(Y; > wy)

- \/_Z log(Yi/wn) exp{X 0o + (80, Zi)} — 1] {Xi + 7 (80, Z)}(Yi > wy)

+

- Z log (Y /wa)1(Y; > wy) exp{X{ O + 11.(80, Z) HXi + 1\ (8, Z) HXi + 11, (80, Z:)} '
=1

1 « .
o > [log(Yi/wn) exp{X] 0 + (80, Z:)} — 1] 77 (B0, Z:)I(Yi > wy) | /11a(6 — Bo) + 0,(1)
i=1

= ¢, 4 (T, + Iy, ) /70 (6 — 69) + 0,(1),

which obviously implies that

Vo (0, — 8g) = —(Tly, + Ta,) ¢, + 0,(1).
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Following the same argument used in proving Theorem 1, we get

E(I1y,) = nﬁE [exp{X{ 0o + (00, Z1) H{X1 + 75 (B0, Z1) H{X1 + 7157 (680, Z1)} T
E{log(Yi/wn)I(Y1 > w,)[X1, Z1 }]

n ~
B n_E {eXp{XlTOo + (00, Z)HXy + 70 (80, Z1) HXy + 70 (60, Z1)} T / pr(Y1 > wpe )dt]
0

(1)

n _ _
= B [exp {X[ 00 + Z]8(00.2) + 2] (3,(00, 2) ~ (60, ) } { X +70(00, 21) + 2] 3, (80, )

_ o~ T [0
8085, 2)) } { X1 + (80, 21) + 2] (8, (60, 2) — 61 (60, 2)) } / pr(Yy > w,e)) dt]
0

N nﬁoE [eXp {X{ 60 +1(80, Z1) } {X1 + 15" (B0, Z1) } { X1 + 1" (8o, Z1)}T

2

/ pr(Y1 > wy,e') dt} + O(nh"
0

no

)

= [{X1 +nn)(90,Zl)}{X1 +77 )(90721 I {Co X1, Z1)w, —a(X1,71)
0

Oé(Xl, Zl)

+c1(Xq, Zl)oz(Xh )+ B(X1, Zy)

wna(xl,Zl)B(Xl»Zl)H +o(1) and

E(1ly,) = %E [GXP{XIGO +1(80. Z1) 111 (6o, Zl)/o pr(Yi > we') dt} {1+ O(nh;/no)}

— LB (7280, Z)pr(Yi > w,)]

o B a(Xy, Z1)a(Xy, Z1) -
— R |n@(8,,Z { Xy, Z a(X1,21) | 1(Xy, 2y : w, @X121)=-AX1,21)
e {nn (60, Z1) § co(X1, Z1)w, (X1, Z)) + B(Xy, Z1) "

- —E [TIn (60, Z1) {co(X1, Z1)w, LA ey (X, Zy)w, K208 Xl’Zl)H +o(1)

- 7 X /E(:il Zl) —a(X1.21)—B(X1.2
E 2 0 ( 2; ? ( 1, 1) ( 1, 1) 1 .
N {T/n ( 0 1) 1( b 1)(I(X1,Zl) +5(X1,Zl)wn 0( )

Similar discussions as those used in proving Theorem 1 lead to cov(IIy,) = o(1) and
cov(Ily,) = o(1), which indicates that ITy,, — II; and Ily, — II, in probability. To apply
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the Central Limiting Theorem condition to ¢,,, we now show that

E(¢,) = \/LR_OE [log(V3 /w,) exp{X] 6 + 7.(60, Z1)} — 1] {Xy + 7 (B0, Z1)}I (V1 > w,)

= \/Ln_OE {{X1 + 70y, Z,)} exp{X] 8y +n(Z,)} {1 + %72177(2)<Zl) + O(hi)}

-/Ooopr(Yl > wpe') dt} — \/Ln_oE [{Xl + %1)(00, Z1) ypr(Yy > wn)] +0o(1)

c1(Xy, Z1)B(Xy, Z1)

= —_E [{Xl _|_ (007 Zl)} _CY(Xth)_IB(Xl,Zl):|

Vo a(Xy, Zy) + B(Xy, Z4)
n h2 _ C (X Z >OK<X1 Zl) — -
—— "R 9P (7 { X, Z (X1,21) 4 AR A ’ w;, @&, 21)=FX1,2)
N [n (21) y co(Xa, Zy)wy, a(Xy, Z1) + B(Xy, Z1) "
X + %1)(90, Zl)}} +o(1)
— Cl +C27
where

¢, = lim —\/——E |:{X1+77n (60, Z1)}

nog—0o0

c1(Xy, Z1)B(X4, Z1) w—a(Xl,Zl)—B(Xl,Zl):|
(X, Z1) + B(Xy, Z1)

)

hn —a(X1,41
G :nilinoo_f Pl {77‘2)(21){ 0(Xs, Zy)w, *F0) 4

e Z)=BXRIN Y X 4 709y, 7))

C1 (Xl, Zl)Oé(Xl, Zl>
(X1, Z1) + B(X1, Z1)

Further, the variance-covariance matrix of ¢,, is
n ~
cov(¢,) = ——cov [{log(Vi/wn) exp(Xy 00 + 71n(00, Z1)) — 1} {Xs + 71 (B0, Z0)H (V1 > wn)]
0
n ~ 2
= B [log (V1 /wn) exp{X{ o + 7 (60, Z1)} = 1" {X1 + 7, (60, Z1)}
0

X7 (B0, 20} T > ) — {E(,))

2
X6, 20} (X0 + 7000, 2)} — {BC)P

= 22 llog(Vi /un) exp{X[ 6o + (7)) {1 ez 4 o(hi)} - 1] (% > w,)

Note that the combination of n¢, /\/ng — ¢ in probability as ng — oo and nh;, — 0 lead to

S7
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{E(¢,,)}?/n — 0. Moreover, the assumption nh? /ng — 0 in (C4) implies that

cov(¢,) =5 [loa(Yi wn) exp{X] 8 + m(Z0)} = 1] (X, + 7 (80, 1)}
AXy + 760, Z1)} T I(Y1 > w,) + o(1)
= pr(¥i > w, B  [log(Yi /wn) exp{X] 60+ m(21)} —1)° (Xu +7) (80, 1)}
{X, + 700, Z1)} Vi > w,) + o(1).

Just as Wang and Tsai (2009) showed, npr(Y; > w,)/ng — 1 and log(Y; /w,) exp{X] 0y +
no(Z1)} is distributed as a standard exponential distribution approximately. Finally, we
consider the residual component:

B [{X1 + (80, Z0) HX1 + 7Y (00, Z0)} T V1 > wy] = Vi,
then the application of condition (C8) to V,, leads to
V, = E[{Xi + 180, Z1) + (7080, Z1) — nV(80, Z1)) }
J
{X; + (00, Z1) + (%1)(90’ Z) =00, 21))} Y1 > wn:|
— B [{X1 +1"(00, Z1) X1 + 0V (80, Z1)} Vi > w,] =V,

Thus, we complete the proof of the first result. Further, the bias term ¢, + ¢, can be reduced
in the proof of Theorem 2 when nh?/,/ng — 0 that can be derived once undersmoothing
condition is satisfied.



