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A Additional Results of Numerical Studies

A.1 Sensitivity Analysis

To have a complete understanding of DFSL, we evaluate its performance sensitivity to the
number of functions per subspace for Model (I). The results are shown in Figure A.1. As
the number of functions per subspace increases, DFSL has fewer false change points, fewer
false subspace identification, and smaller representation MSE overall. This indicates that

DFSL is particularly beneficial for higher dimensional cases with larger number of functions.



This phenomenon is consistent with Theorem 2. Because when d; = 3, p; = 4 just satisfies
Assumption 2, its false subspace identification rate cannot be very small. As p; increases, the
number of false subspace identification decreases. This is because as the number of functions
per subspace increases, the point density per subspace increases, indicating more information
we can gather from each subspace. Consequently, the probability that one function can be
well fitted by its neighbors from the same subspace increases, and the probability of being

fitted by functions from other subspaces decreases.
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Figure A.1: Modeling results of DFSL as the number of functions per subspace increases for

Model (I).

A.2 Additional Tables

Tables A1, A2, A3, A4 and A5 show the exact values of the estimated results together with
their standard deviations presented in Figures 6 and 7 of the main text and Figure A.1. Here
we add the results of KerGra. Specifically, we use the mean square of the difference between

the original data and the kernel smoothed ones as the representation MSE of KerGra.



Table A1l: Average false change point detection in Figure 6a, false subspace identification in
Figure 6b and their standard deviations (in the parentheses) for Model (I).

False subspace identification(x1071) False change point detection(x107!)
Noise std ~ DFSL SFSL FPCAGra KerGra DFSL KerGra
0.025 0(0) 0.19(0.08) 4.08(0.01) 0.05(0.00) 0.08(0.01) 15.2(0.03)
0.05 0(0) 0.31(0.09) 2.63(0.01) 0.06(0.00) 1.87(0.05) 17.5(0.02)
0.1 0(0) 0.53(0.01) 2.17(0.00) 0.25(0.00) 2.75(0.04) 21.2(0.03)
0.15 0.25(0.01) 0.78(0.01) 1.54(0.00) 0.51(0.00) 6.83(0.07) 27.5(0.05)
0.25 0.79(0.01) 1.58(0.02) 0.83(0.00) 2.69(0.01) 15.1(0.01) 42.0(0.06)
0.5 2.86(0.02) 3.52(0.02) 0(0) 5.38(0.00) 16.5(0.09) 55.0(0.17)

Table A2: Average representation MSE in Figure 6¢ and their standard deviations (in the
parentheses) for Model (I)(x1072).

Noise std DFSL SFSL MFPCA FPCAGra KerGra

0.025  0.4(0.01) 5.8(0.03) 17.3(0.00) 11.0(0.00) 2.10(0.01)
0.05  1.20(0.01) 8.02(0.04) 17.1(0.01) 11.3(0.00) 2.50(0.01)
0.1  3.95(0.01) 9.67(0.01) 16.9(0.00) 11.8(0.00) 5.02(0.01)
015  7.26(0.01) 12.7(0.02) 17.2(0.00) 12.6(0.00) 8.16(0.02)
(0.01) (0.02) (0.00) (0.00) (0.02)
(0.01) (0.01) (0.00) (0.00) (0.02)

0.25 13.3(0.01) 17.1(0.02) 17.6(0.00) 15.2(0.00) 13.9(0.02

0.5 21.5(0.01) 21.2(0.01) 22.0(0.00) 22.5(0.00) 21.9(0.02

Table A3: Average false change point detection in Figure 7a false subspace identification in
Figure 7b and their standard deviations (in the parentheses) for Model (II).

False subspace identification (x1071) False change point detection(x1)
Noise std DFSL SFSL FPCAGra KerGra DFSL KerGra
0.025  0(0) 0(0) 0.150.01)  0(0) 0(0) 3.93(0.06)
0.05  0(0) 0(0) 0.100.01)  0(0) (0) 4.13(0.07)
0.1 00)  0(0) 0.04(0.01)  0(0) 0(0) 4.38(0.01)
0.15  0(0) 0(0)  0(0)  0.01(0.00)  0(0) 5.12(0.10)
025  0(0) 0(0)  0(0)  0.03(0.01)  0(0) 8.24(0.16)
0.5 000) 0(0)  0(0)  0.06(0.01)  0(0) 15.4(0.37)




Table A4: Average representation MSE in Figure 7c and their standard deviations (in the
parentheses) for Model (II)(x1073).

Noise std DFSL SFSL MFPCA FPCAGra KerGra

0.025  0.13(0.01) 0.47(0.01) 5.12(0.14) 0.46(0.01) 0.81(0.06)
0.05  0.29(0.01) 0.75(0.01) 5.36(0.15) 0.75(0.01) 1.41(0.07)
0.1  0.89(0.05) 1.38(0.03) 5.79(0.13) 1.37(0.03) 2.62(0.07)
0.15  1.61(0.07) 2.15(0.03) 6.98(0.19) 2.15(0.03) 3.86(0.07)
(0.07) (0.04) (0.09) (0.04) (0.06)
(0.07) (0.05) (0.04) (0.05) (0.03)

0.25 3.12(0.07) 3.62(0.04) 6.99(0.09) 3.68(0.04) 5.42(0.06

0.5 5.21(0.07) 5.14(0.05) 7.43(0.04) 5.12(0.05) 7.45(0.03

Table A5: Average representation MSE, false subspace identification, false change point
detection in Figure A.1 and their standard deviations (in the parentheses) of the sensitivity
analysis.

Num  of MSE(x1073) False subspace Num of false

functions identification change point
in a sub- (x1071) (x1071)

space

4 21.5(0.01) 2.86(0.02) 16.5(0.09)

5 21.9(0.01) 1.95(0.02) 10.8(0.07)

6 20.3(0.01) 0.79(0.01) 8.61(0.05)

7 20.0(0.01) 0.46(0.01) 5.93(0.04)

8 19.6(0.01) 0.25(0.01) 5.02(0.04)

9 19.4(0.01) 1.81(0.01) 4.60(0.03)

10 19.1(0.01) 0.11(0.01) 2.98(0.02)




A.3 Additional Figures
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Figure A.2: Self-expression results of DFSL and SFSL for Model (I) and Model (II).
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Figure A.3: Extracted basis functions of the three subspaces for Model (II) segment 3.
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Figure A.4: Profiles of the 54 coordinates for one sample. In particular, Functions {3j — 2,35 —
functions of the {z,y, z} coordinates of joint j, for j =1,...,
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Figure A.5: Profiles of the 54 coordinates for one sample. The blue dashed lines are true curves, and the red solid lines are the
self-expressed ones based on the proposed dynamic functional subspace learning (DFSL).
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A.4 Additional Algorithm
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Algorithm A.1 Estimate b;.(r =1,...,p,r # j) and 3, for j = 1,...,p based on BCD

Data: Y;,t=1,...,N,pg
Result: Estimated b, 39,7 =1,...,p
Initialization (by the least square method for the ordinary linear regression)
Set F?zIn fory=1,...,p
for j=1,...,pdo
Initialize b)(t;) by the multivariate linear regression for k =1,...,n as
for k=1,...,ndo
N - . -
| B0t = (0 Yy (8) Y (1)) T (DL Y (1) Vi (t)
end
end
Estimation (by the block coordinate descent method)
. -1 —1
while 37 [[bf — b5 > ex or 30 [|B) =I5 > e3 do
for j=1,...,pdo

Calculate the residual of Y;;,7 =1,...,p as
for k=1,...,ndo
Estimate €;;(ty) for every i =1,..., N as

ez]<tk z] tk ZY;T tk: ]7« tk

end

T#j
end
Set B9 =SV € ¢
7 i=1 CijCu
Estimate b using FISTA, with input values as T'; = X9, b%, = b ", r Lr=1,..
J
end
Set g=g+1

'7p77,#

11



B Proofs of Theorems 1 and 2

For demonstration purpose, we work on the case that I'; = I, while all of our methods
and theoretical results can be extended to cases with general I' by following the same pro-
cedures. For notation convenience, we redefine b;(t;) € R~V as [b1(tx), ..., bj—1) ()
2 bigi41)(te), - -, bjp(ty)], indicating the true cross-correlations at t. b;(t;) is its correspond-
ingly estimated one. Furthermore, we define 3 = bj(t),k € [7,_1,7,) as the true cross-

correlations in the s time segment. Correspondingly, Bj = Bj(tk),k € [fs_1,7s) are the

estimated cross-correlations in the s time segment.

B.1 Property of the Static Functional Subspace Learning

In particular, assume n equally-spaced sampling points 0 < t; < &y < --- < t, < T can
be observed for Y;;(t),t € T. Then Equation (5) in the manuscript can be reformulated in

terms of b; as

n N
: 1 /-1
T%i_n)\ ]?_1 [b; 1 + 5 E‘—1 Z;;T'; 7y (5-1)

SUbjeCt to Zzg(tk) = Y;J(tk) — Yl<tk)b], bjj = 0, for k = 1, o, n.

Assume Y;; € X} whose cardinality is p; and subspace dimension d;. This formuatlion is the
same as the sparse subspace clustering with noise in Wang and Xu (2013). According to
Theorem 3 of Wang and Xu (2013) or Theorem 10 of Wang and Xu (2016), there exists a non-
empty rank of A such that the probability that b, only has nonzero values for components

from the same subspace as Y;; is

L

9 1 1 ¢
1—- = — — T eTi_¢ 1 (n—dp) Y2d; —V/Npd,
N I ; syl ;(e + el 4 oV

12



as long as the noise level 0 := max; ; ||€;;]|2 obeys

— rdy A1
0(149) < max n ARy @ OB R (1-—
Lk 6log Np 40K,\/dd;

KlKQaH(Sl, Sk)
vy,

where K := (tlog[(mN + 1)ppeN] + log L), K := 4 logm Ry = D losk iy loes g
1, Y2 are absolute constants. The proof is achieved by duality. First a set of conditions on the
optimal dual variable of the dual program of (S-1) is established corresponding to all primal
solutions satisfying the self-expression property. Then such a dual variable is constructed as

a certificate of proof. More detailed proof procedure can be refereed to Section 5 and Section

6 of Wang and Xu (2016).

B.2 Proof of Theorem 1

Lemma 1. A matrix f)j is optimal for the optimization of Equation (10) of the manuscript
if and only if there exist subgradient vectors W;(t) € 9||b,(ty) — Bj(tk_1)||1 and v;(t,) €
||b,(ti)|l for k=1,...,n that satisfy

n

Mz
Mz

Yy (te) (Y (t), by (te) — Yi—j(t)eij(tr) + At (tr) +)‘QZVJ (tk) =
=1 k= i=1 k=l k=l

(5-2)
forallk=1,....n. Here e;(ty) = >_,; €ir(tr)bjr(tr) — €i5(tx), and 0;(t1) = 1;(t,) = 0.

We follow the proof of Proposition 5 in Harchaoui and Lévy-Leduc (2010) and Theorem 2

in Kolar and Xing (2012). In particular, based on the union bound, we have
5-1
- nl < _ o~ ny
P max |Ts — 75| > ndy] < X;PHTS Ts| > nojy]
Then the theorem will hold up if we can prove that P||7, — 75| > %] — 0 for all s =

13



1,...,5 — 1. Define the set A, ; as

AN,s = {|Ts - 7A_s| > nd?/}v

and the set C'y as

N A’rnm
Cn = {1<r£1<asx 1 7= 7l < 2

2

where A, = minj<s<g |75 — 7s—1]. Then it is enough to prove that P[Ays N Cy| — 0 and

that P[Ay,NC.] — 0

Let us first consider the proof of P[Ax N Cy] — 0. Note that Cy implies that 7,1 < 7, <
Teyq forall s =1,...,5 — 1. We first assume 7, < 7. By using (S-2) twice with k£ = 7, and

k = 7, respectively and applying the triangle inequality, we have

N Ts—1 N 1—1
200 > (1D 0D Vi () (Vi (), b (te) = by(te)) = > Yy (te)es(t)ll1. (S-3)
i=1 k=7s =1 k=7

Recall the true b;(ty), k € [7,-1,7,) as B}, and define the estimated b;(te), k € [Fo1,7s) as

Bj This yields the event Cy 5, defined as follows, occurs with probability one:

N 7s—1

Cns = {2Mp + (75 — T5) Aap >|| Z Z Y (te) (Yip (t), 85 — 85D (5-4)
=1 k=,
N 71s—1

s A~ s+1
— 1D Y Y (Y (), 857 = B, )k
=1 k=t
N 71—1

—11D° > Yoy (t)ey(tlli} (S-5)

i=1 k=7

=[]y = |[Re]ly — |[Rs]]1-

14



Using that P[Ays N Cn| = P[Ans N Cn N Cyy), we can get

1
P[AN78 N CN] SP[AN,S N CN N {2/\1p+ (TS — 7A'5)p)\2 Z §||R1||1}] (8—6)
1
+ P[Ans N Cn N {]|Raf|1 > gHRlHl}]
1
P[Ans N Cn N A{||Rs|1 > §||R1||1}]

= P[AN,S,l] + P[AN,S,Q] + P[AN,S,3]-

According to Lemma 3, we can get the upper bound P[Ay 1] with

¢57 (Ts — 75)&min) + 2exp(—ndy N + 2log N + 2logn).

PP2pA + (15 — T5)/PA2 > N

With the assumption (RNOypEmin) " A1 — 0 and (N/p&min) A2 — 0 as either N — oo or

n — oo, we have that P[Ay 1] — 0 as either N — oo or n — 0.

To show P[Ap 2] converges to zero, define 7, = |27 (7, +7,41)]. Note Cy implies 7441 > 7.
~s+1
Consequently, we have b;(tx) = Bj+ for k € [75,7s]. Using Lemma 1 twice with k& = 7, and

k = T, respectively, we have

N Ts—1 N Ts—1
M +(Te—T) VDA 2 1D Yy )Yy (1), B BB ||1—||Z > Yicptestolh
=1 k=75 =1 k=75

With Lemma 3 on the display above, we have

36pA1 + 18(7, — 7)y/Bhe + 181 0, SR Vi (B)ew ()l
(Ts+1 Ts)(bsON 7

(S-7)

s ~s5+1
HIBjJrl _IBj Hl < \/1_7

which holds with probability at least 1 — 2 exp(—A,,;n N/4 + 2log N + 2logn).

Furthermore, based on Lemma 3, we have Ny (75 — 7)&min/9 < /P||R1]|1 and [|Ryl|; <
N(7s — 75)90s1/Dl1B; T — B;+1||1 with probability at least 1 — 4exp(—Nnd% /2 4+ 2log N +

15



2logn). Consequently, with (S-7), P[A, 2] has the upper bound

P[/\l Z Clp_nggogbs_llAmianmin] + P[/\Q Z C2p_1.5¢§0¢5_115minN] (8'8)
N Ts—1

+ P[(_S 1N 1” Z Z Y tk el] tk)”l > C3£mznp 0¢5711]
i=1 k=75

+ cyexp(—Nndy /2 + 2logn + 2log N).

Under Ayx s N Cy, we have A,,;, > ndfy. Then as Ay /(N&pinn) — 0 when either n — oo or
N — oo, and Ay/(&minN) — 0 when either n — oo or N — co. the first, second and the last
term converge to zero as either n — oo or N — oo. For the third term, it converges to zero
with the rate exp(—cglog N) since log N/N — 0 as N — oo, and converges to zero with the

rate exp(—cglogn) since logn/n — 0 as n — co.

Now we show P[Ay s3] converges to zero. Because Ny (T — 75)émin/9 < /D||R1||1 with

probability 1 —2exp(—Nndy /24 2logn+2log N), we have the upper bound of P[Ay ;3] as

¢50§mm H Zz 1 sz Ti (t )eij (tk)Hl

Pl S VP N(TS—TS)

| +2exp(—Nndy /2 + 2logn + 2log N),

which, according to Lemma 4, converges to zero as either n — oo or N — oo, since
log N/N — 0. As to the case with 74 > 7,, we can show the above proof in a similar

way. Consequently, we have P[Ay N Cy| — 0 as either n — oo or N — 0.

We proceed to show that P[Ay ., N Cy] — 0 as either n — oo or N — oo. Recall Cy =

{max; |75 — 75| > Apmin/2}, We now split it into three events,

D', = {there exists s, 7, < 7,_1} N O,
DY = {for all 8,7, 1 < 7, < Ts11} N Ch,

D’ = {there exists 5,7, > 7,11} N Cy.

Then we have P[Ax N Cy] = P[Ay, N DY + P[AxsN D%] + P[Ays N Dy
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We first focus on P[Ay s N DY and consider the case where 7, < 7,, since the case with

Ts < Ts can be addressed in a similar way. Note that

PlAy s 1 D] <P[Ay s 0 {(Fus — 72) > 2miny o pm] (5-9)
~ Amm ~ Amzn m
+ Z P[{(rg —74) = 9 FO{(Fge1 —79) 2 5 } N Dyl

g=s+1

We first bound the first term in (S-9). Using (S-2) twice with k = 7, and k = 7, respectively,

we have

s ~s+1 T
185 -8, |Ih < 18pA1 + 9(7 — 7o) v/PA2 + 911 oy S Yy () eis (t) |11

p o N¢SO(TS - s) ’ (S_IO)

with probability at least 1 — 2exp(—dNN/2 + 2log N + 2logn) Define 7, = | (75 + Ts41)/2].

Using (S-2) twice with k = 7 and k = 7, respectively, we have

185 = 851 _18pA1 +9(7 — )P + 911 Ly 305, Yo (tr)ess ()l
p o N(bsO(Ts - s)

+ 8160 6ullB5 — B, U,

(S-11)

with probability at least 1 — ¢; exp(—ndy N + 2logn + 2log N). Combining the two above

inequalities and using Lemma 4, we can get the upper bound for the first term in (S-9) with

P[gmmgbsONnégf S Clp2>\1] + P[gmanSsON S 62p1.5)\2] + P[gmzn \V/ N?’L(SK, S Csz V lOg N]

+ cyexp(—ndy N + 2logn + 2log N).

Under the conditions of the theorem, as long as ndy — oo as n — oo, all the terms converge
to zero as n — co. As long as No% /log(N) — oo as N — o0, all the terms converge to zero
as N — oo. Using the similar way, we can prove that the other items in (S-9) converge to

zero. Finally, we can conclude P[Ax N DR — 0 as N — oco. As to P[Anxs N DY, it has
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the upper bound:

S
P[DY] <§:T1P{Hm<n<n1}—ﬂ (S-12)
s=1 77
S—1 A A
<25y "N Pl{n-7 > o > —minag (S-13)

s=1 I<s

With the same arguments as those used to bound (S-9), we can prove that P[D%/] — 0 and

P[D%] — 0 as either N — oo or n — oo. Consequently, we can show P[Ay N Cy] — 0.

B.3 Proof of Theorem 2

With Theorem 1 satisfied, we are working on the event

E=/{ _max |75 — 75| < ndy}.

.....

Define B* = [r,_1,7,) and the corresponding estimated B = [Ts_1,7s), then for k € Bs, we

have

Yij(te) = Y (te) B + wij(te) + eij(te),
where wq;(tr) = Yy (tr)(b;j(ty) — B5) is the bias. For k € B* N BS, the bias w;;(tx) = 0,

otherwise the bias is distributed with zero mean and bounded variance under the Assumption

(A6). Because Bj is an optimal solution of Equation (10) of the manuscript, it satisfies

N N

STYELYE (8] - 89 ZYB’ (WE +eB) + (W (s, ) — i(t2,) + Mol B[V, (tr,_,) = 0,

=1 =1
(S-14)
[;’s és

where Yﬁi i) € RIB*I<(P=1) are the observations in the s'™ estimated segment B°. W, ep €

3s .5 . A P ~s—1
RIF*X1 are the stacked wy;(t,) and e;;(t) in B* respectively. 0;(ts_,) € (9||,3j - ,@j 1,

~ S

R ~s5+1 A S R .
(1) € 1B, — B 1, and ,(t,_,) = sign(B)).
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Lemma 2. Suppose Bj is a solution of Equation (10) of the manuscript, with the associated
segment points T = {7s,s = 1,...,S — 1}. Suppose that the subgradient vectors satisfy
0,(tk)] < 1 for all v ¢ S(b;(t)) where S(b;(ty)) denotes the set of nonzero elements

of Bj(tk). Then any other solution Bj with the same time segment points as T satisfies

bir(ty) = 0 for v ¢ S(b;(tx)).

According to Lemma 2, we consider designing vectors B;, u;(ts,_,),a;(ts) and v;(ts,_,) with
the associated T that satisfy (S-14) and v;’r = 0 for r ¢ S(B7). Then if we can verify the
subdifferential vectors, @;(s,_,), 0;(t+,) and v;(¢s,_,) are dual feasible, we can prove that any

other solution Bj with the same time segment points as 7' satisfies er =0 for r ¢ S(B3).

Denote M} = S (ﬁj) as the set of functions that belong to the same subspace as YiBjS, and
N} as the set of functions that do not belong to M?. If we assume Y2 € A with the
cardinality p;. We have the cardinality of M; equals p; — 1. Now we consider the following

restricted optimization problem,

N S S S
min Y 0> Y = YE G5+ 20 ) 1185 85l + 2 ) [BY[185]h, (S-15)
s=2 s=1

ﬁb;zjzo i=1 s=1
where the vector 3} N is constrained to be 0. Let {B;} be a solution to the restricted
optimization problem (S-15). Its subgradient vectors are u;(tz, ,) € 0| |B;—B;71||1, u;(ts,) €
OIIB;™ ~ Bjllr, and ¥y(ts,,) = sian(B)
It is obvious that the vectors Bj, u;(ts,_,),0;(ts,) and v,(t+_,) satisty (S-14). Furthermore,
u;(t7,_,) and 0;(ts,) are elements of the subdifferential and hence dual feasible. To show ,Bj
is also a solution to Equation (10) of the manuscript, we need to show that v;(ts, ) is also
dual feasible, i.c., [[Vjns(t7_,)[|lc < 1. Then any other solution Bj to Equation (10) of the

manuscript will satisfy Bj Ns = 0.
g
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Form (S-14), we obtain an explicit formula of 37 /.,
g

N -1/ N
P s Bsr Bs Bs
Bja: = Bz + <Z Y/ )MSYz( ), Ms) <Z YZ( Sy (Wijars + €55 )

=1 i=1

Ml () = ars (1)) = Al BV (t2,.,))

J

Then plug the above equation into (S-14), we have that |[v; s (2, )[[ < 1, if max,ens [Yr| <

1 where

-1
s s sy o >\ (u] Ms(th 1) ﬁ]7Ms(t7A's))
Y, = ZYB Yi <Z Y MsYz( i), Ms> (Vj,M;(t%sl) + B :
2

(S-16)

N 3s 3s N 3s 3s - -
Ny B wi +ep n Yéslwg el Ayt ) — ()
E Y e 5 ir 3 5 :
S TN B Aol Be| Aol Be|

As either n — 0o or N — oo, we have S Yf?i’ M YBS My N@(l + o)1, and hence

(=3
its inverse goes to n(N|B*|)~1(1 4 ¢2)"'I. As such, the first term of (S-16) has the upper

bound
N o A (Q s (B2, ) — s (t2,))
n s s 1 JaM' Ts—1 ]7M Ts
M NTUYEYE e (19 (e e + j .
BT S IYE Y g <|| sty )l + | T [

+||§:Y{fs’.)Msu|| ,
= T N|B
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We have

Y5 yE s

Sy IR

o0
g:B5NBIAD
< >0 IRETXE gl t D0 X
g:B5NBIZD g:BsNBIAD
+ Z || BS BHIXBSOI)BZVIS + Z || nBI/ BSOZ)EQMS
g:BsNBIAD g:BsNBIAD

_¢

Gz We have the following
1

According to Lemmas 5 and 6, with probability at least 1 — i

inequalities,

IS X

S g q g
OO_\Bn ‘\/_mgpl ey AHSY ST

ri=1,..L9 \ /max(dJ, d7)’

\Bsﬂb’g\ - 2log |B5 N BY|
|Bs N B

| |XB“’OBQ/ ﬁér}l)ngs

OO_

n

B5 MBI 1~ B*NBY B N B /—Ingz BorBs
||€z'r Xz( ]),MJS 00 S n \/p— || |

2log |BsN B 5139
msza\/—og'n e,

|27

‘ BsnNBIr _BNBI
€ir i(—j),M3

According to Lemma 7, we have

sABY 1 1
P BmBH \/ﬂ‘gsm[gg‘ SeXp(—g\BsﬂBg\wQ),

As such, we have

N
n s s aff(S7 Sg)

_— Ylg yB slloo < V24 log p? max —— 4 900

N|BS|(1+J2);” (D Mgllee = 75 SO Jmaxd

g: BSmBg;é@

l S
+v24 C\)/ggl V1+ wo + 2c00*V1 + w) ,
D

with probability 1 — ¢1/(p;)? — ¢ exp(—Aiw?/8), under the event €. (Here ¢q is smaller
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than 1). Furthermore, we have

Vs (t7, )| < 1,
ALz (tr, 2, ) — Wy (t2,)) 2\

~ [e%e] S N ~ ~ N
|| )\2’83‘ || )‘2(7_5 - Ts—l)

(S-17)

As long as A /(A\s|B*|) — 0 as either n — oo or N — 0o, we can bound (S-17) to 0.

3 B 4 oB°
At last, for the term of || Zf\il Y& hadx +eZ‘J

H9). M5 e |, because w;;(t;) # 0 only on k € Bs \ B?
g

and nd?%, /|B%| — 0 as either n — 0o or N — oo, the term involving Wgs is stochastically

dominated by the term involving egs and can be ignored. Consequently, we need to bound

~ BS
N B ©ij i
1> iy Yi(—j),M; W ||so- According to Lemma 4, we have

N B
3 e/ N(1+clogN +cl
P HE Yﬁ_ J VN( +clog N + clogn) < ¢y exp(—clog N — clogn).
=1

j ,Ms—AHoo > 1
Ml o181

As A\y/v/Nlog N — oo, we have the above item bounded to 0 as N — co. As n — oo,
1B5| — O(n +nd%), as long as Asy/|B?|/logn — co, we can bond the item.

Similarly, we can bound the second item in (S-16) to 0. Consequently, we have that as long

as there is a positive constant w that satisfies

aff(S7,57)

max(df,dj)

/—2410g17f0+20002 ’

Vi

1+ 0% —+/24log pf (max, 1,19 ) — 2co0
g=1,...,S

Vi+w< (S-18)

where 0 < ¢g < 1. we have with probability at least 1 — ¢;/(p;)* — coexp(—Aminw?/8),
MaX,eNs Y,| <1 and Bj s = 0. Consequently, we can prove that any solution Bj with the
g

same segment points 7' satisfies NJS.T =0 for r ¢ &}.
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B.4 Other Useful Results

Here we show some additional results that are useful for the derivations in Appendices B.2

and B.3.
Denote the functional data in the s time segment as Y; = [Yf(l), e ,Yf(LS)} with the
I*" subspace data Y., € R"™*Pi . Denote ®° = [<I>f1),...,<I>fLs)} A =1,...,L% A} =

diag(Aj), ..., Ajp.) and Ef = €5, ..., €,]. Then we generate

) ip

Y; =X +E;,

X; = ®°A;,

fork =7,1,...,7s—1 Ej = [efl, ce efpls} is the noise function, with €; ~ N, (0,07 /nI)(j =

s

1,...,p). Denote
K* = B(Y!Y?) = B(AY & &5 A%) + 2671 (S-19)
n

When every column of Aj is sampled at random from the unit sphere of R%*! we have
K°® = 2(1 + 0®)I. Define g1 = Apae(K®) and ¢g0 = Apin(K?). Let K® = N~'(m — [ +
1)1 Zf\il Yo, Yi(tk)/Yi(tk) be the empirical estimation of K® with 7,_; <[ < m < 7,.

There are two crude bounds for the eigenvalues of K*

P(Amax(K®) > 9¢41) < 2exp(—N(m — [ +1)/2),

P(Aumin(K®) < 650/9) < 2exp(—N(m — 1 +1)/2).

Lemma 3. For any v, N > p, we have

N m /
‘ Y? (t o(t
Pl e A (S D Y (Y1)
Ts—1<I<m<Tg N(m — =+ 1)

m—I>vn

) > 9¢s1| < exp(—v,N/2 + 2log(7s — 75-1) + 2log(N)),
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and

N m ’
; Y (t.)YS(t
P max Amin(zl=1 D Y () Y5 ()
Ts—1<I<m<Ts N(m ]+ 1)

m—I>vn,

) < ¢50/9 < eXp(_UnN/z + 2log(Ts - 7—s—l) +2 lOg(N))

Lemma 4. Recall e;j(ty) = 3, €ir(te)bjr(tr) — €ii(ts), we know ej;(ty) is also normal
distributed with mean 0 and bounded variance, denoted as~*. Then if v > C'log(N(1s—7s_1))

for some constant C' > 16,

L . e/ *VI+C
PN N gmompl DX Yl < Zomms (520

=1,..., S Ts—1<l<m<Ts
m—I>v

V1+ClogN + Clog(r, — 7s_1) }| > 1 —ciexp(—calog N — ¢y log (7, — 7_1)),

for some constants ci,co > 0. Here ¢ = max, ¢ .

B.5 Standard Inequalities in Probability

Lemma 5. Suppose the unit-norm vector x;; € R™*" is uniformly drawn at random from
S, and X,y € R™P are p; unit-norm vectors drawn uniformly at random from S;. Then

we have

/ Vd; A daff(S;, S,
|| X Xijllo < v/logalogb l \/KZC( l >, (S-21)

2p

with probability at least 1 — NV

Lemma 6. Suppose Z € R™? has iid N(0,1) entries and let x € R™ be a unit-norm

vector. Then

1Z'%] | < 2¢/210gn,
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with probability at least 1 — 2/p>.

Lemma 7. For a x2 distribution with n degrees of freedom, it obeys

P2 2 (1+w)n] < exp(—nw?/8).
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