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Proof of Theorem 1

Recalling the definition of Fj; and Fj;« as the joint distributions of Y when Y follows
models M and M*, respectively, denote by F; ; r and F; ; y+ the corresponding marginal

distribution of Y; ;. From Assumption 1, we have

H*(Fur, Fue) < Z H*(Fijm, Fijou) + Z H*(Fiju, Fijare)
(i.4)es (i,§)€Se
where § = supp(A), §¢ = supp(A*), and H(-, ) denotes the Hellinger distance between
two distributions. Since Fj j = Fj ja+ for any i # j which implies H*(F; jar, Fije) =
0, then H?(Fyy, Fap+) = 0.

Without lose of generality, we assume df = |f(M) — f(M*)| for some M € M with
f(M) < f(M*). For any f € &, we consider the hypothesis testing problem Hy : Y ~ M
versus Hy : Y ~ M*, and define the test function W = I{f > f(M) + d;/2}, which
means we reject Hy if ¥ = 1 and accept Hy if ¥ = 0. The testing affinity (Le Cam, 1973,

2012) is defined as

T = oiggg IEHo (¢) + ]EHl(l - ¢)a
¢-measurable

and it is the minimal sum of type I and type II errors of any test between H, and
Hy. Recall H(Fy, Fpy+) = 0 and m# > 1 — H(Fy, Fyy+), then m = 1. Notice that
Py (|f — f| = dg/2) > Pu(f > f+dg/2) = type I error and Py (|f — f| > ds/2) >
Par(f < f —d/2) =Py {f < f(M) + dy/2} = type II error. Thus max{Py(|f — f| >




ds/2),Par(|f — f| > dg/2)} > 1/2 which implies
d 1
supP<|f fl= f) 5
Since the above result holds for any f € &, the proof of Theorem 1 is complete. 0

A useful lemma

To prove Proposition 1 and Theorems 2 and 3, we need the following lemma.

Lemma 1. Let N = p(p — 1)/2, k1 = a1 — a) and ky = B(1 — B). Under Assumption
1, if Ny = p(p —1)6 — oo and Ny = p(p — 1)(1 — §) — oo, it holds that /N (i, —
Uy, Ug — Uz, Uz — ug)" —q N (0, %) with ¥ = (04;)3x3, where 011 = 0ky + (1 — §)kK1, 020 =
Ora(1/2—ko)+(1=0)k1(1/2—K1), 033 = 6 Bka(1/3—Bra)+(1—8)k1(1—a){1/3—r (1—a)},
o1 = 091 = 0ka(f — 1/2) + (1 — §)k1(1/2 — @), 013 = 031 = 0ka(5%/3 — 2Ky /3) + (1 —
Nri{(1 —a)?/3 —2k1/3} and 093 = 033 = 6Bka(1/3 — ko) + (1 = 6)(1 — @)k1(1/3 — K1).

Proof. Let S = {(¢,7) : Ai; = 1,i < j} and 8° = {(¢,7) : Ai; = 0,i < j}. By the

definition of 4 and wy (k = 1,2, 3), we have

imm= g Y V- (1-O by 3 (- a)

(w )ES (i,4)€Se
1
Uy — up = 2N > (Yiu Y, 2%2)+ﬁ ' (Vg = Yigl = 261)
(1,9)€S (3,7)€S°

iy — ug = 3N > (&= 38m) + o Z {6i; —3r(1—a)}

(i,5)eS (Z] )eSe



where & ; = I(Y; j —2Y .« +Yi; =1 or —2). It follows from Assumption 1 that

NE{(’[ALl — u1)2} = (5/‘62 + (1 - 5)/{11 =011,

NE{ (g — up)*} = 0k (% — m2> + (1= 0)ry (% - m) = 09,

NE{(it3 — us)*} = 0Bks (% — 5@) + (1 =)k (1 — a){% — k(1 — a)} = 033,

NE{(itr — u1) (i — us)} = 32 (5 - %) + (1= ) (% - a) o,

NE{(ity — 1) (it — us)} = 6 (%2 - %) . 6)/@1{ (1 _30‘)2 - %} = 013,

NE{(f1s — us)(its — uz)} = 65s (% _ @) (1= 0)(1 - )k (% - m) S

By the Lindberg-Feller Central Limit Theorem, we have Lemma 1. U

Proof of Proposition 1

Define g1(x,y,2) = (1—2)z+2(1—y) and go(z,y,2) = (1 —2)x(1—2)+2y(1 —y) for any
(z,y,2) € (0,1)3. When « is known, it holds that g;(c, 3,9) — g1 (e, 8,6) = @, — uy and
gg(&,ﬁ,g) — go(a, B,0) = Uy — ug. Since the equations ¢;(«,y, z) = uy and go(, y, 2) =
uy have the unique solution (y,z) = (8,6), and (U1, u2) = (u1,u2) + 0p(1), we have

consistency of (B, 3) By Taylor expansion, we have DQ(B—B, 5—5)T = (U1 —uq, Uy —ug)"

with
9g91(z,y,2)  9g1(2,y,2)
Do=| (8@/ - (é’ ) (S.1)
92\T,Y,z 92(Z,Y,% xu.2)=(a.B*.6*
28y 23z (z,y,2)=(a,8*,6%)

where (8*,6*) = X (8,8) + (1 — \) - (3,) for some A € (0,1). Notice that det(Dy) =
—6*(1 — a — B*)%. Since 6(1 — a — §)? > ¢ for some positive constant ¢, with the
continuity of the function (1 — a — 3)? with respect to (3,4), we know det(D,) < —c/2

with probability approaching one. Therefore, (B — 8,6 — 6)" =D MU — uy, g — ug)™.



From Lemma 1, (@i — uy, @tg — ug) = O,(N~1/2) which implies part (i) of Proposition 1.

Analogously, we have part (ii). O

Proof of Theorem 2

It follows from Lemma 1 that \/N(’[Ll — Uy, fl,g — UQ)T —d N(O, 21> where 21 = (O'Z'j)gxg
with o0;; specified in Lemma 1. We first consider the case with known a. As we have

shown in the proof of Proposition 1, (3 — 3,6 — 6)™ = D (il — uy, Gy — us)™ with

o B0~ —0) ~(1—a- )
o (1 —a — 5*)? —5*(1 — 28Y) 5

Therefore, \/N(B — 8,6 — §)" =4 N(0,%,,) with

1 Ko — K1 —K3 Ko — K1 —5(1 — 2/6)

Y= 53
s\ _5(1—28) —o ks =5

where k1 = a(l — ), ke = (1 — ) and k3 = 1 — a — . This completes part (i) of

Theorem 2. For part (ii), notice that

391(90,%2) 691 (I:y,z)

ox 0z
892(737?472) 892(377%3) (w y Z):(Oc* 8 (5*)
ox Oz e R

where (o, 6*) = A+ (a,8) + (1 = A) - (&, 0) for some A € (0,1). Then

o 41— 5) ' (l—a?) ~(1—a"— )
P A=) —a =8P g Z sy - 200) 1 — 6



Since (& — a,6 — 0)T = Dgl(ﬂl — uy, Gy — up)", then VN(& — a,6 — 0)" =4 N(0,%,5)

with
1 Ko — K1 —K3 ko — k1 —(1—0)(1—2a)
B = T =
3\ —(1-9)(1—-2a) 1= —K3 1—0
Therefore, we have part (ii). O

Proof of Theorem 3

Define g3(z,y,2) = (1 — 2)z(1 — 2)* + 2¢*(1 — y) for any (x,y,2) € (0,1)%. Recall
61(2,9,2) = (1= 2)3+ 2(1 — y) and go(w,, 2) = (1 — 2)a(1 — ) + zy(1 — y). Following
the same arguments in the proof of Proposition 1 for the consistency of (5’ , 5), we have

the consistency of (&,3,5). By Taylor expansion, we have D(& — a,B— 8,6 — Nt =

(’&1 — Uz, lALQ — U9, QA1,3 - U3)T with

991(z.y,2)  Ogi(my,2)  Og1(zy,2)

oz dy 0z
D= 9g2(z.y,2)  Oga(wy,2)  O0ga2(@y,2)
ox oy 0z ’

(z,y,2)=(a*,8*,6*)
dg3(z,y,2)  Og3(zy,z)  Igs(x,y,2)
oz dy 0z

A A

where (o, 5%,0%) = X+ (o, 3,90) + (1 = A) - (&, 5,0) for some A\ € (0,1). Notice that
det(D) = —(1—6*)8*(1—a*— %)% Since (1—6)5(1—a—pB)* > ¢ for some positive constant
¢, with the continuity of the function (1—4)d§(1—a—3)* with respect to (a, 3,d), we know
det(D) < —c¢/2 with probability approaching one. Therefore, (& — o, B— 8,0 — )T =

Dty — uy, Gy — ug, Uiz — uz)". From Lemma 1, (@l — uy, Gy — ug, i3 — uz) = O,(N~1/2)



which implies (& — o, 8 — 3,0 — 8) = O,(N~Y/2). Since

(1_26*)a*+ﬁ*2 04*—26* 1
(1=0%)(1—ar—p*)? (1=0*)(1—a*—p*)?  (1-0%)(l—a*—p*)?
D! = _ (1—2a*)B*+a*? B*—2a*+1 _ 1
5*(1705*73*)2 6*(170{*76*)2 5*(1705*73*)2 ?
_ 3(af+B)—6aB*—1 _ 3a*—38—1 . 2
(1_0[*_/3*)3 (1_04*_6*)3 (1_0[*_/3*)3

then VN (& —a, 3 — 3,6 — )" —4 N(0,3,) with

(1-28)a+p32 a—28 1 (1-2B)a+8%  (1—2a)B+a®  3k3+6af—2
(1-0)x3 (1-0)x3 (1-0)x3 (1-0)x3 5K2 K3
3, = _ (1—20)B+0?®  B—2a+1 1 b a—28 B—2a+1 3K3+65—2
5K2 5K3 5K3 (1-6)rK2 5K3 K3
3k3+6a8—2  3k3+68—2 2 1 1 2
K3 K3 K3 (1—6)rx3 53 K3

where k1 = a(l — @), ko = (1 — B), k3 = 1 — a — [, and X is specified in Lemma 1.

This completes the proof of Theorem 3. 0J

Proof of Proposition 2

Define
] k
TV(Tla'“aTk) = m Z HE{SOZ(Y;&Z%)}
V=(i1,1] i ], ) EV £=1
Since |1 —a—f| > ¢ for some positive constant ¢, the convergence rate of |Cy (74, . . ., Tk) —

Cy(T,...,7)| is the same as that of |Ty(my,...,7%) — Ty(71,...,7)|- To simplify the

notation, we write Ty(r,...,7) and Ty(r,...,7) as Ty and Ty, respectively. Let



Ge(Yi i) = pe(Yiy i) — E{@e(Yi,1,) }- Notice that

= 3 [Tt - TTstetvin)]

vey =/i=1

N ﬁ Z Z H Pr (Y;'N’)& [E{W (Y;eﬂ'ﬁz) H e

vey &t FEp=1 (=1

£1,-,€€{0,1}
- 1 d ¢ 1=¢
= 3 X I Ele i)}
§1++E=1 vey (=1
(S £€{0,1}

By Cauchy-Schwarz inequality, we have

k k 2
- 1 . -
E(1Ty -DP) < Je E{(WZHW(W;)& E{ee(Yiui)}]' £‘) }
S veret

where J;, = 2F — 1. For any given &y,...,& € {0,1}, define
: 13 1-¢
Ve 6 (v) = [[ e (Viri) " [B{ e (Vi) }]
=1
with v = (iy,4}, ..., 4, 4,) € V. Therefore,

E(|Ty — Tv|*) < Ji Zk: E{(ﬁz% ,,,,, gk(v))2}. (S.2)

et tEp=1 vev
£1,--,6,€4{0,1}

For RNy,(s) defined in (20), we adopt the convention Ry, (0) = 1. If & + -+ 4+ & = s

with 1 < s < k, without lose of generality, we assume §&; = --- =& =1and &, =+ =
& = 0. Then
1 1 s k
= Z% ..... 10,.,0(V) = = Z Go(Yiar) - H E{oe(Yii)} )
V| V|
vey vey =1 l=s+1



For any v = (i1,4), ..., i, i%) € Vand v = (iy, 1), ... ix, i}) € V, if [{{ir, 7}, ..., {is, @'} }N

{{in, 4} {833 < s, then B{tr,10...0(V)¥1,..10...0(9)} = 0. Recall that |, ¢, (v)] <
for any &;,...,& € {0,1} and v € V, where gpax = max{l —a,a,1 — 3, 5}. Thus,

2
255Ny (k — s 25slg?k Ny (k — s
H V] Z% ..... 100V } } < # ¢k = v( ) .

2
= e VI

qmax

Similarly, we know

EH%ZQ% ..... sk(V)}Q} < QSS‘qma’ﬁT(k ) (S.3)

for any &, ...,& € {0,1} such that & + - - - + & = s. Therefore, from (S.2), it holds that

k k1.1
M max Ny (k — 5) = MNV (S.4)

E(|TV_TV‘2) ‘V’ 1<s<k ‘V|

It follows from Markov inequality that

. Ny
Ty -Ty|=0 =~ |-
e ( |V|)

We complete the proof of Proposition 2. 0



Proof of Proposition 3

Notice that Ny (s)/Ry, — 0 for each 1 < s < k — 2. By the definition of ¢,(-), we have

(Vi) = (1)1~ ”Yf“, i, with Yw i = Yi, i —E(Y;, ). Then we have

Ty — Ty = Z |ZH¢Z Z”e E{SOK( Z“f)}]l Yo ( ’NVV‘)

E1+FE=1 vey (=1
£15-,6,€{0,1}

_iMZ{% i) [T E{ee (Vi 1 ( %) (S.5)

vev (£
k 1 —Tj R NV
- Z > {%,i;-HE{W(m)}] +0p( W)'
vey (£

Notice that Ry,/|V| = O,(N~1) and vV N(Cy — Cy) = (1 — a — B) "V N(T} — Ty). Then

we complete the proof of Proposition 3. U

Proof of Theorem 4

Let

{(Z - 2 F/W} HE{W(%,@Q)}DQ}.

= vey Y

Based on the Berry-Essen Theorem, we have

sup IP’{\/N(C’V—CV)S,Z}—@{%H -0, (S.6)

where ®(+) denotes the cumulative distribution function of standard normal distribution.

It holds that

i 2 Ti1 ~Ti2 o o
= > EUE S (B ¥ TT B} T B0}
J1,72=1 v,vey 0#£3j1 ]2



NotlcethatE(Y H}O/lml) {Ai, (l—a— B)+aH{l —a— A (1—@— B)} =

Var(Y; i, %1) if {zjl,zg-l} {zjz,zp} and ]E(Y;J1 ;1}/%1'25’-) = 0 if {ijl,zgl} + {zh,%é}.

J2

Z]1

For any ji,jo = 1,...,k and v = (i1,4},...,%,7,) € V, define V; ,,(v) = {v =

(11,85, .. i, 1h) €V {@2,5;»2} = {4j,,4;, }}. Then

—1)2" 1" Tie
o- 3 EUEEE S (o) [Tl 3 TIEfa()}]
J1.J2=1 vey £ VEVj, ig (V) L#£]2
Define

R |

vey E;ﬁj

Given Y = (Y, ) pxp, we have Z —4 N(0,63) with

k . 9
~2 1 _ . (1)t .
W A a g i VE ([Z o 2 Vo Il eel¥ies)

Jj=1 veyY 0£]

1 . .

where E*(-) denotes the conditional expectation given Y. Based on the Berry-Essen

Theorem, we have

sup P(ZgzlY)—Q{%H%O. (S.8)

Same as (S.7), we have

i k -1 2—Tj, —T; .
0" = Z ()|V+ Z []E ij1005 %2 i HSDZ lelz HSOE ZHZ]

j1,52=1 v,vey 72
k
<_1)2—Tj1—sz
= Z T Z Var 211 o H (7012 i ’z) Z H we (Yie,iz) ’
J1.j2=1 vey t#5 VeV 5y (V) £#72

10



where Var®(-) denotes the conditional variance given Y. It follows from (S.6) and (S.8)

that

sup‘P{\/N(é'y—C’y) <z} -P(Z<z]Y)|

In the sequel, we show |0* — 6] = 0,(N~'). To do this, we only need to show

< sup
z€R

1
AV WZ [Vaf H 0o(Yi,a) Z H W(ng,z,)]

vey e#]l VEle J2 (v) é;é]g

_#z[m NICTIED | el

vey l#£g1 VEV), o (V) LF£]2

= Op(Nil)

for any ji,jo = 1,...,k. Notice that Var*(Y;:,i,A) = Y8 —a) +a(l - B) and
E{Var* (YT )} = Var(Yj, ). Given ji, define ¢(Yi, 1) = @e(Yi,) for any € # ji,

g,y

and gojl(Y;Jl ) = Y;juiﬁl (8 —a)+a(l —3). Then
k k
S = p o 1) -0} 3 TTE(0i)

vey =1 VEVy iy (V) t#52
-k

1 -

+ W Z HE{Q@@ ieﬂ'%) }:| Z |: H SOE(Y%Z,EQ) - H E{SOZ(Y%L%) }:|
vey - \7€leij (V) U#£j2 L#j2

i 3 [Tt - T 40051
<) {H e (Vi) — 1 E{W(nggg)}}

\~’€Vj1,j2 (V) L#£3j2 (2P

= Ajy g (1) + Ay 4 (2) + Ay, 5,(3)

We will show |Aj, 5, (1)] = 0p(N7Y), [, 12 (2)] = 0,(N1) and |4y, ,(3)] = 0,(N).
11



For A; ;,(1), it holds that

k k
1 _
Aj17j2(1) - Z |_ZH ’L[ 'LZ E{()OZ i, zl)}}l szl(V)
&1+ +E,=1 V=
[SEEEEn &ke{ovl}

where ©o(Y;,) = @o(Yi,) — E{@e(Y;, )} and

Bv)= Y. JIE{e(¥y:)}

VEle,jQ (V) ]2

Same as (S.2) and (S.4), we have

E{|A; (DI} <

which implies |A;, j,(1)] = O,(N~32) = 0,(N~1). Notice that if v € V}, ;,(v), then

v € Vj,;, (V). We can reformulate A, ;,(2) as

k
85 = 5 2 [ T eetig) - TTElei))] ¥ [[TEte)].
vev L t#ja vev,, ;, () b=t

Following the same arguments to bound E{|A;, ;,(1)[*}, we have |A;, ;,(2)| = 0,(N71).

For Aj, ,(3), we can reformulate it as

k k—1

Ajl,jQ (3) = Z Z

551+ €+El{c L&+ +£72 1+€32+1+ =1
,,,,, €
Loeeask €1r 1€y —1:€jg 1 €{0,1}

5 32 (T e wm”f)
< X (o) Batia) ™).



By Cauchy-Schwarz inequality, we have

{‘WVGV(HW ) [ w)}]l‘g")
< ¥ (Mot EBlat)n'™)

VEV),jp (V) #j2
< e & (T [E{mwwf
(X M) Blatian ™) |

veV VeV j, (V) (#]2

)

Notice that ¢, (YW%) is bounded, then

{55 3 (T i et wm“@)
< ¥ (M) B0

VEV) 5o (V) L2

<pp (X Tati E{sow)}r—&f}.

vev VEV) j (v) (52

)

Same as (S.3), we have
2

E{( > L) Bfed Wl)}]l_&) }SCNVNV(k—z),

VEV), o (V) £#£]2

13



which implies

| 3 (1050 v ) ff)
< X (atia) Bt ™)

VGleJ‘? (v) ]2

ORYRy (k — 2) N2, .
<—p ~\pp) "W

)

Then |Aj, ;,(3)] = 0,(N~1). We complete the proof of Theorem 4. O

Proof of Proposition 4

To simplify the notation, we write Ty(’]‘l, Ce s TR), Tv(ﬁ, ooy e) and Ty (1, ..., Tk) as Ty,
Ty and Ty, respectively. For given 74,..., 7, € {0,1}, we define ¢y(z) = (z — @)™(1 —
B — )™ for x € {0,1}. Recall that

|ZH90€ ”ZZ .

vey (=1

As we have shown in Proposition 2 that [T}, — Tyy| = O,(N~/2). To show |T}, — Ty| =
O,(N~12), we only need to prove |T}, — Ty| = O,(N~/?).
For each v € V, we have the following identity
k

k k k
[[e: i) —[Teein) = > TT{0(is) — e (Vi) F{oe(Vir) }
=1

=1 1t =1 (=1
£1,..,6,€{0,1}

Recall that @f(Y;ez ) 905(}/;471'2) = (a _ 6&)7—[(5 _ B)l—’re and Y;biz c {0’ 1} Let T =

14



max{|@ — af, |6 — B|}. Notice that 1.y = O,(N~'/2). Then

k

< )
€1+ tEp=1
E15e0s £L€{0,1}
k
E €1+ +Ek
InaX C maX’

1+ +E=1
£1,-.,6,€{0,1}

(1= a1 — 1)

=

k
H ” Ze

&~
Il E
HE

Pe (}/ig,ilz)

~
Il

1

IN

which implies that | — Ty| < S°b_ Ol = O,(N~1/2),

Recall that & — a = O,(N~Y?), 3 — 8 = O,(N~?) and Ty — Ty = O,(N-V/2). It
p p

Il'l ax

holds that

VRGO = e
_ VNI -T) | FDWN(@G—a) , KTyV/N( - B)
I—a—-pFF " (1—a—-pBFL " (1-a-—p[)k+!
_ VNI -B) | kCoWN(@—a)  kCWN(B-B) |
(1—a—p)* l—a—p l—a—p

+ O,(N71/2)

0,(N72).

(S.9)

In the sequel, we will specify the leading term of v N (TV — Ty). Notice that VN (T v —
Ty) = \/N(TV - Ty) + \/N(Ty - Ty) Recall that

V_ V ‘V’ZHSOE wz[ |V’ZH<10€ wz,

vey (=1 vey (=1

|V| Z Z H{QOZ ZNZ 906( Z“z)} {gpe( Z“z)}l 511

vey £1+ =1 f=1
£15-,6€{0,1}

15



Since @Z(Yie,z”e) — @g(Yil,iz) =(a—a)* (B — 5)1*74, we have that

k k
« ~ ~ ; 1 _
Ty — Ty = Z (o — &)E?:l o€y (B — 5)2221(1—74)547 Z H {SOZ (Yn»,ig) }1 e .
&1 4-4E=1 | | vey (=1
€16, €10,1}

If 20 & > 2, then
(00— @)>im 7 (5 — G T 7% = O, (N ).

for any &, &k, 71, ..., 7 € {0, 1}, Due to [pe(Yi, )| < max{1l — a,a,1 — 3, 3}, then

TV - TV
k
= Y (e @Th(g - HERE ST {en(Yig) ) + 0V
&t FEg=1 |V| vey (=1
IS £€{0,1}
k
- 1
=D (a=aP(B -5y [[ee(Vii) + 0N
j=1 | | VEV (£]

Similar to (S.4), we have

1 = evi) ~ g SR} = 0 57)

VEV (] VEV (]

for any j =1,..., k. Since Ry,/|V| < N7!, it holds that

Ty —Ty= (a—a)7(5- B)“ﬁ D ITE{ee(Yiy)} + O (N 7).

j=1 veY #£j

16



As we have shown in (S.5),
k

Ty —Ty = Z (_T))}1| Z{ i, HE{QOZ ie,iy } +Op(N_1/2)'

j=1 vey L#£j

Thus, it follows from (S.9) that

VRCy=03) = = S CR S [ Tt}

vey s

(l—a— kZ\/_a_an(ﬁ BT |ZHE{W Wé

veY (#£j
kC’ — kC —
V\/_(a Q{) + V\/_(B ﬂ) —|—Op(1)
l—a—-p l—a—-p
We complete the proof of Proposition 4. O

Proof of Theorem 5

Recall that @, —u; = (2N)™' 37, f/i,j, Ug—uy = (4N)"1 37 Amii—E(ni )} and d3—ug =
(6N) 130246, —E (&)} withmiy = |V 5.~ Yijland & j = I(Yi e —2YijutYi; = Lor—
2). Let n;; = n;; —E(n;;) and {,] =& ;—E(&,;). Define k1 = a(l—a) and ko = B(1—7).
Due to {(Yi;, Yij«, Yi ) ic; ave independent, and V;; =Y, Vi, =Y. and Y j o =
Y i s, thus ]E(Y;1 WY, 1) = Asy o+ (1—Ag 4 )R 3 {s1, 1} = {s2,t2}, E(Y;l tlY;Q t,) =0
if {s1,t1} # {59, t2}, B(Y,, 1 Msots) = Ayt k2(28 — 1)+ (1 — Agy 1) k1 (1 — 2a) if {s1,81} =
{s2,t2}, E(}/;1,t1ﬁ52,t2) = 0 if {s1,t1} # {s2,t2}, E( 51, t1552 t2) = As nk2(8% — 2K2) +
(1 — As k{1 — a)? = 2k} if {s1,01} = {s0,ta} and E(Ys, 1,€spra) = 0 if {51,t1} #
{54, 12}. Notice that vV N{Cy(r1,...,7)=Cy(t1, ..., 76)} = Sp(71, ..., 7))+ (11, - - -, 70)
with Zy(71,...,7%) = Dan(T1,..., )V N(G@ — @) + Bgy(m,. .. ,Tk)\/N(B — ). The
asymptotic variances of Sy(7y,...,7;) has been specified in (22) and the asymptotic

variance of Zy(7y,...,7;) can be obtained via Theorems 2 and 3. Here we only need to
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specify Cov{Sy(r1,...,7%),Zy(m1,...,7k)}. Due to Zy(m,...,7) is a linear combination
of VN (& — a) and \/N(B — B), and the leading terms of & — o and B — 3 are both linear
combinations of 4, — uy, Us — us and Uz — ug, then the leading term of =y (1, ..., 7%)
is also a linear combination of 4, — uq, Uy — uy and u3z — ug. We first calculate a more
general result Cov{Sy(r,..., k), xlm(ﬁl —uy) +$2\/N(ﬁ2 —Usg) —i—:cg,\/N(&g —ug)} for
any (z1,Tq,13) € R3.

Notice that

COV{SV Ty ooy Tk ) Il\/ﬁ(ﬂl — u1> -+ .TQ\/N(’&Q — UQ) + $3\/N(ﬂ3 — Ug)}

1 Tj .
=G Z > D BV Yee) [TE{e (Vi) }
veV s#tL L#£j
1 T
+ 1—a— kz ZZE ij5t /775t HE{SOK Z”e
veY s#t b#£j
1 T .
M Z > E(Viaéa) [TE{ee(YViui) }
vEY s#t 0+
_ {[Ifl(lﬁg — /‘il) i xg{@(?ﬁ — 1) — /il(l — 204)} (S]_O)
l-a-p 20 —a—p)
N w3[ka (% — 2K2) — k1 {(1 — @)? — 2k, }] }
3(1—a—p)

k
1 T
X E JCV Tl,...,ijl,l,TjdH,...,Tk)

—

Tk ok (1 —2a) w3k {(1 — @)? — 2k}
e +2<1—a—ﬁ>k T s —a - By }

Xi ZHE{SOZ W%

j=1 veV l#£j

<.

If o is known, we have & = o and 8 = 3. Then Ev(Ti, . Tk) = Agy(T, ... ,Tk)\/N(B—
B). As we have shown in the proof of Theorem 2, B—pB= 9.1 (U —uy) + gp2(te — ug) +

0,(N7Y/2). With selecting 1 = g1 85v(T1, -, Th)s T2 = gp2lsy(T1, ..., %) and z3 = 0
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in (S.10), we then have part (i).

If 3 is known, we have @ = & and 3 = 3. Then Ev(r, ey ) = Ap (T, - - Te) VN (G—
a). As we have shown in the proof of Theorem 2, & — & = g1 (U1 — 1) + Ga2(t2 — us2) +
0,(N~V/%). With selecting 21 = go.18av(T1, -+, T); T2 = Ja2lay (71, ..., ) and 23 = 0
in (S.10), we then have part (ii).

If & and 8 are unknown, we have @ = & and 8 = (. Then (T, .., TE) =
Aay(T1, .., )VN(@—a)+Dgy(ri, ..., )V N (B3 —B). As we have shown in the proof
of Theorem 3, & — & = go1( — 1) + Gaz(ls — Us) + gas(ls — uz) + 0,( N7H/2) and
B =B = gs1(iy — ur) + gsa(lly — us) + gps(lis — us) + 0,(N~1/2). With selecting 1 =
Gan1 Doy (1, o Tk) + 98188 0(T1s - k), T2 = Ga2Day(T1, -y Tk) + 95288 v(T1, .o, Tk)

and 3 = ga 30y (71, .., k) + 983881(71, ..., 7)) in (S.10), we then have part (iii). O
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