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APPENDIX TO Non-bifurcating phylogenetic tree inference via the adaptive LASSO

7.1. Lemmas. Here we perform further theoretical development to establish the
main theorems. We remind the reader that we will continue to assume Assump-
tions 2.1 and 2.2. The following lemma allows gives a lower bound on the fraction
of sites with state assignments in a given set. It will prove useful to obtain an upper
bound on the likelihood.

Lemma 7.1. For any non-empty set A of single-site state assignments to the leaves,
we define

ka= ‘{Z Yl e A}‘
There exist c3 > 0,c4(5,n) > 0 such that for all k, we have

kA Cq
A>ep—— VA
L = C3 \/E 75@

with probability at least 1 — 9.

Proof of Lemma 7.1. Since the tree distance between any pairs of leaves of the true
tree is strictly positive, there exists c¢3 > 0 such that Py«(¢) > c3 for all state
assignments 1.

Using Hoeffding’s inequality, for any state assignment 1, we have

P[WP (¥)

k -
P {EI@/J such that

> t] < 92kt

‘We deduce that

k
% - Pq*(d))’ > t] < 2¢7 2kt 4N,

For any given § > 0, by choosing

ca(6,N) = \/10g(1/5) + (;N +1)log 2

and t = ¢4(8, N)/Vk we have
k{w} 04(5a N)
& P ()| < T Vi

with probability at least 1 — §. This proves the Lemma.

Lemma 7.2 (Generalization bound). There exists a constant C(5,n,Q,n, go, 1t) >
0 such that for any k > 3, § > 0, we have:

log k 1/2
i ) Vg € T(u)

1
zh(@) - ¢(Q)’ <C (
with probability greater than 1 — 4.

Proof. Note that for ¢ € T(p), 0 > log P,(v)) > —p for all state assignments . By
Hoeffding’s inequality,

1 v2k

P ||t - 00| 2 wi2| < 20 (-L3).

For each ¢ € T (u), k > 0, and y > 0, define the events

Ak = { 1@ - o] > ur2
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and

1
Bla. k) = {30 € T such that '~ gl < 2 and | 16u(0) — 0(0)| >

then B(q,k,y) C A(q, k,y) by the triangle inequality, (3.3), and (3.4). Let

_ |Clogk
Y=V 7%

Since T (u) is a subset of R2YV =3 there exist Con_3 > 1 and a finite set H C T (1)
such that

T(w) C U V(ge) and  |H| < Coy_z/e*N 73
qeEH

where € = y/(4cq), V(q,€) denotes the open ball centered at ¢ with radius €, and
|#| denotes the cardinality of . By a simple union bound, we have

P3 et |tuta) — 0(0) > v/2] < 2exp (~L8) Can_a f2¥
k - 212 B

Using the fact that B(q, k,y) C A(q, k,y) for all ¢ € H, we deduce
2

yk 2N-3
2M2> CQN_g/E .

To complete the proof, we need to chose C' in such a way that

2N-3
C 4\/%9002 % 2€Xp _C’logk
N3 VClogk 2

Since £ > 3 and C > 1, the inequality is valid if

P {Eq cT(p): Hék(q) —aﬁ(q)‘ > y] < 2exp <—

2N-3 _ _C

Con—s(4goca)®N P x2k™7 "22 < §

and can be obtained if
2N — 3 B i
2 212

In other words, we need to choose C such that

2N-3 C

<0, and Con_3 (49002)2]\[73 xX2-3 2 22 < ).

C > 2> <log(1/5) +log Con—3 + (2N — 3) 10g(4\/§g(302)) :
This completes the proof. O
7.2. Proofs of main theorems.

Proof of Theorem 3.10. By definition of the estimator, we have
1 1 * *
=20 (a ) + MR (B T) < =2 (q") + MeBi(g7)

which is equivalent to Uy (g% %) < A\ Ri(q*) — M\p Ri (g™ T*).

We have ¢¥f € T (u) with probability at least 1 — 26 from Lemma 3.9 for k
sufficiently large. Therefore by Lemma 3.6,
1
k

Clogk
k2/8

1
E[Uk(¢"™)] < - or  SE[Ug"™)] < Un(d"™) +
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with probability at least 1 — 35. The second case implies that

ﬁ k,Rk _ * 5 < EEU k,Rk
2||q QH2_2 [Uk(g™")]

Clogk _Clogk

< MeRi(q%) — M Ri(¢™) + w28 = qas T MRk (q")
while for the first case, we have
B
c . 1 Clogk .
Sl = 7ll; < EUR(g™)] < < =575 + ARi(g")
since 5 > 2 and C > 1. This demonstrates (3.7).
If the additional assumption (3.6) is satisfied, we also have
« C'logk .
g™ —g* |5 < s T CAkllg™ ™ — g*l2.
Using Lemma 3.7 with
/
_ kR _ k(B _ _ C'logk
v=1/8, w=lg"™ -qlly, a=Ch and b= —5r,
we obtain
xr < Clal/(l_y) + Csb,
which implies
. * log k -1
I =1 < 06,00 (b + 30
This completes the proof. O

Proof of Theorem 3.11. We first note that by Theorem 3.10, the estimator ¢*% is
consistent, which guarantees limy_,~, ¢*f* = ¢* almost surely. Thus

li *) = li el :
Jim Si(g) = lim Y (g)' 7 < oo
q; #0
The hypotheses of this theorem imply that Ay — 0 and thus by Theorem 3.10, we
also deduce that ¢ is also a consistent estimator. This validates (i).
To establish topological consistency under (ii), we divide the proof into two steps.

As the first step, we prove that lim; P(A(q*) C A(¢"%)) = 1. If ¢}, = 0 for some
19, then from Theorem 3.10, we have

| L \B
gt < C'(0) ( LY ”) Wk

k2/8
with probability at least 1 — . By the definition of wy, ;,, we have

, . _ (logk  pisn)) "
khm QpWk iy > khm a(C'(6)) (kz/ﬁ Ak

—/B
log k _ _
SV T _osnr B/y\B/(B-1)
(©@)™ Jim, (agmkw TN )
which goes to infinity since by the hypotheses of the Theorem

8 log k 8 B/(B—1
ak/7> 2/8 and ak/7>)\k/( ).
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Since 6 > 0 is arbitrary, we deduce that limy_,o, agwg, = oo with probability
one.

Now for any branch length vector ¢, we define f(g) as the vector obtained from
q by setting the i component of ¢ to 0. By definition of the estimator ¢S
have

, we

1 1
_Eek(qk’Sk) + ag Z Wk i qf’sk < —%ﬁk(f(qhsk)) + ag Zwk,i[f(qk’s’“)]i

(2 2
or equivalently

().

Lemma 3.8 establishes that there exist, u* > 0 and a neighborhood V of ¢* in T
such that V' C T(u*). Since the estimator ¢"°* is consistent and q;, = 0, we can
assume that both ¢%°* and f(¢***) belong to T (u*) with k large enough. Thus,
from Lemma 3.5, we have

1 1

H(@5) = L (@) < eallg = Fg5) 2 = caqly™.

1
k.S
W iodi, " < 7" =

If qu’s"” > 0, we deduce that akzu?io is bounded from above by co, which is a
k

contradiction. This implies that g;’

limP(A(g") € A(¢"™)) = 1.

= 0, and we conclude that

As the second step, we prove that limg P(A(¢"*) C A(¢*)) = 1. Indeed, the
consistency of ¢®°* guarantees that

lim q

k‘,S}C — q*
k—o0

almost surely. Therefore, if ¢; > 0 for some g, then qfo’s’“

In other words, we have limy, P(A(¢"°*) C A(¢*)) = 1.
Combing step 1 and step 2, we deduce that the adaptive estimator is topologically

consistent. (]

> 0 for k large enough.

Proof of Lemma 3.12. Since ¢*°* is topologically consistent and ¢*/** is consistent,
we have

Al ) = Alq")  and g >q/2 Vig Alg)
with probability one for sufficiently large k. Defining b = min;g 4(4+) g;, we have

1Sk (0"%) = Si(g")| = | Y weilgd™ — )| < V2N =3 (/277 [l¢"% — ¢*|»
q; #0

via Cauchy-Schwarz which completes the proof. O

Proof of Theorem 3.13. We note that for the LASSO estimator, RECO] (¢*) =>4
is uniformly bounded from above. Hence, the LASSO estimator is consistent. We
can then use this as the base case to prove, by induction, that adaptive LASSO
and the multiple-step LASSO are consistent via Theorem 3.11 (part (i)). Moreover,
RLO] is uniformly Lipschitz and satisfies (3.6), so using part (ii) of Theorem 3.11,
we deduce that adaptive LASSO (i.e., the estimator with penalty function R,[j]) is
topologically consistent.
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We will prove that the multiple-step LASSOs are topologically consistent by
induction. Assume that ¢*B%" is topologically consistent, and that ¢*Br" " is
consistent. From Lemma 3.12, we deduce that there exists C' > 0 independent of k
such that

(7.1) R (1) = Ry (") k.

[m]
<C Hq’“’R’v —q

2

This enables us to use part (ii) of Theorem 3.11 to conclude that qk’RLMH] is topo-
logically consistent. This inductive argument proves part (i) of the Theorem. We
can now use (7.1) and Theorem 3.10 to derive the convergence rate of the estima-
tors. g

7.3. Technical proofs.

Lemma 2.3. If the penalty Ry, is continuous on T, then for A > 0 and observed
sequences Y*, there exists a g € T minimizing

1
Zxxr(a) = =7 be(q) + ARk()-
Proof of Lemma 2.3. Let {¢"} be a sequence such that

Zyyr(q") = vi= ifqlf Zyy+(q).

We note that since £ (¢*) # —oo and Ry is continuous on the compact set T, v is
finite. Since 7 is compact, we deduce that a subsequence {¢™} converges to some
q° € T Since the log likelihood (defined on 7 with values in the extended real line
[—00,0]) and the penalty Ry are continuous, we deduce that ¢° is a minimizer of
Zyyk- O

Lemma 3.5. For any p > 0, there exists a constant co(N,Q,n, go, ) > 0 such
that

(33) Hrla) = 10ld)| < clla = o'l
and
(3.4) [¢(q) — d(d)| < c2llg — |2

for all q,q' € T(p).

Proof of Lemma 3.5. Using the same arguments as in the proof of Lemma 4.2 of
Dinh et al. (2018), we have

< 4™

’an(¢)

94
for any state assignment 1 where ¢ is the element of largest magnitude in the rate
matrix Q). By the Mean Value Theorem, we have

|log Py(¢) —log Py (¢)] < c2V2N =3llg = ¢l Vg.¢' ¢

where ¢y 1= ¢4" /e #, and ||-||2 is the f3-distance in R?¥ =3, This implies both (3.3)
and (3.4). O
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Lemma 3.6. Let Gy be the set of all branch length vectors q € T(u) such that
E[Uk(q)] > 1/k. Let B > 2 be the constant in Lemma 3.3. For any § > 0 and
previously specified variables there exists C(d, N, Q,n, go, v, 3) > 1 (independent of
k) such that for any k > 3, we have:

Clogk

7]52/5 Vq € Gy,

1
Ui(a) > SEIUx(0)] -
with probability greater than 1 — 6.
Proof of Lemma 3.6. The difference of average likelihoods Ui (g) is bounded by
Lemma 3.5 and the boundedness assumption on 7, thus by Hoeffding’s inequality

PUk(g) —E[Uk(g)] < -yl <e p( 27k )
k - k >~ — S ex G YT .
cslla— a2
By choosing y = 1E [Uk(g)] + t/2, we have y? > tE [Ux(q)]. For any q € Gy, we
deduce using (3.5) (and the fact that § > 2) that

2c%tkIE[Uk(q)]> < exp (_ 2c%tk2/6> |

 EE[U(q)]?/?

P |Ukla) < 5B @] - 0/2] < exp (
For each g € Gy, define the events
Aak.t) = {0 - SE )] < /2]
and
Bg,k,t) = {aq' € G sl that ¢ — gl < 7 and Uula') — 3E [U4(a')] < t}

then B(q,k,t) C A(q, k,t) by the triangle inequality, (3.3), and (3.4). Let

~ Clogk
T k2/8
To obtain a union bound and complete the proof, we need to chose C in such a way
that N5
4k2/8 gy ey B 2¢2C log k
Con_3 | ———— 2 AR ) <6
2N 3( Clogk ) X exp( c% ) hS
where Cs_3 is defined as in the proof of Lemma 7.2. This can be done by choosing
4 2
C> 5022 (10g(1/5) +log Con—_3 + (2N — 3)log(4 - 32/69002)) .
1

O

Lemma 3.8. There exist p* > 0 and an open neighborhood V' of ¢* in T such that
VCT(p").

Proof of Lemma 3.8. Let
ut=-2 md'}n log Py- (¢)

then we have log Py- (¢) > —p* for all state assignments .

For a fixed value of ¢, log P,(¢) is a continuous function of ¢ around ¢*. Hence,
there exists an neighborhood V, of ¢* such that Vj, is open in 7 and log P, (v)) >
—p*. Let V =Ny V. Because the set of all possible labels v of the leaves is finite,
V is open in T and

log Py(¢) > —p*  Vp,Vg e V.
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In other words, we have V' C T (u*). O

Lemma 3.9. If the sequence {\.Ri(q*)} is bounded, then for any § > 0, there
exist ju(8) > 0 and K(5) > 0 such that for all k > K, ¢®F+ € T (u) with probability
at least 1 — 24.

Proof of Lemma 3.9. We first assume that u > p*, where p* is defined in Lemma 3.8.
Thus, we have ¢* € T (u*) C T (u). By definition, we have

1 1
—#k(qk’Rk) + ARy (¢ ) < —#k(q*) + M Ri(q")

which implies via Lemma 7.2 that

N log k . 1
(7.2) o(q") — 0(5)% + ARy (¢ 1) = MRy (%) < %fk(qk’R’“)
with probability at least 1 — §.
Let ¢3 and ¢4(d, N) be as in Lemma 7.1, and assume that k& is large enough such
that
log k
(7.3) c3 — (6, N)% > 0.

Denoting the upper bound of {\;Rx(q*)} by U, we define
log k ‘1< log k )
= -2 —c4(6, N Y —=C(d U |),pu* .
p maX{ <03 ca( )\/E> o(q") ()\/E 1

If we assume that ¢"f & T(u), then the set I = {¢ : log Ppi.r, (¢) < —p} is
non-empty. Using Lemma 7.1, we have

1 kR 1 kr log k
(T4)  Ll(g™™) < Eyzellog Py (Yi) < —p- 2 < —pi- (Cs a2
with probability at least 1 — 4.
Combining equations (7.2) and (7.4), and using the fact that {\pRi(¢*)} is

bounded by U, we obtain
6(q) — C(0)BE <y <03 —ea(s N)logk> .
vk N O Vk
This contradicts the choice of p for k large enough such that (7.3) holds.
We deduce that ¢®f* € T (u) with probability at least 1 — 26. (I

7.4. More experimental results. Here we present additional experimental re-
sults for the case of v > 1.
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F1GURE S1. Topological consistency comparison of different phy-
logenetic LASSO procedures on simulation 2. v = 1.01.
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FI1GURE S2. Topological consistency comparison of different phy-
logenetic LASSO procedures on simulation 2. v = 1.1.
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F1cURE S3. Box plot showing performance of multistep adaptive
phylogenetic LASSO and rjMCMC at detecting short branches.
v=1.1



