Appendix 1: Derivation of the matching priors for a in Theorem 2.1

In finding the matching priors for «, we consider the orthogonal parameterization on

nuisance parameters as follows. Let
0, =, 0y = (;5042(2 + a)’% and 03 = ﬁa%(Q + oz)’%.

With this parametrization, the likelihood function of parameters (6;, 05, 63) for the model is
given by
0;%(01 + 1)(2 4 61)6:05

L(01,02,03) 0.8 3 ) ) at2:
(1+93912(2+91)m+929 2(240,)z )

(1)

Based on (1), the Fisher information matrix is given by

4+660143067
9%(1+91)12(2+101)2 0 0
_ 146 1
1(01,05,05) = 0 G Gens | 2)
0 1 1461

- (3+61)0203 (3+91)9§
From the above Fisher information matrix I, 6, is orthogonal to (6s,63) in the sense of
Cox and Reid(1987). Following Tibshirani(1989), the class of first order probability matching

prior is characterized by
7 (0, 05, 05) o (4+ 601 + 362)20;7 (1 + 0,) (2 + 0;) "' d(6, 6), (3)

where d(0,,03) > 0 is an arbitrary function differentiable in its arguments. The class of prior
given in (3) can be narrowed down to the second order probability matching priors as given
in Mukerjee and Ghosh (1997). A second order probability matching prior is of the form
(3), and also d must satisfy an additional differential equation (2.10) of Mukerjee and Ghosh
(1997),
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where the inverse matrix of Fisher information matrix I"* = (I*)3,3. Then

dlogL\* 2(32 4 1166, + 14462 + 8163 + 186%)
L17171 =F = - 3 3 3 ) (5)
06, 03(14601)3(2461)3(4 + 61)

I [83 long - 3 (©)

He 96200y | 0,2+ 61)(3+6,)(4+6,)0,

92 log L 3
Lyj3=F = — . 7
1 {aagaeg} 01(2+61)(3+01)(4 + 6,)65 0
and
722 — (1+ 91)(3 + 91)9% 723 — (3 + 01)6:05 733 — (1+ 91)(3 + 91)9§ (8)
0(2+0,) 0.2+ 6,) 0.2+6,)

Thus from (5), ---, (8) and Fisher information matrix (2), the differential equation (4)

simplifies to

01(4+01)(4+ 601 +303)2 0 [ 32+ 1166, + 14463 + 8103 + 180}
9(1+61) 90, (4 + 6,)(4 + 60, + 362)%

) )
(02, 05) "~ {02d (0, 05)} + (03, 03) "~ {03d(02,05)} = 0. 9)
90, 90,

Note that the first left in the differential equation (9) is the function of 6, only, and the
second and third right part in the differential equation (9) are the functions of 6, and 65
only. Thus, there can be no solution to the differential equation (9) unless the d is the
functions of all 81, 3 and 3. Therefore the second order matching prior does not exist.

We may note that the first order matching prior (3) in the original parametrization
(@, 6,8) is given by

(4 + 6 + 3a%)2a?
1+ )2+ )

1

Tm(Q, B, ¢) x <¢a%(2+a)_%,6a%(2~l—a)_5> ) (10)

Appendix 2: Derivation of the matching priors for # in Theorem 2.1

In this appendix, we want to derive the matching priors for 5. Then we consider the

following orthogonal reparametrization.
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Then the Jacobian matrix of this transformation is

a(917 92; 93)
a(/B’ a? QS)
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510 € T a(2ta)? e o f 0

And its determinant is

(4 + 12c0 + 140 4 603 + a4) 243
e a(l+a) /8
a2+ a)?

Then the inverse of the expected Fisher information matrix can be written as

(0, 00,05) = <M) (B 6) (M)

(B, 9) (B, a,9)
(14+a)(3+a)w: () B?
a(24a)(4+6a+3a?) 0 ) 0
wo 2 _2(2+6a+3a ) w1 (a 243«
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where

wi(a) = 4+ 12a+ 140 + 60° + o,

wy(a) = 4+ 120+ 260* + 34a® + 24a* + 8a” + .

Therefore from (12), the Fisher information matrix is given by

a(24a)(4+6a+3a?) 0 0
(I40) (3+a)w (a) 32 )
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where
ws(a) = 12 +40a + 54a” + 320° + 9a* + .

Since 6, is orthogonal to 6, and 63, the class of first order probability matching prior is given
by

a2+ a)(4 + 6a + 3a?) 3
(1+ )3+ a)wi(a)
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where d(6s,65) > 0 is an arbitrary function differentiable in its argument.
In the original parametrization (3, o, ¢), we may also note that the matching prior (14)
is given by
(44 6a 4 302)2 (4 + 120 + 1402 + 603 + a2
az(l+a)3(2+a):(3+ a)

. (3(2
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2+«
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Appendix 3: Derivation of the matching priors for ¢ in Theorem 2.1

We develop the matching priors for ¢ in this appendix. Then we consider the following

orthogonal reparametrization.

24604302

1 2 _ _24+6a+3a”_
(—+OZ)€ a(2+a)¢ and 93 — (2 + Oé)e a(2+3a+&2)ﬂ'

(0%
0 — & 0, —
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Then the Jacobian matrix of this transformation is

8<91a92793)
(¢, a, B)
1 0 0
a(l+a) — = (4+1204+140%+60°+at) ——2—
— allba) o~ oo e e ara) ¢ 0 (16)

302 24604302
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And its determinant is
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Then the inverse of the expected Fisher information matrix can be written as
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where

wi(a) = 4+ 120+ 14a® + 60° + o,

wy(a) = 4+ 120+ 260° 4 340® + 240 + 8a° + .

Therefore from (17), the Fisher information matrix is given by

a(24a)(4+6a+3a?)
(1+a)(B3+a)wi (a)p? 0 0
a)(24+a 2+3a
1(61,0,,03) = 0 e e e eatie |, (18)
1 24+3a 14 2(2+6a+302)
- = _  pa(l+a __ld+a S a(2+3a+a2
0 aGriaranap " GrererapEt Tt
where
ws(a) = 12 +40a + 54a” + 320° + 9a* + o’

Thus 6, is orthogonal to 6, and 3. Then the class of first order probability matching prior

is characterized by

a2+ a)(4+6a+30)]
(14 a)(3 + a)wi(a) ¢ d(02,05), (19)

where d(f2,63) > 0 is an arbitrary function differentiable in its argument.

7-‘_m(ela 627 93) X

We may note that the matching prior (19) in the original parametrization (¢, «, 3) is
given by
(44 60 + 302)2 (4 + 120 + 1402 + 603 + at)2
a2(1+a) (2+a) (3+a)

3
_ 243a ( ) _ _2+6a+3a?
x e ad (SR, (2 4+ a)e e (20)

ﬂ-m((b? «, 5)

Appendix 4: Proof of Theorem 3.1

We compute the Fisher information matrix and the inverse matrix of the Fisher infor-
mation matrix required to derive reference priors. From the likelihood (77?), the Fisher

information matrix is given by

14+2a+2a2 1 1
a?(1+a)? (2+a)B (2+a)¢
_ 1 1t+a _ 1
UCHER) 2+a)8 (3+a)p? B+a)Be |- 21
1 . 1 1+a
2ra)d (B+a)Be  (3+a)¢?



and so its inverse matrix is given by

a2(1+a)2(2+a)2 . a(1+a)2(2+a)(3+a),3 . a(1+a)2(2+a)(3+a)¢
4460432 4+-6a+3a2 4+-6a+3a2
-1 — a(l+a)?(2+a)(3+a)B (1+0) (3+a)w (o) B B+)ws(a)Be
I (O./, ﬁ’ ¢) - B 44+-6a+3a? a(2+a)(4+6a1+3a2) a(2+a)(4ﬁ6a+3a2) ’ (22)
 a(l+a)2(2+a)(3+a)é (3+a)wa(e)B6 (1) (B+a)wi (a) 82
4+6a+3a? a(2+a)(4+6a+3a?) a(2+a)(4+6a+3a?)

where w; (o) = 4 + 12a + 14a? + 60 + ot and wy(a) = 4 + 120 + 200” + 170 + Ta* + ab.

In this appdendix, we consider the grouping orders {a, (8, 9)}, {(8, ), a}, {(«, B), ¢},
{(a, 0), B}, {a, 5,0} and {a, ¢, 5} in development of the reference priors for . First, we
derive the two group reference prior for the parameter grouping {«, (5, ¢)}.

The compact subsets were taken to be Cartesian products of sets of the form

o € [&1,b1],ﬁ € [(ZQ,bQ],¢ € [&3,b3]. (23)

In the limit a;,¢ = 1,2,3 will tend to 0, and b;,2 = 1,2,3 will tend to co. From the Fisher

information (21), we obtain determinant of the Fisher information (21) as follows.

4+ 6a + 302
1 = . 24
1P ol = Sarare+aG+aree 24
Also determinant of the Fisher information I5(/3, ¢) is given by
a2+ a)
I _— 2
| 2(67¢)| (3+Oé)252¢2 ( 5)
Thus we have
I(a, 3, 4+ 6 + 30 a2+«

(3 + a)?%¢*

Here, and below, a subscripted () denotes a function that is constant and does not depend

L(3,9)] 21+ a)?(2+a)?

on any parameters but any () may depend on the ranges of the parameters.

Step 1. Note that

b3 ba b3 ba 2+ 2+ %
// o' dpidg = // [3+ g(b] dﬁdqj:ﬁ:gwjﬂ o

It follows that

™y (8, pla) = QAT
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Step 2. We have

ba b2 4+ 6a + 302
l _ l
Boghin.o} = [ [ lon (st ) misoladado

. 4+ 6a + 3a”
- B\t a2@2+a2)

It follows that

4+ 6 + 302 2
)2

7Tl1(0é) o eXp[El{IOg hi|B, ¢} /2] = <a2(1 022+«

Therefore the two group reference prior is

75 (B, ¢la) Tl (o 44 6a+3a2)2

e 10) = B oy < e e 2
where ag, S, ¢o are an inner point of the interval (0, 0o).

Second, we derive the two group reference prior for the parameter grouping {(3, ¢), a}.

For the derivation of the reference prior, we obtain the following quantities from the Fisher

information (21).

a4+ 6a + 3a?)
(24 a)(3+ a)?(1 4 2a + 2a2) B2 ¢?

(14 2a + 2a?)

= a2(1+ a)?

and hy =

Then by the derivation procedure of the first reference prior for o, we can show that the two

group reference prior is

(14 2a + 2a?)z

e 1)

7Tr2(aa ¢7 ﬂ) X

Third, we derive the two group reference prior for the parameter grouping {(«, ), ¢}.
For the derivation of the reference prior, we obtain the following quantities from the Fisher

information (21).

4+ 6 + 302 1+«

I = a(l+a)32+a)3+a)? and hy = B+ a)

Then by the derivation procedure of the first reference prior for o, we can show that the two
group reference prior is

(4 + 6 + 30?)2
ar(1+a)2(2+a)2(3+a)2

mr3(a, ¢, ) EA (28)
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Fourth, we derive the two group reference prior for the parameter grouping {(«, ¢), 5}.
For the derivation of the reference prior, we obtain the following quantities from the Fisher

information (21).

e 4 + 6 + 302 and o — 1+«
1 a(l+ a)3(2 + a)(3 + a)¢? 2 (34 a)p?

Then by the derivation procedure of the first reference prior for o, we can show that the two

group reference prior is

(4 + 6 + 30?)2

Tra(o, ¢, ) o %(1—{—04) (2_1_04)%(3—1—04)

AR (29)

Fifth, we derive the one-at-a-time reference prior for the parameter grouping {a, 3, ¢}.
For the derivation of the reference prior, we obtain the following quantities from the inverse

matrix of the Fisher information (22).

4+ 6a + 3a” _ a2+ L, 14«
?(1+a)22+a)2 7 (1+a)3+a)3 T Bt a)e?

Step 1. Note that
/ 1/2d¢ /b3 1+« 1/2d¢_ 1+« 1/262
3+ a)¢? EE 1'

h1/2
fb3 h1/2

h1:

It follows that
mh(¢la, B) = =@y

Step 2. Now we have

b3
E'{log ho|a, B} = Q1 '¢ " log {

as

a2+ a) 1 a2+ a)
1+a)(3+ a)ﬁz] do = log [(1 T )3+ )B?

It follows that

b Q o 1/2
/ exp[El{loghQ\a,ﬁ}/mdﬂ:{(H(j)g ja>] Qs

Hence

(6|, B) exp[E'{log hs|a, 5} /2]
I expE{log holav, B}/2]dS

8
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Step 3. In the final step,

boopbs 4 + 6a + 3a?
Elogh|a} = / Q'O '8 e 1log( )dgbdﬁ
a2 as

a?(14 a)?(2+ a)?
e 4+ 6a + 302
T % 20 ra22ra2);

It follows that
by
| explE flog hufa}/2da = Qs
Hence
75(8, ¢la) exp[E'{log hy|a} /2]
S exp| E'{log by |a} /2] da
= Q7'Q;'Q3 (4 + 6o+ 3a2)%oz_1(1 +a) M 2+a) g

m(e, B,¢) =

Thus the one-at-a-time reference prior is

(o, B,¢)  (4+6a+3a%)3

m5(a, B, ¢) = lim ———22 x 1ot 30

5( ﬁ ¢) l—=00 ’/Tll(a07607¢0) a(1+a)(2+a 5 ¢ ( )
where «g, By and ¢ are an inner point of the interval (0, 0o).

Lastly, we derive the one-at-a-time reference prior for the parameter grouping {a, ¢, 5}.

For the derivation of the reference prior, we obtain the following quantities from the inverse

matrix of the Fisher information (22).

4 + 6 + 3 a2+ a) 1+a

2(1+a)22+a)?2 ? 1+a)B3+a)d? and hg = (3+a)B%

Thus by the derivation method of the fifth reference prior for «, we can show that the

hy =

one-at-a-time reference prior is

(4 + 6 + 30?)2
a(l+a)(2+ «)

mr(cv, @, 8) B (31)

Appendix 5: Proof of Theorem 3.2

We consider the grouping orders {3, (o, ¢)}, {(«, ¢), 5}, {5, a, ¢} and {5, ¢, a} in devel-

opment of the reference priors for 8. First, we derive the two group reference prior for the

9



parameter grouping {f, (o, ¢)}. For the derivation of the reference prior, from the Fisher

information (21), we obtain determinant of the Fisher information (21) as follows.

4+ 6 + 302

1@ B0l = ST ar@+ )3+ arme 32)

Also determinant of the Fisher information I(«, ¢) is given by

44 12a + 1402 + 602 + ot
(14 a)(2+ )3+ a)p?

[ L(e, 9)| = (33)

Thus we have

a(2+ a)(4 + 6a + 3a?) 4+ 1204 14a? 4 60° + o

= (1+a)B+a)d+ 120+ 1402 + 603 + a2 7 (14 )24 )23+ a)p?

Step 1. Note that

b3 b2 b3 b2
1/2d p / / 4+12a+14a +6a +at d dé> —

It follows that

(o, 615) = [4+12a+14a + 6a3 —1—044]2 .

214+ )2+ @)?(3+ «) ¢

Step 2. Now we have

b b 2
. B 3 [02 a(2+ a)(4 4 6a + 3a%) .
E{log hula, 0} = / / log ( 1+a)(3+ a)4 + 120 + 14a2 + 603 + a4)52) my(@; 9|B)dade

= Qx+logp
It follows that
7 (B) o exp[E'{log hi|ov, $} /2] = exp[Q2/2]57"

Therefore the two group reference prior is

me,olA)T(8) (44120 + 140”4 60’ +a Ok
H‘X’ 5 (0, ¢ol Bo) i (Bo) a(l+a)2(24a)(3+ )2

™18, a,¢) = o™, (34)

where ayg, By, ¢o are an inner point of the interval (0, c0).
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Second, we derive the two group reference prior for the parameter grouping {(«, ¢), 5}.
For the derivation of the reference prior, we obtain the following quantities from the Fisher

information (21).

4+ 6a + 3a? 1+«
and hy = ———.
a(l+a)?(2+ a)(3+ a)¢? (3+ a)p?

h1:

Then by the derivation method of the first reference prior for 8, we can show that the two

group reference prior is

(4+6a + 302)2
az(l1+a)2(2+a)2(3+a)2

7Tr2(a7 Qb, B) 1 6 Qs_ (35>

Third, we derive the one-at-a-time reference prior for the parameter grouping {3, a, ¢}.
For the derivation of the reference prior, we obtain the following quantities from the inverse

matrix of the Fisher information (22).

B a(2+ a)(4 + 6a + 3a?)

T 1+ a)(B3+ )4+ 120 + 1402 + 603 + o) 52
4+ 12 1402 + 603 4 1

hy = + 12a + 14a” 4 60° 4+ « and hy — + «

(14 a)?(2+ a)? (3+ a)p?

Step 1. Note that
/ B — /bS 1+« 1/2d¢_ 1+a1/2Q
3+ a)¢? C34a -

h1/2
fbg h1/2d¢

It follows that

(18, ) = = Q¢

Step 2. Now we have

4+ 120 + 14a? + 603 + o
a?(14 a)?(2+ a)?

a

b 4 4+ 12a + 1402 + 603 + o
E'{log hy|B, a} = Qrlo™! {
3

21+ )22+ ) } dg = log [

It follows that

ba
/ exp[E{log hs| 8, o} /2der = Qo.

az
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Hence

(4|8, @) exp[E'{log ho| B, a} /2]
S exp[E{log hs| 8, a} /2]da

Step 3. In the final step,

my(a, ¢|B) =

4+ 12a + 140 + 602 + aj : 51

- { (11 aP2+ o)

El{loghl\ﬁ} =

bopbs 4+12a+14a2+6a3+a4%
R e e
y 10g< a(2 + a)(4 4+ 6 + 3a?)

(14+a)(3+4 a)(4 + 12a + 14a2 + 602 + o) 8
= Qs +log 72

2) doda

It follows that
by
/ explE*{log hu| 8} /2)d8 = exp[Qs1/2Qs.

Hence

5 (v, ¢|8) exp[E'{log h1 |5} /2]

S exp[E'{log 1|8} /2]dp3
i1 (A 1200+ 1407 + 60° + at)2
= @G a(l+a)(2+a)

m (B, a,0) =

ple™
Thus the one-at-a-time reference prior is

l 44120 + 140® 4 6a® + ad)}
T3(B,0,¢0) = lim m (8, @, ¢) (44 12a + 14a* + 6a° + a*)

—1,-1
l—o00 77[1(60,040;¢0) Oé(l + &)(2 + a) 5 ¢ ) (36)

where «g, By and ¢ are an inner point of the interval (0, 00).

Lastly, we derive the one-at-a-time reference prior for the parameter grouping {3, ¢, a}.
For the derivation of the reference prior, we obtain the following quantities from the inverse
matrix of the Fisher information (22).

(2 + a)(4 4 6a + 3a?)

(1+ )3+ a)(4+4 12a + 1402 + 603 + o*) 52’

(1+ a)(4+ 12a + 14a® + 60 + at) 1+ 2a + 202

ho — d hg = .
? 2+a2B+a)l+2at2ad)g BT TR0 1)

h1:
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Thus by the derivation method of the third reference prior for 3, we can show that the

one-at-a-time reference prior is

(1+ 20+ 2a2)2

a(l+ «) A (37)

7Tr4(a7 (ba ﬂ) X

Appendix 6: Proof of Theorem 3.3

We consider the grouping orders {¢, (o, 5)}, {(a, B), ¢}, {9, «, 5} and {¢, B, a} in devel-
opment of the reference priors for ¢. First, we derive the two group reference prior for the
parameter grouping {¢, (o, 8)}. For the derivation of the reference prior, from the Fisher

information (21), we obtain determinant of the Fisher information (21) as follows.

2
10.0.9] = ey ol TP o
Also determinant of the Fisher information I1(«, 3) is given by
.
Thus we have
b — a(2+ a)(4 + 6a + 3a?) | 2:4+12a+14a2+6a3+a4‘
(1+a)(34 a)(4 + 12a + 14a? 4 603 + a*)¢? a?(1+ a)(2+ )?(3 + a)p?
Step 1. Note that
/b3 /b2h1/2dadﬁ /”3 /”2 {4; 12a + 1402 + 602 + o ] dadf = O,
a?(14 a)(2+ a)?(3 + a)p?
It follows that
o= [t st
Step 2. Now we have
by b
Fi{loghufa, i} = / / tog <<1 +a)3 fgé 3)1(;15 f (H;S fgioz?’ + oz4)gb2> ma(, flg)dadp

= Q2+ log ¢_2
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It follows that

m1(¢) o< exp[E'{log hula, 5} /2] = exp[Qa/2]¢ .

Therefore the two group reference prior is

o (e, Blo)m (¢ 4+ 120 + 1402 + 603 + at)2 -
ma(,0,8) = lim 2 AOTOL_ | Lo o)
I=vo0 (0, Bol do) 1 (o) a(l+a)2(24a)(3+a):
where ayg, B, ¢o are an inner point of the interval (0, 0o).
Second, we derive the two group reference prior for the parameter grouping {(«, 5), ¢}.

For the derivation of the reference prior, we obtain the following quantities from the Fisher

information (21).

4 + 6 + 30 1+a
and hg = —————.
a(l+a)3(2+ a)(3 + a)p? (3 + a)p?

hy =

Then by the derivation method of the first reference prior for ¢, we can show that the two
group reference prior is

(4 + 6a + 3a2)2
az(14+a)?(2+a)2(3+ )z

7rr2(a7¢7 ﬁ) 1 6 1¢_ (41)

Third, we derive the one-at-a-time reference prior for the parameter grouping {¢, a, 5}.
For the derivation of the reference prior, we obtain the following quantities from the inverse

matrix of the Fisher information (22).

o (2 + a)(4 + 6 + 3a?)

T+ a)B+ a)d + 120 + 1402 + 603 + at)¢?’
4412 1402 3 4 1

hy = + 12a 4 14a” + 6a° + « and hy = + «

a?(14 a)?(2 + «a)? (34 a)p?

Step 1. Note that
/ 1/2d6 /b3 1+« UQdB— 1+ 1/262
B+ a)p? " 3+a .

1/2

fbg hl/Qdﬁ

It follows that
(B, o) = = Q'8
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Step 2. Now we have

4 4+ 12a + 140? 4+ 602 + o
a?(14 a)?(2 + «)?

bs 4+ 12a + 14a? + 603 + o*
E'{log h = LT
{log ha|¢, a} Q1B og[ a2(1+ a)2(2 + a)?

as

-]

It follows that
b
| explE floghul 0} 21da = Qa
a2

Hence

74(81, @) exp[E'{log hs|¢, a} /2
[ exp| B {log ha|¢, o} /2] dax

Step 3. In the final step,

my(a, Ble) =

4+12a+14a2+6a3+a4]; B

:Qfl%l{ 21+ a2+ a) e

El{log hilg} =

bropbs o T44 120+ 140 + 608 + at]?
Qr Q3 B 5 5 5
az Jaz «Q (1+O./) (2—|—O{)
< 1o (2 + a)(4 + 6a + 3a?)
& (14 )3+ a)(4 + 12a + 14a2 + 6a3 + at)¢?
= Qs +logg >

> dpfdo

It follows that

/ 1 exp[E'{log h1|$}/2]d¢ = exp[Qs1/2]Qs.

ai

Hence

wh(c, B19) exp[E{log I |6} /2]

7 exp[EYlog ha|¢} /2]do
NP PN (44 120 + 1402 + 60° + at)2
SO T e )

m(¢,a,8) =

Bflqsfl.

Thus the one-at-a-time reference prior is

l 4+12 1402 + 603 4L
(b ) = lim &P (A+120+14a” +60° +af):

—1,-1
[=00 ﬂ-ll((b(b o, 50) Oé(l + Oé) (2 + a) 6 ¢ ) (42)

where ag, By and ¢y are an inner point of the interval (0, 00).
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Lastly, we derive the one-at-a-time reference prior for the parameter grouping {¢, 3, a}.
For the derivation of the reference prior, we obtain the following quantities from the inverse

matrix of the Fisher information (22).

B a(2 + a)(4 4 6a + 3a?)
T+ )3+ a)(d + 120 + 1402 4 603 + at)¢?’

2 3 4 2
hy — (14+ a)(4+ 12a + 14a” + 6« +a)andh3:1+2a+2a

(24 a)?(3+ a)(1 + 2o + 2a2) 52 a?(l1+a)?

Thus by the derivation method of the third reference prior for ¢, we can show that the

one-at-a-time reference prior is

(1+ 20 4 2a2)2
a(l+a)

ma(a, ¢, f) sl (43)

Appendix 7: Proof of Theorem 4.1

Proof. Under the class of priors, the joint posterior for (a, 3, ¢) given z is

(44 6+ 3a2)™ (4 4+ 12a + 14a® 4 602 + a*)®2(1 + 20 + 20)*
a® (1 + ) (2 + )% (3 + a)*

m(a, B, 9lz)

X prtene H(1+5$i+¢yz')_(a+2) ; (44)

i=1
where z = ((z1,y1),+ , (Tn,Yn)). Then

(4 + 6a + 3a?)™ (4 + 12 + 14a? + 602 + a?)®2 (1 4 2a + 2a%)%
m(o, B, ¢lz) = -
a® (1 + @) (2 + @)% (3 + «a)¥
X BN+ By + ) ), (45)

Integrating with respect to ¢ for the posterior (45), then we obtain

(4 + 6 + 302)" (4 + 12 + 14a? + 602 + a*)2(1 + 2a + 2a%)3
a® (1 + a)® (2 4+ a)® (3 4 «)"

In—c+1lna+n+c—1] N—nat1)—c
I'[n(2+a)] B (1 Bay) T, (46)

m(a, flz) o

ifn—c+1>0and na+n+c—1>0. Integrating with respect to 5 for the posterior (46),
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then we obtain

Cln—=b+4+1na+b+c—2]

mlafz) o (2 + a)]
(4 + 6 + 302)" (4 + 12 + 14a® + 602 + a*)2(1 + 2a + 2a%)3
a® (1 + ) (2 + )% (3 + a)7
o Flna+b+c—2

L[n(2+ )]
(4 + 6a + 30?) (4 + 12a + 14a? + 603 + a*)®2 (1 + 2 + 2a%)%

47
a®=(1 4 )% (2 4+ )% (3 + ) ;- (47)
ifn—b+1>0and na+b+c—2>0. Then for 0 < a < 1, we have
Cln+b+c—2]2"13%137%25% ,
= 4
r(ala) Fod— amngeyr = ™0l (15)

Thus

1
/ 7' (a|z)da < oo, (49)
0
ifn—as+1>0. Next for 1 < a < 0o, we have
Ilna+b+c—2]

m(alz) o [[n(2 + )
(4 + 6a + 3a2) (4 + 12a + 140 + 603 + )22 (1 + 2 + 2a%)%
a4 (1 + a)® (2 4+ a)% (3 4+ «)"
Flna+b+c—2] _— i —ar —ae—
x a™ 1+O./ ey a1+4a2+2a3—ag4—as—ag—ar
[[n(2+ o) ( )
L e G st e ot DGt +2)"

Flna+b+c—2]
I'n(2 + a)]

Now for 1 < o < 00, we have the following inequality.

(G D=+ De(G+ 1)
+

< 13M37%25% a™(1

Q

)na2a1+4a2+2a3—a4—a5—a6—a7. (50)

Fna+b+c—2a"(1+a)" Cna+b+c—2]  a"(14 )"
I'[n(2+ o) abte=2 T[na] [, (no+ 2n — i) abte=?
~ T'ha+b+c—2] (1+1)"

el [P+ 2) — 1] < oo, (51)

since I'[na] is approximately equal to \/27(na — 1)(na — 1)"*te=(2= for large a. There-

fore we have
7T(O[|Z) < k1a2a1+4a2+2a3—a4—a5—a6—a7+b+c—2 — 7T/(O[|Z) (52)
— — )
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where k; is a constant. Thus

/ 7' (a|z)da < oo,

1

if ay + a5 + ag + a7 — 2a; — 4as — 2a3 — b — ¢+ 1 > 0. This completes the proof. O
Appendix 8: Proof of Theorem 4.2

First, we consider the one-at-a-time reference prior (??) for 5 and given by

(4+ 120 + 1402 + 60® + a*)2
a(l+a)(2+ «)

ﬂ-(ﬂvaa ¢) X 5,1¢,1.

Then the joint posterior of (a, 3, @) is

(44 1200+ 1402 + 603 + at)2

(o, 8, ¢lz) o< a"H(1+a) (1+a)(2+a)

ﬁn—l d)n—l

n

X H(l + B + gy;) "D |

=1
where z = ((xbyl)) Tty (xna yn)) Thus

44120 4 1402 + 60° + o*)2
14+ a)(2+ «)
x (14 Ba; + gy;) "

7T(0475>¢’Z) X Oé”_l(l+a)”< Bn—l¢n—1

Integrating with respect to ¢ for the posterior (56), then we obtain

(4+ 120 + 1402 4 60° + a*)z D[n(1 + a)]

(a, Blz) o a"H(1+a)" (1+a)2+a) [n(2+ a)]

% 671—1(1 + /Bxi)—n(a-i-l).

Integrating with respect to  for the posterior (57), then we obtain

(44120 + 1402 4+ 60® + oY)z T'[na]

m(alz) o I+a)2+a) T ra® G+
L (44120 + 1o’ + 6o’ + at)z  a" (14 )"
(1+a)2+ ) 12, (na+2n — i)
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Thus

o * (44 12a 4 14a% + 60® + o)z o™ (1 + )"
m(alz)da o
1 1 (1+a)2+a) [[Z,(na+2n — i)

o) a?n—l
2/ 3 do
1 6 [T (n 4 2
0 -1
:/ a n do
16T (n+ 2

o0 Oé_l
> / o —da = 0.
1 6][Z(3n —1d)

Thus the posterior distribution is improper.

Second, we consider the two group reference prior (??) for 5 and given by

(4+12a+14a + 603 4 at)?
a(l+a)2(24a)(3+a):
Then the joint posterior of («, 3, ¢) is

(B8, a, ¢) EA

4+ 1200 + 1402 + 603 + at)z
m(a, B, ¢lz) o a"—1(1+a)n( +12a + 14a” 4 6a” + a')2

(1+a):(2+a)(3+a):

n

x o Bt T+ B+ gya) 2|

=1

where z = ((z1,y1), -, (Tn,Yn)). Then
(44 12a + 1402 + 60® + a*)z

n—1 n
(o, B,0|z) o« " (1+«) (1ol aBra)
% Bn 1¢n 1(1 + 61:1 + Qbyz) n a+2)

Integrating with respect to ¢ for the posterior (62), then we obtain

(4 + 12a + 1402 + 60° + a*)2
(1+a)2(2+a)3+a)?

571 1<1+B ) naJrl

(e, Blz) o< a" (14 a)"
Cn(1+ «)]
Cn(2+ «)]
Integrating with respect to § for the posterior (63), then we obtain
(44120 + 1402 + 60 + a*)z  T'[na]
1+a)z2+a)3+a): Tn2+a)
(4+12a+ 1402 + 603 + o)z 1

mlalz) < o™ H1+a)"

o " M1+ )"

da

19

(1+a)2(2+a)34+a)2 [ (na+2n—i)

(59)

(60)

(61)

(63)



Thus

°° o 44+ 120 + 1402 + 603 + o?)2 1
/ 7T(05|Z)d04 o / Oén_l(l —i—Oé)n( + o+ a” + oba” + o )2 o
1 1

1+a)22+a)B3+a)z [ (na+2n—1i)

0427171

> —dox
= | VT T (0 + 22

«
-1

| e
— A
L VR 2

1

> || A <65)

Thus the posterior distribution is improper. Finally, using the above proof methods, we can
show that the posterior under the remaining reference prior is improper. This completes the

proof. O
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