Counterfactual Treatment Effects: Estimation and Inference

Supplementary Appendix

Yu-Chin Hsu®P*, Tsung-Chih Lai?, and Robert P. Lieli®

8nstitute of Economics, Academia Sinica, Taiwan
PDepartment of Finance, National Central University, Taiwan
“Department of Economics, National Chengchi University, Taiwan
dDepartment of Economics, Feng Chia University, Taiwan

°Department of Economics and Business, Central European University, Budapest

July 21, 2020

This supplementary appendix contains three parts. Appendix A extends the theoretical analysis to the
treated cases. Appendix B collects the proofs of lemmas, theorems, and corollaries. Appendix C provides

robustness checks of the empirical results.

A Treated Cases

As mentioned in the main text, treatment effects for the treated subgroup are sometimes more interesting
than for the overall population. In this section, we then consider the average counterfactual treatment effect
for the treated (ACTT) as

d; =E(Y'|D* =1) - E(Yy|D* =1), (A1)
and the quantile counterfactual treatment effect for the treated (QCTT) as

61 (1) = Qv p=(T]1) = Qyz p- (7[1), (A.2)

where the expectation and quantile operators are taken with respect to the conditional distribution of Y
given D* =1 for d = 0,1, where Y; and D* denote the potential outcomes and treatment indicator in the
counterfactual environment with Y* = D*Y}* + (1 — D*)Y. Note that since the counterfactual treatment
assignment D* is not observable in our framework, a different set of assumptions is needed to identify (A.1)

and (A.2). Define p*(z) = Pr(D* = 1|X* = x) be the counterfactual propensity score for all x € X'™.
Assumption A.1 (Unconfoundedness for the Untreated).

(i) Yo L D|X.

(i) p(X) > 0.

Assumption A.2 (Invariance of Conditional Distributions for the Treated).



(i) FY;\X*,D*(MUC’ 1) = Fy,x,p(ylz,1) for all z € X*, d =0, 1.
(il) X" C X.
Assumption A.3 (Invariance of Propensity Scores). p*(x) = p(z) for all z € X*.

Clearly, Assumptions A.1 and A.2 are weaker than their counterparts Assumptions 2.1 and 2.3. In fact,
they can be further weakened for the ACTT case similar to Section 7 in the main text. To identify treated
parameters, however, we need to invoke Assumption A.3 so that the counterfactual treatment assignment can
be determined. This assumption requires that the probabilities of receiving treatment must be the same for

individuals who are observationally equivalent between counterfactual and status quo populations. Given
these assumptions, ACTT and QCTT can be identified as follows.

Lemma A.1. Suppose Assumptions A.1-A.3 hold. Then ACTT and QCTT defined in (A.1) and (A.2) are
identified by

S
6t_/XE[p(X*)][E(Y|X ,D=1)—-EY|X ,D =0)]dFx-(z),

. : _p(z)
(o =ni{y ey [ B Ry ple 1) aFx- () 2 7
p(x
—1nf{y ey: / E[p((X)* Fyx,p(ylz,0) dFx-(x) > T}.
According to Lemma A.1, ACTT and QCTT estimators are given respectively by
Zp I[E0I = x) - Boalx = x7)] /3 50x5)
j=1
6 () = QY;\D* (711) = Quyp- (1),

where p(z) is given in (4.9) of the main text, E(Yy|X = z) is the Nadaraya-Watson estimator for d = 0,1, i.e.,

S V1D, = dyK, (X, — 1)
BN =) = S D R (%, —2)

and Qy -+ p- (1) = inf{y € ¥ : Fy+ p-(y|1) > 7} with

FY - (y[1) = Z FYd|X (y|X7) /

where ﬁydl x (y|z) is also given in (4.7) of the main text. Similar to the overall cases, the asymptotic properties
of ACTT and QCTT estimators can be derived under a modified version of Assumption 3.3:

Assumption A.4 (Distribution of Y for the Treated).
(1) Fyd*‘D*(y\l) has a compact support [y}, y5.] C V.
(ii) Fy:p-(y|1) is continuous on Y.

(iif) fy; p~(y[l) is bounded away from 0 and is two-times differentiable on Y.



Corollary A.1. Suppose Assumptions 3.1, 3.2, 3.4-3.6, and A.1-A.4 hold. Then,
\/ﬁ(& - 5;) 4 N(o, Var(S;)),

where Var(5}) = Elos: (Z)?] + Elps: (X*)?] with

05:(Z)

p(X) { Y — EY1|X)}_(1—D)[Y—E(Y0|X)]}fx*(X)
(X" ] 1—p(X) fx(X)’

Moreover, we have
Va3 () = 6() = A,

where A;(7) is a Gaussian process with mean zero and covariance function (7, 72) = E[t)¢(71)¢(m2)], where
the variance function (1) = Elo/(7, Z)?] + E[p: (7, X*)?] with

(7 7) = — th(QYND*(T“)aZ) % t(QY*|D*(T|1) Z)
e le*\D*(QYI*\D*(T‘l)H) fY \D*(QY*\D*( 7)) |’
(7 X*) = — (Pft(QYl*|D*(T|1)7X*) b20) f(QY*|D*(T|1) X")

o Frrio- Qv 1o (IO Fyg 1o Qe o (IO |

where Qit(y, Z) and ¢£t(y,X*) are given by

p(X) YD =d}[I{Y <y} — Fy,x(yX)] fx-(X)

F _
2.1 2) = E[p(X*)] p(X)4[1 — p(X)) ¢ fx(X)’
P X7) = VA By ) ~ Fr )],

and the convergence takes place in £°°(]0, 1]).

For uniform inference, we again propose to use multiplier bootstrap to approximate A;(-). That is,

I &, _ . :
ZUl[Qt(T7Z1)+QDt(T7X1)] if X*ZW(X)v

\/ﬁ =1

A =4
\/ﬁi:1UZQt(T7

Z (r,X7) if X*1X,
where p; and @; can be estimated given fyd*‘D* (y]1) = max{fy;w* (y[1), b, } with

fY « 1o+ (y[1) ZP delX (y| X5 /

where p(z) and fyd|X(y|x) are given in main text. One can show A%(-) £ A(-) similar to Theorem 4.1 and

then conduct uniform inference accordingly. We omit the details for brevity.



B Proofs

Proof of Lemma 2.1:

By the law of iterated expectations, Assumption 2.3, Assumption 2.1(i), and Y = Yy for D = d, we have

Fr; )= [ Pryie-(l0)dPx(0) = [ Frypx(olo)dPy- @0

Z/ Fy,p,x (yld,z) dFx«(x /FY|DX( |d, x) dFx«(z),
X

where Fy|p x(y|d, x) is well defined for all d and  under Assumption 2.3(ii). Since X* is defined on the same
sample space as X that takes values inside X' with probability 1 by Assumption 2.3(ii), Fy: (y) is identified.
Accordingly, the corresponding quantile function and the QCTE are identified as well. O

Proof of Lemma 3.1:

The proof consists of two parts. First, we show that \/’E(ﬁyd* (y) — Fy; (y)) is asymptotically linear with the

following influence function representation:

V(B () - Fry ) = —= 3 HP =D [1Y: <y} = Prax (91X0)] fx- (X0)

v p(X)91 — (X)) Fx(X3)
+ \/%;ﬁ[Fydm@Xj)—Fy;(y)]+op<1> B.1)

Since gg(y, -) and ¢g(y, -) belong to Donsker classes for all y € ) and the Cartesian product of two Donsker
classes of functions is still a Donsker class as in van der Vaart (2000), Lemma 3.1 holds by the functional
central limit theorem for F = (ﬁyo*,ﬁyl*)T in place of F = (ﬁyo*,ﬁyl*)T. Next, we complete the proof by

establishing the first-order asymptotic equivalence between ﬁyd* (y) and ﬁy; (y), ie.,

sup| By (4) — Fy: ()| = op(n=1/2). (B.2)
yeY
The derivation of (B.1) is similar to Theorem 1 of Rothe (2010). For simplicity, let n* = n so that A = 1.
Let P and P* be the distribution function of X and X*, respectively. Denote G, = /n(P,, — P), where P
is the expectation under P and P, is the empirical distribution under P such that for every measurable
function ¢ : X - R, Pgp = [¢dP and P, =n~' > | #(X;). Define G}, P* and P}, similarly under P*.
To begin with, we rewrite f(Fyd*( ) — Fy;(y)) as

V(B () = Fr; ) =G5 (Frx W) = Fryx vle) ) (B.3)
+yAP” (ﬁyd\x(ym ~ Fy,x (1)) (B.4)
Z (Fy,1x (WIX;) — Fy; (y))- (B.5)



It is true that (B.3) is 0,(1) uniformly over y € J by Lemma 1 of Rothe (2010) and Lemma 19.24 of van der
Vaart (2000). Next, we show that uniformly over y € ),

fz UD; = d}[1{Yi <y} — Fyyx (41 X)] fx- (X0) +0p(1).

(X4 — p(X;)] fx(X5)

Define Gd(y,l‘) = E[l{Y < y}’ 1{D = d}lX = l‘]fX<x)7 éd(y?x) = n_l 2?21 1{}/% < y}’ l{Dz = d}Km,h(Xz -
), ga(z) = E[I{D = d}| X = z]fx(z), and ga(z) =n~' Y1, 1{D; = d} K, »(X; — ). It is easy to see that
ﬁyd‘x(ykz:) = G4(y, ) /Ga(x). Moreover, we have

(FYd|X ylx) FYd|X(y|x))

p*
/%Z HY; <y} — Fy,x (y| Xs )} HD; = d;ﬁ;’)h(Xi —z)
/ [Fyax (01 Xa) = Fyy x (ylo)] Ho d;iz)h()(i —x)

fr- (@) da (B.6)

S|
M:u

fx+(x)dz. (B.7)

i

Since K, »(X; — x) is differentiable in z by Assumption 3.5(v), we can apply a second-order Taylor expansion
of ga(z) around gq(z) in (B.6),

1{D1 = d}Kw)h(x — Xz)

(B.6) = / % ;[1{56 <y} — Frx (X)) e fx-(x)dx (B.8)
- / % D[ <y} = Frx(y1X0)] MD: = d;gi;’)h(x — X Gu) - ga@)]fx- () de (B9

+ Op(n71/2)7

where the remainder term is 0,(n~'/2) uniformly in both = and y since (i) sup, ey | H{Y: < y}—Fy x (¥ Xi)| <
1; (ii) Kgn(z — X;) and gq(x) are bounded for all z € X by Assumptions 3.5 and 3.2(ii); (iii) sup,cx |ga(z) —
ga(z)| = Op((logn/nh¥)1/2 + h™) = 0,(n~/*) by Assumption 3.6 and Lemma B.3 of Newey (1994); (iv)
fx~(x) is bounded by Assumption 3.2(iii); (v) the dominated convergence theorem.

To derive an expression for (B.8), we note that g4(z) = p(z)¢[1 — p(z)]* ¢ fx(x) and define u4(z) =
fx=(2)/ga(z) which is r-times differentiable under Assumptions 3.2(iii) and 3.4(i). Also denote Kﬁd)(u) =
o (0 uy, ..., 07 uy) K, (u) and u(v)( Y=o /(0 ay,. .., 0" xy)pa(z). By astandard change of variables
x = uh + X; and a rth-order Taylor expansion of Kptx,(u) and pq(uh + X;) around Ky, (u) and pq(X;),



respectively, we have uniformly over y € ) that

(B.8) = / % Z[l{Yi <y} — Py, xlXs)] {D; = d} Ky p(x — X;)pa(x) da

(Y < )~ Py I0] MD: = ) [ Koo s+ )
o So[YE < 0~ Frx 0] 1Ds = ) [ K)o+ () B )]

i=1

[1a(X3) + -+ (uh) e (€)] du

CS Y < 0}~ P (01X0] 1{D: = dhpa(X:) + Oy(h)

i=1

- S S 1 < 0~ P 2B oy,
where £ is some value between uh + X; and X;. The fourth equality follows from interchanging the
differentiation and integration (which is true by the dominated convergence theorem) and Assumption 3.5.
The last equality holds because g4(x) = p()?[1 — p(x)]*~?fx (z) and O,(h") = 0,(n~1/2) by Assumption 3.6.
Equation (B.9) can be derived in a similar manner. To be more specific, define vq(z) = fx«(x)/g3(z)
which is also r-times differentiable in z. By the definition of g4(z),

(B9) = 5 331D = d}[1{Yi < 9} — Prx (41X

i=1 j=1

/[1{Dj = d} Ky n(Xj — ) — ga(2)| Ky pn(z — X;)va(z) da

— % > UYDi = d}[1{Y; <y} - Py x(ylX0)]-

i=1j=1

{ 1D, = 106, = 0o = Xate) s = [ Kl = Xpato o}

_ % SN UD: = d}[1{Y: <y} - Fyyx (91 X))

i=1 j=1

(19~ 0Kt K] - ]

= % Z Z HD; = d}[I{Y; <y} — Fy,x (yXs)]va(Xi)-

i=1 j=1
[1{D; = d}Kx, n(X; — X;) — g(X;)] + 0p(n~1/?)
1 n n
=2 Z Z 1{D; = d}[I{Y; <y} — Fy, x (| Xi)]va(Xi)-
=15=1 (B.10)
{1{D; = d}Kx, n(X; — X) — E[{D; = d} Kx, n(X; — Xi)]} + 0p(n~1/?),
where the second equality holds by pq(x) = gq(x)vg(z), the third holds by applying a similar argument

as for (B.8), the fourth holds again by pq(x) = ga(x)ve(x), and the last equality holds because E[1{D; =
A} K, 1 (X; — )] — g(z) = Op(h") = 0,(n~"/2) uniformly in = by Lemma B.2 of Newey (1994). Moreover, the



leading term in (B.10) is a degenerate second-order U-process as pointed out by Rothe (2010). We therefore
apply the uniform law of large numbers for U-processes (Nolan and Pollard, 1987; Sherman, 1994) to show
that (B.10) is Op(h~*n=1) 4+ 0,(n"'/2) = 0,(n~/2) under Assumption 3.6.

Combining all the results obtained above, (B.6) can be rewritten as

%z’l: D; = d}[1{Y; <y} — Py, x I X0)] fx- (X))

o n_1/2.
& PG — ()] Fx(xy ot

One can also show that (B.7) is 0,(n~'/2) through similar arguments. As a result, (B.4) is equivalent to

\FZ U{D; = d} [{Y; < y} — Fyyx (yIX0)] fx- (Xa) +0p(1),

p(Xo) 1 = p(X))' 1 fx (Xi)

and we have the asymptotic linear representation in (B.1). Since 1{Y < y} is a type I function and the
other functions in (B.1) are type II functions defined in Andrews (1994), of (y,-) and ¢5 (v, -) belong to some
Donsker classes for all y € ). By van der Vaart (2000, p.270) in which the Cartesian product of two Donsker
classes of functions is still a Donsker class, Lemma 3.1 holds by the functional central limit theorem for Fin
place of F.

We now show the second part of the proof which claims that ﬁyd* (y) and ﬁyd* (y) are asymptotically
equivalent to the first-order approximation, or SuPyey \Fy( ) — ﬁy( )| = 0,(n"1/2) as stated in (B.2). For
simplicity assume that Fy* (0) > 0 so that ¢4 (Fyd*)( ) = sup,/ <, Fy*( ") for all y € Y = [0, 7]. From the first
part of the proof, it is true that sup, ¢y \\/ﬁ(ﬁyd (y) = Fy; (y))| = Op(1), implying that for any €; > 0, there
exist an M > 0 and a large N = Nj; such that for all n > NV,

(SUP f(FY*( ) — Fy; (2/))’ < M> >1—e. (B.11)

yey

Next, it can also be shown that \/ﬁ(fyd (y) — Fy:(y)) is stochastic equicontinuous with respect to the
pseudometric p(y1,y2) = |Fy: (y1) — Fy; (y2)|*/? for all (y1,%2) € Y from Theorem 3.1 of Hsu, Lai, and Lieli
(2019), meaning that for any es > 0 and e3 > 0, there exist a § > 0 small enough and an Nj large enough
such that for all n > Nj,

P< sup ‘\/ﬁ(ﬁyj (1) — Fy: (yl)) _ \/ﬁ(ﬁyf (y2) — Fy (yg))‘ < 62> >1 e (B.12)

p(y1,y2)<6

If we pick a large N such that

2M VN < 82, (B.13)

for y1 < y2 with p(y1,y2) > ¢ and for n > N with sup, ¢y, ‘\/E(ﬁyj (y) — Fy;(y))| < M almost surely,

Fy+ (1) — Fys (2) =<ﬁY; (y1) — Fy; (y1)) - (ﬁY; (y2) — Fy; (yz)) — (Fy; (y2) — Fyy (1))
<2M /y/n—6* <2M/VN - 5% <0 as., (B.14)

where the inequality holds almost surely because \/ﬁ(ﬁyd* (y1) — Py (yl)) <M, \/ﬁ(ﬁyd* (y2) — Fy (yg)) >



—M, and Fy:(y2) — Fy; (y1) > 52 by the definition of p(y1,y2). This implies that for n > N,

¢1(ﬁY;)(y) = sup ﬁY; (y) = sup ﬁY; (y'). (B.15)

y'<y {v' ' <y,p(y’,y) <8}
Therefore, for all y € Y and for n > N with sup,¢y |\/ﬁ(ﬁYd (y) = Fy; (y))| < M, we have that
0 < vi(6n(Fp) ) — Fr; (v))
= ﬁ(%(ﬁY;)(y) = Py« (y) — (ﬁY; (y) — Fy; (y)))

- \/ﬁ< sup (f‘yd* (¥') — Fy;(y) - (iY; (y) — Fy; (ZD)))

{y":y'<y,p(y’,y) <}

< s V(B ) - By ) - (Fry ) - Fre @)
{y"y' <y,p(y',y)<d}

< sup ‘\/ﬁ(ﬁyg(yl)—Fy;(yl)) —ﬁ(ﬁyd*(yz)—FY;(yQ))\ a.s., (B.16)
p(y1,y2)<é

where the second-to-last inequality holds because Fy:(y') < Fy;(y) for y’ <y, and the last inequality holds
because the last supremum is taken over all y; and yo such that p(y1,y2) < ¢ instead of over ¢’ such that
y' <yand p(y',y) < 0. That is, vn(é1 (Fy;)(y) — Fy; (y)) is op(1) by (B.12).

Finally, since it is true that sup,cy \/ﬁ(gbl(ﬁyd*)(y) — 1) =sup,cy ﬁ(fy; (y) — 1) = 0,(1) by Theorem
3.1 of Hsu, Lai, and Lieli (2019), we have for all y € Y,

\/ﬁ(ﬁyd* (y) — Fy; (y)) =\/ﬁ< i )(y) Fy (?/))

— — F
sup,ecy 1 (Fy;)(y)
Vi (61 Fr)o) ~ Bz ) = n B sup (i ) ~ 1) + 0,1

yey

—vi(61(Fy;)(v) = B ) +0,(1), (B.17)

where the second equality follows from a mean-valued expansion of sup,¢y ¢1(ﬁ)y; (y) around 1 and the
last equality holds because ¢; (ﬁyd*)(y) %1 and sup, ey vn(o1 (ﬁyd*)(y) —1) = 0p(1). Put together, when

conditions for (B.11), (B.12) and (B.13) hold, by (B.16) and (B.17),

P (supl (B () - Fr; )| < 2

yey

ZP< sup ‘ﬁ(ﬁY; (1) — Fyy (Z/l)) - (ﬁY; (y2) — Fy; (Z/2))‘ < 62) >1—es. O
p(y1,y2)<é
Proof of Theorem 3.1:

Given the quantile map is Hadamard differentiable, Theorem 3.1 follows immediately from Lemma 3.1 and
the functional delta method. O



Proof of Theorem 4.1:

We consider only the independent case here since the proof for the transformed case is similar to that of
Donald and Hsu (2014, Theorem 4.5). We first show that

= \/>Z ’Lgd y7 ZU*AF yu :>]:d( )

To see this, note that

'M=

Fily) = Uiok (v, Zi \ﬁz “oh (y, X7) (B.18)

i=1

+ Ui (05 (v, Zi) — 04 (y, Zi)) (B.19)

@
Il
-

- sl g
1

3
17

_|_

Ui (85 (v, X7) — i (y, X7)]. (B.20)

j=1

We now show (B.19) converges weakly to a zero process conditional on the sample path Z2 ={w € Z; : i =

2,...} with probability approaching one. That is,

Note that (B.21) is true if and only if for any subsequence k,, of n, there exists a further subsequence ¢,, of
k,, such that

14
1 = ~ a.s.
=2 Uilfie, (v, 2:) = 03 (v, Z)] =0, (B.22)
=1

where g%, (y,2) denotes the estimator at £,. By Lemma 4.1, we have sup,cy .cz 04 4. (¥, 2) — 04 (v, 2)| g
0 for any subsequence k, of n and a further subsequence ¢,, of k,. We then define 2, = {w € Z :
SUDycy .z |§5’€n (y,2)(w) — oF (y,2)| — 0} where @\ién (y, z)(w) denotes the realization at w and P(Z,,) = 1.
For any w € 2, , define

Ui .
tei(Usnylw) = 7= [@he, (v Z0)(w) — 0a (v Z0)].
Note that since we have conditioned ¢, ;(U;, y|lw) on the sample path w, the randomness comes from the U;’s
which is independent of the sample path w.
Next, we claim that the triangular array {t,, ;(U;, ylw),1 <i < £,,¢, > 1} satisfies assumptions (i)—(v)
of Theorem 10.6 in Pollard (1990). If this is the case, we can then apply the functional central limit theorem

to show:

Qdf )(OJ) - Qg(yv Z’L)] = Oa

HM“



meaning that (B.22) and (B.21) would follow accordingly. By Theorem 3.1 in Hsu (2016), it is sufficient to
check that 55% (y, Z;) satisfies (i)—(iii) of Assumption 3.2 in Hsu (2016):

(1) {@\ién (y Z;) :y € Y,1 < i < ,,4, > 1} is manageable with respect to the envelope function
{Q, (Z:) : 1 <i <ty l, > 1} in the sense of Definition 7.9 of Pollard (1990).

.. _ b A~ ~
(11) SUPy, y,ey wnl Zz 1 le (y17 Z’i)gg,én (yQa ZZ) - E[Qg(yh Z)Qg(y% Z)” £> 0.

(iii) There exists a 6 > 0 such that

1 & 1 < 1
T Z 7 07H(Z;) - 7 07 (Z) B o.

&M“

i
ly
To check (i), recall that

5 _ HDi=d} (10 <0} = e, WX0)] F . (X0)
0a,e, (Y, Zi) = = = 1=d = ’
Pe, (X)L = Pe,, (X)) [x.0,(X3)

where the subscript £,, indicates estimators at £,,. Since 1{Y; < y} for all y € ) forms a Vapnik-Chervonenkis
class of functions, it is manageable with respect to the envelope function of 1’s. In addition, due to monotonicity
ﬁyd‘Xjn (y|z) satisfies Pollard’s entropy condition as in (4.2) of Andrews (1994) with the envelope function
being M;, > 1. Next, by construction ay, = infycx pr, (x) = infyex 1 — pr, () and by, = inf,cx fX,gn (z).

Since fx*,gn (x) is uniformly bounded by, say By, , it belongs to a type II class of functions with the envelope

function being By . Taken all together, 55 . (y, Z;) is manageable with respect to a constant envelope function
Qu, = ag, by, By, (1+ My,) > 0, and hence (i) is satisfied.

To check (ii) and (iii), note that the functions involved in g% (y,z) are uniformly consistent over y € Y
and z € Z by Lemma 4.1. Tt is therefore easy to see (ii) and (iii) follow accordingly. In other words, the
triangular array {¢s, ;(U;,y|lw)} for all w € Z satisfies all requirements in Theorem 10.6 of Pollard (1990).

We then argue that conditional on the sample path w and given the randomness coming from the U;’s,

¢
1 n
U; ob 7Xi w) — r ,Xi = 0.
T ; [0, (v, Xi) (W) — 03 (y, X1)]
By a similar argument, it can be shown that (B.20) also converges weakly to a zero process conditional on
the sample path {w € X7 :j=1,2,...}. Finally, by Corollary 2.9.3 in van der Vaart and Wellner (1996), it
is true that (B.18) converges weakly to F4(y) with probability approaching one.
We are now ready to show the conditional weak convergence of the simulated process for QCTE,

vy - _[FQr) A @y )] 5, B.23)

freQyp (7)) Sy (Qy; (7))

10



Note that by Assumptions 3.3(iii) and 4.1, it follows that

sup J?Y; (QY; (7)) = fv; (QY; (7))
T€[0,1]

< sup [F Qv (7) = g @ (D] + 0w [ @ (1) = g Qs (7))
T€[0,1] 7€[0,1]

< sup |Fy; @Qy; (7)) = frg @y ()] + €+ sup [Qu; (1) = Qu; ()] = 0(1)
T€[0,1] 7€[0,1]

for some constant C. Moreover, it is also true that sup, ¢ 1 |.7-'fj((§yd* (7)) = F4 (Qy; (7))| = 0p(1) conditioning
on the sample path with probability approaching one by the equicontinuity of F}(y) and the uniform

consistency of de* (7). As a result, we have

sup f;(QY;(T)) _ ]:;(QY;(T)) |

re)| fry (Qu; (1) fri(Qy; (7))
o |[FQy ) EQue | FiQyr)  FiQuy ()
 ref0,] fY;(de*(T)) fyy (Qy+(7)) 'r€[0p1 fY*(QY;

fY;(QY;( ) — fv; QY*(T))
Py (Qy; (M) fr; (Qy (7))
sup]\fy;@y;(ﬂ)—fy;<QYJ<T>>\+c’- sup | F1(Qy; (7)) = F(Qy, (7))

refo0,1 7€[0,1] !

= C-0,(1) - 0,(1) + C"- 0,(1) = 0,(1).

"~ r€0,1] ! r€[0,1]

<C- sup |Fi(Qy, (7))

TE[O 1]

(1) fr; (Qy; (7))

where the last inequality holds by Assumption 3.3(iii) and the fact that fyd* (y) is bounded from below for all
y by the trimming method. Finally, (B.23) holds because

AY(T) =

fyy (Qy-(7)

1

HQye (1) FQue )]
* lfy*(Qy;(T)) fy;(Qy;(T))H:A(T)' -

B { [ FQyp (1) F(Qyy(7)
fi )
)

Proof of Lemma 4.1:

It suffices to check that
sup|Fy; (y) = Fr; ()| + sup | Py x(yl2) = Py x(lo)| + sup () - p(a)
yey yeY,xe€X reX

+ sup| fi (@) = fx(@)] + sup|Fi- () = fx- @) + sup| v (9) = vz ()] = 0, 1)
TEX TEX yey

(B.24)

The first term in (B.24) has already been shown by Lemma 3.1. Regarding the second and third terms in
(B.24), note that the uniform consistency of the unmodified estimators ﬁy’il x(y|z) and p(zx) are established
by Hérdle, Jansson and Serfling (1988). We then follow Lemma 4.1 of Donald and Hsu (2014) to show that
the monotonized estimator ﬁydp((y\x) is also uniformly consistent for both y and z, i.e., the second term
in (B.24) holds. For a fixed z, suppose y’ is the first point at which ﬁYd\X(ZHfE) jumps down. Then for
y € [y, 9y +¢€) where € > 0, ﬁyle(y|I) = ﬁyd|X(y/—€|fE) > ﬁyd‘x(y|x). On the other hand, fory € [y’ —¢,y,v'),
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F\yd‘x(y|x) = ﬁyd‘x(y/ — €|z). Now, focus on the case where ¢/ <y <y’ +e. If ﬁyd|X(y|x) < Fy, x (ylx),
we have Iy, x (y|r) — Fy, x (y|7r) > Fy, x (ylz) — Fy, x(y|lz) > 0. If Fy, x(y|x) > Fy,|x (y|z) and recall that
Fy, x (y|x) is nondecreasing in y, we have Fy, x(y' — €[x) — Fy,|x (' — €|z) > Fy, x (y|z) — Fy, x (y|z) > 0.
These results imply that for ¢/ <y <y’ +e¢,

(yl) = Fryx(ylo)|}-

| Prx (vle) = Py x (vl)| < max{ | Py, (v = o) = P x (v = elo),

From the above inequality and the fact that ﬁyd‘x(y\:z:) = ﬁydlx(y|$) for 0 < y < 3/, it is true that

ﬁyd|X(y|$) - Fyd|x(y|$)‘ < sup ﬁmx(y\l“) - Fyd\x(y|$)‘-

0<y<y’+e

sup
0<y<y’te

Since this inequality holds for all  and by induction for y’, we can then show that

sup | Py, x(v12) = Fropelo)| < sup |Fyx(yle) = Py x(ylo)| = op(1).
yeY,xek yeEY,xEX

For the third term in (B.24), since |a,| < 1, it follows that sup,¢ v [P(2) —p(2)| < sup,ex [P(2) —p(z)| = 0p(1).

Regarding the fourth term in (B.24), note that sup,c |Fx(z) = fx(z)] = op(1) is already established by
Jones (1993). Given the fact that b,, converges to 0 and by Assumption 3.2(ii), we have inf,cx fx(z) > b,
with probability approaching one. This implies that

sup ‘fx(x) —
z€EX

By triangular inequality we then have

sup | Fx (2) = fx (@) < sup|Fx(2) = Fx ()] + sup | Fx (@) = fx(2)] = 0p(1).
reX TEX TEX

For the other parts in (B.24), since sup,cy ,cx |le|X(y|x) — fyyx(ylz)| = 0p(1) as shown by Hyndman,
Bashtannyk and Grunwald (1996), the results regarding the fifth and the last terms follow similarly. O

Proof of Corollary 7.1:

The proof is omitted since it is similar to the proof of Lemma 3.1 by replacing 1{Y; < y}’s with Y;’s. O

12



Proof of Lemma A.1:

To see this, note that Qy p-(7]1) =inf{y € ¥V : Fyyp-(y[1) = 7} and

FY;\D*(:‘JH):/X* Fy+x- p-(y|z,1) dFx-p-(2[1)
:/XFYd|X,D(y\$>1)fX*\D*($\1)dl’
B p*(x) fx- ()
/XFY|X,D(1/|SCad)1W:1)d$

) p(z)

Sy p(@) fx-(x) da

_ p(z)
= /X Fyx,p(ylz, d)m dFy«(z),

where the second equality follows from Assumption 7.6 and the third holds since Y1 = Y if D = 1,

:/ Fy|X,D(y|.’E,d dFX*(.’IJ)
X

Fy,x,p(ylr,1) = Fy, 1x,p(y|z,0) = Fy|x,p(y|z,0) by Assumption 7.5(i), and by Bayes’ theorem. The fourth
equality is true given Assumption 7.7. Since p(z) > 0 for all z € X by Assumption 7.5(ii) and YV, X, D, and
X* are all observable, the last line is well defined and is identified. Thus, ACTT and QCTT can be identified

as well. O

Proof of Corollary A.1:

The proof follows the same line of reasoning as in Lemma 3.1 and Theorem 3.1 and so is omitted. O

C Robustness Checks

In this section, we undertake several sensitivity checks to examine the robustness of our empirical results.
First, since age is recorded in years (i.e., an integer variable) in our dataset, we then vary the bandwidths from
hg to 3hg and 6hg for d = 0,1 such that the bandwidth values are less than 1, between 1 and 2, and between
2 and 3, respectively, for both males and females. Next, we “continuize” the age variable by adding a small
random noise. To be more specific, we add a uniformly distributed random number in the range [—0.5,0.5] to
the integer-valued age to make it more continuous. The point estimates of QTEs and QCTEs under these
conditions are presented in Figure C.1. As can be seen from the figure, the estimates are virtually identical
to those reported in the main text, suggesting that our empirical results are not sensitive with respect to the

choice of bandwidth. Thus, we conclude that these robustness checks confirm our main findings.
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Figure C.1. Robustness checks.
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