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A Connection between XBART and CART theoretical split criterion,
Condition 1

In this section, we first establish the connection between theoretical split criterion of XBART and that of
CART. Suppose the current parent node is A, the XBART theoretical split criterion of cutpoint candidate
Cjk 18
1 . :
Lpanr(en) = —PED < | x € A)[EY [x9 < cjpx e A))?
1 , .
+ EP(X(Z) > cji | x € A) [E(Y | x® > e, x € A)F.
The CART theoretical split criterion is
Lagr(ce) = VY | x € A) = PxD) < e | x € V(Y | xD) < ez, x € A)

— P > e [ x € AVY | xW) > ¢y, x € A).

Recall that the cuts are always parallel to axis,
V(Y | x9) < ejpx € A) = E(V? | xW) < ejp,x € A) — [ V| x9 < ejpx € A)]?

We have
1

Q({x1) < cjp,x € A}) /Xe{x(jkcjk,xeA}

where 2(A) represents volume of the cube A. Observe that

2

E(y?|xW < cik,x € A) = m*(x)dx,

({X <c¢jk,X € .A})
Q(A) ’

P(xU) <cjp | x€ A) =
it yields

E(V?|xe A) - P <cjp | xe AEY? | xW) < ¢jp,x € A)

—P(xY > ¢ | x € AE(Y? | x) > ¢jp,x € A)

1 1

= — mQde/ mzxdx/ m?(x)dx
Q(A) /XG.A ( ) Q(A) xe{x(j)gcjk,XGA} ( ) Q(A) XG{X(j)>Cjk,X€.A} ( )



As a result, the CART theoretical split criterion is equivalent to
Loarr(cip) = [E(V [ x € AP = P < e | x € A)[E(Y [xD < ey x € A)]?
— P > cik | x € A)|E(Y | x® > Cik, X € A)}2
= [E(Y | x € A — o’ Ligarr(cjr)-
Since [E(Y | x € A)]? and o? are constants, and we maximize Lip,gr(cjx) but minimize L pr(cjk) in

practice, we claim that the two theoretical split criterion are equivalent.

Scornet et al. (2015) show that Condition 1 (their Lemma 1) is valid under the assumption of f below

Assumption 1 (Al).
P
Yy = Zf(k)(x(k)) + ¢,
k=1

where x = (x(, ... x®)) is uniformly distributed on [0,1P. € ~ N(0,s%). Each f%)(z) is continuous on

0,1].

Since the theoretical split criterion of CART and XBART are equivalent, their proof applies directly
without modification to XBART under the same Assumption (Al). We refer readers to Scornet et al.
(2015) for details.

However, a weaker replacement of Assumption (Al) is to assume Condition 1 is valid directly, with
extra assumption ||f||lec < 00, continuous on [0, 1]P. Although this is perhaps less interpretable than an
assumption of an additive model, it is also presumably a weaker assumption in that it may be satisfied by

non-additive models. Therefore in our paper, we assume Condition 1 is valid rather than Assumption Al.

B Proof of Lemma 1

Essentially the proof shows that adding small perturbation cj = (¢}, - ,¢},) to the sequence of cutpoints
cy = (c1,--- ,cx), the change of split criterion at the bottom node |Ly, i (x, ¢},) — Ly (x, cx)| is small. In

the proof, we show two different bounding strategies as follows,
S1 Perturb cutpoint of the parent of the bottom node.
S2 Perturb cutpoint of nodes above the parent (two levels above, or higher) of the bottom node.

We show that S1 and S2 are valid first, in the setting of £ = 1 and £ = 2, and demonstrate proof for

general k with the two strategies.



B.1 Bounding strategy S1, Proof of Lemma 1 for the case k£ =1

In this section, we start from S1, bounding the variation when perturb cutpoint of the parent node.
Without loss of generality, we assume k& = 1 and consider the first cut at the root node. Note that the
case Ly 1(x,-) does not depend on x, we write Ly, 1(-) instead of Ly, 1(x,-).

Preliminary results Let Z; = maxj<i<y, |€;|, we have
P(Z; >t) =1—exp[nin(l — 2P(¢; > t))].
The tail of Gaussian distribution has a standard bound:

Ple; > 1) < — < tg )
€ = ~ - |-
tV2r \ 202

As a result, there exist a positive constant C), and N1 € N* such that with probability 1— p, for all n > Ni,

max |e;| < Cpy/log(n).

1<i<n

In addition, we have

1< o a’n

Pl|— €| > al < exp| —— |-

[n;l_ ]_a\/ﬁ p( 202>

Let N,,(A) denotes number of data observations in a set A. Next we derive from the inequality above and

union bound inequality that there exists No € N* such that with probability 1 — p, for all n > N» and all
0 < ay < by, < 1 satisfying Ny, ([an, by % [0,1]P71) > /n,

1
Ny ([an, bn] x [0, 1]P~1) Z €| < a.

1:X;€[an,bn]x[0,1]P~1

and

1 ~
Ny ([an, ba] x [0,1]P71) > e <o

1:x;€[an,bn]x[0,1]P~1

Furthermore, it’s easy to verify

1
S W <l ta (1)

Nn([an, bn] x [0,1]771) i:x;€[an,bn]x[0,1]P~1

where f is the true function, and

1 3 y2 2 452
2 < :
Ny, ([an, bn] x [0, 1]7~1) < flls + 7%+ 2a| f]oo (2)
ltxie[an,bn}x[ovl}p_l



By the Glivenko-Cantelli theorem, there exist N3 € N* such that with probability 1—p, forall0 < a < b <1

and all n > N3,

(b—a—6*)n < Ny([an, by] x [0,1]P71) < (b —a + 6*)n. (3)

In the following proof, we assume to be on the event that all claims above holds with probability 1 — 3p

for all n > N = max{Ny, Na, N3}. Take c1,co € [0,1] such that |c; — c2| < § and assume that ¢; < ca.

We partition the space [0, 1]P into several pieces as follows, see Figure 1 for an illustration of notations for

k = 1, where we project the p dimensional cells onto the first variable.

Ay 5 =10,V6] x [0,1]P!

Apys = 1= 5,1] x 0,11

Acys = [V, 1= Vo] x (0,171

Similarly,

A1 =[0,¢1] x [0,1]P71
Api = [e1,1] x [0,1)P1
Ar2 = 0,ca] x [0,1]P71
Apa = [e2,1] x [0,1]P71

\AC = [61,02] X [O, 1]p_1

Ac
AL vs Acvs Ap Vs
AL72 AR,Q
0 Vo 1 &) 1 -6 1
AL,l AR,l

Figure 1: Illustration of notations for kK = 2. Projection of the cells onto the first variable.

For simplicity, we write the split criterion of the first cut ¢ = (1,¢) as Ly, 1(1, ¢) denoting split at the



first variable and value c¢. Recall that our split criterion is defined as

TN, (AL) 1

Lpi(1,¢) = 2_ = 1)?
n1(1;¢) 02(02 + TN, (AL)) n % Y; (zl): (vi —w)
x;  <c x; <c
TN (AR) 1 2 — 2
—+ — pu— R
0%(0? + TNp(Ag)) n | (zl): Yi ‘ (21): (% —r)
vX; > vX; '>c
+ Xz
n

The difference of split criterion on two cutvalues ¢; and ¢z, on the first variable is
Lpi(1,¢1) = Lna(1,¢2)

— 7—Nn(AL,l> 1 9 ‘ - )
" 02(0% + TNR (A1) n Yoo > i)

i:x§1)§c1 i:x(1>§cl

i

TNn(AR,l) 1 9 o )
02(02 + 7N, (AR1)) n Z Yi Z (¥i — YAg,)

i:X§1)>61 i:x£1)>61

TN, (AL 2) 1 9 o 9
02(0? + TN (AL 2)) 1 2 v 2L i ga)

i:xgl)gcz i:xl(-l)gcg

TNn(AR,Q) 1 9 B 9
0'2(0'2 + TNn(ARQ)) n %: Yi Z (yz yAR,2)

i:xi >co i:xgl)>02

4 Ja  Ter
n n

We need to prove Lemma 1 for all possible cases depending on location of ¢; and ¢o. For notation simplicity,
note that after collecting terms, the difference of split criterion can be represented as summation of points
for the range of index {i : Xgl) < at, {i: XZ(»l) € [c1,co)} and {i : xgl) > c2}. We will use the same

decomposition throughout the proof.

First case

Assume that ci,c2 € Ap /5» two cutpoint candidates are not close to the edge. Consider the split



criterion
Lpi(1,¢1) — Lpa(1,¢2)

_ 7-Nn(AL,l) 1 9 - - )
“02(0% + TN, (Ap1)) n Yoo > i)

isxgl)gcl i:x£1>§cl

TNn(ARJ) 1 2 _ 2

- E Yi — E Yi —Ya
02(02 + 1Ny (AR1)) n 5 ¢ 5 (v: n1)
uX; >c1 uX; T >c1

TN, (AL 2) 1 ) - )
0'2(02+TNn(AL72))ﬁ Z Yi Z (yz yAL,2)

i:xgl)gcg i:x(l)SCQ

i

TNn(AR,Q) 1 9 A - )
02(02 + 7N, (AR2)) n Z Yi Z (Yi — JAg,)

i:X§1)>CQ i:x£1)>cz
4Ja e
n n
=J1+J2+J3+h—h.
n n
First, take n large enough, we have
Jouo _Jea| )
n nil

Let Jy correspond to {i | xgl) € [c1, 2]}

J2= 0%(02 + TNy (AR1)) n Z Yi Z (v = ar,)

i:XEl)E[Cl,CQ] i:xél)e[cl,cg]

TNn(AL,Q) 1 9 ' ~ 9
0'2(0'2 + TNn(ALQ)) n Z Yi Z <y1 yAL,Q)

i:XZ(-l)G[chcz} i:Xgl)e[Cl,CQ]
_ TNn(AR?l) l Z y2 _ TNn(AL?Q) l Z y2
02(0? + TNp(AR1)) | 7 o] ’ 0%(0? + TNy (AL2)) | n o] ’
i:x; €[e,e2) i:x; €[er,e2)
— -
0’2(0'2 + TNn(ALQ)) n ' (IE ](y’L Y L,2)
ix; €er,en
o2(02 + 7N, (Ag1)) | n 2. (i dan)

i:xgl)e[cl,cﬂ
= Jo1 + Joo.

Note that |ax — by| < |a||lx — y| + |a — b||y|, we have



TN, (AL 2) 1 o 9
02(02 + 7N, (AL2)) | n Z (Vi — JAp.)

i:xgl)E[Cl,cg]

| Joz| =

02(02 +TNn(AR71)) n Z (yZ yAR’l)

i:xEDE[cl,cg]

TNn(AL’Q) 1 _ 2 1 _ 2
= 0_2(0_2 + TNTL(ALQ)) X n Z (yl - yAL,Q) - Z (yl - yAR,l)
i:xgl)é[cl,cz] i:xz(.l)e[cl,cg}
TNn(AL’Q) TNn(AR’l) 1 _ 2
02(02 + 7N, (AL2)) 02(024+ TN, (AR1)) “ (1)22 (Yi = Yag,)"|-
i:Xi 6[81,62]
Since we assume that c1,c2 € A, 5, by equation (3)
N, (AL2) ’ (62 = v/o)n
02(0? +TNp(AL2)) | ~ |02(02 4 7(1 — 62 — V/d)n)

7(6% — V) (5)
T o2(r(1 = 62 = V0))

=C(0) - 0asd — 0.
Note that this bound is valid for N,,(Ar 1), N, (AL 2),Ny(Ag,1) and Ny, (Ag2). By inequality (1) and (2),

it is obvious that

—_

1
_ 2 — 2
Z (Yi = Yap,)"| < N(Ac) Z (i = Yagp,) | <M
i:XEl)E[Cl,CQ] z‘:xz(.l)e[chcz]

by a constant M. Furthermore

TNn(ALQ) . TNn(ARJ)

02(0? + TN, (AL2))  0%(02 4+ 7N, (AR1))

The bound of second term follows equation (8) in supplementary materials of Scornet et al. (2015) directly,

< 2C(6). (6)

| Ja2| < C(8) x 4(||m|]s + ) ((6 + 62)(2]|m|oe + ) + ) + 2C(5) M.

The other term Jo is
o TNn(ARJ) 1 2 TNn(ALQ) 1
[Jo1] = 02(0% + 7Nn (A1) | n > v 02(02 + TN, (AL 2))

i:xgl)e[cl,cg]

TNn(ARJ) TNTL(AL,Q)

02(c? + TN, (AR1)) 02(0? + 7N, (AL2))

1

IN

X

DA

i:xl(-l)e[q,cz]




The bound of coefficient here is slightly different from equation (5) and (6)

02(c? + TN, (AR1)) 02(0? + 7N, (AL2))
T(Nn(Ar,1) — Nn(AL2))
(02 4+ TNy (AR1))(0? + TN, (AL 2))

TNn(ARJ) TNn(ALQ) ‘

~—

\]

= (02 + TNn(AR1))(0? + 7NR(AL2)) ‘(|Nn(AR’1)| + Nn{Ar2)l)

27(1 =6 + 6%)n
- ((72 +7(1 = V6 — 52)71)2

~—

= g(6,n) — 0 when n is large.

Note that the upper bounds in equation (5) and (6) can be arbitrarily small if 6 — 0, but the upper
bound in equation (7) relies on making n large. Use the tail bound of non-central y? distribution, result

of supplementary materials of Scornet et al. (2015), and similar to Jay
|J21| < 9(67 H)M, (8)

which can be arbitrarily small when n is large.

Next we switch to Ji, corresponding to i | Xgl) € [0, ¢1], we proceed with similar decomposition,

TNn(AL 1) 1 9 ~ )
J1 = : - 2 .
1 ()‘2(0‘2 + TNn(AL,l)) n Z Yi Z (y yALyl)

i:xgl)gcl i:x§1)§01
- 2 VoY =)’
i
0%(02+ 7N, (AL2)) n 5 ¢ & L.z
X <c1 (5 <ci
_ TNTL(AL,l) l Z y2 B TNH(AL,Q) l Z y2
(o2t N Ap) | n 2 P TR Ny (AL)) |0 2
wx;  <c ux;  <ci
R B N /Ph
(0% + TN, (Arp)) | n 4 TR
ixi <ci
02(02 + 7N, (A1) | n %: (Wi = 9.,
x; <cp

= Ji + Jio.



TNn(ALyg)

1

Jio| = — E i — Y 2

‘ 12‘ 02(02+7Nn(AL’2)) n o (y yAL,z)
Cc1

X,
TNn(AL’l) 1 B 9
02(02 +TNu(AL1)) | n %: (Wi = 9a,,0)
ux; <ci
TNn(AL,Q) 1 _ 2 1 _ 9
= 0'2(0'2—1—7'Nn(AL72>) X n Z (yl yAL,Q) n (yz yAL’l)
i:XE >§Cl i:x§1)§c1
TN (AL 2) TN (AL 1) 1 _ 2
2( 2 T2 X = (Yi —Ya,,)"|
o (U +TNn(AL72)) o (J —|—TNn(AL71)) n' B
ix; ' <eci

Same as Joo,

1 _
T2l SC@) x|~ Y0 (yi = Gag,)’| +20(0)M

i:XEl)e[Cl,CQ]

< C(8) % 5(]| f||oe V3 + @) + 2C(5) M.

The second equation above use result of equation (9) of supplementary material of Scornet et al. (2015).

Similar to Js1, we have

TN (ALJ) 1 TNn(ALQ) 1
[Jul = | =5 o Z v | - 20,2 - v
02(6? + 1Ny (AL1)) | n 02(0? + TN, (AL2)) | n
i:xgl)gcl z’:x§1>§c1
S TNn(ALJ_) B TNTL(AL,Q) % l Z yzz
02(02 + TN, (AL1))  02(02+ 7N, (AL2)) n &
i:xi <cy

< g(d,n)M.
J have the same bound as J;. Collecting all terms yields
|| < g(8,n)M + C(8) x 25(||f||sc VO + ) + 2C(6) M
| Ja| < g(6,n)M + C(6) x 4(/[flloo + @) ((6 + 6*) 2/ f]loc + @) + a) +2C(5)M
Js| < g(6,n)M + C(5) x 25(||f]|aoV3 + @) + 2C(8)M '
|Lna(1,e1) = L1 (1, e2)| < [i] + [ J2| + |5

Consequently, for all n large enough and ¢ small enough, we have

‘Ln,l(lacl) — Lml(l,CQ)‘ S 3.



Second case

Assume that c¢1,co € A /5, take same arguments as above, we have
Nu(Az1), Nu(ALp) < (V6 +6%)n.

Different from the first case, now both ¢; and co are close to the left edge, which is corresponding to term

Ji. Note that |.Jo| and |J3] are the same as the first case since the control over region Ac and Ag1 % Ag2

and not changed.

Jio| = ’ — P —
12| 02(02 + TN, (AL2)) | n o (Wi = Jaz.)
:x: ' <cp
o2(02 + TNn(AL,l)) n | ;i (yi yAL,1)
x; ' <cp

) >< . P o P
= |o2(02 + ™N,.(AL2)) %: (yi ?/AL,Q) n & (yi yAL,l)
X, <ci X, <ci
TNa(Az2) TNa(Ary) e S g,
02(02+ 7Ny (ALz2)) o0%(02+ 7N, (AL1)) n & ! S
X, <ci
We have
TN, (AL 2) < TN, (AL 2) _ 1
0%(0? + TN, (AL2))| ~ |0?TNL(AL2)| o2
1 _ 1 _
- > (Wi —Ua,)’ - - > (Wi —0a,)’
i:xgl)gcl i:xgl)gcl
_ _ 1 Yap, +9a
= 2|7, — JAp,| X - Z <y_m2m>
i:xgl)<cl

[e.e] TLA
< (1l + o) | W= T Ol | L 5m ) 4
i:x£1)<cl

< 4151l + ) (171 + @)V +8%) + B2 o)
< 4(1flloe + ) ((1flloe + e+ (VG +62)
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TNn(AL,Q) TNn(ALJ) 1 ) _
o202 + ™Nu(AL)) 0202 + TNu(Ap1)) | |n %: (i = Fa.,)
X <cy
_ TNn(ALg) _ TNn(AL,l) Nn(AL,l) 1 (yA _
02(02+ 7Ny (ALz2)) 0%(02+ 7N, (AL1)) n Nu(AL1) 4 !
(e c1
2
S;(\/E—H?)M.
As a result
1
izl < (1 Flloo + ) ((1flloe + @+ (V5 +6%) + 5 (VG + )M -0
‘J ‘ _ TNH(ALJ) 1 Z 2 _ TNn(AL’Q) 1
1 02(c? + 7N, (A1) | n o ’ 02(c? + 7N, (AL2)) | n o
ix; <c1 ix; <c1
TN, (AL 1) 7N, (AL 2) 1 2
< ’ — ’ X | — 4
T |o2(0?2+ TNp (A1)  0%(0? + TN, (AL2)) n %: Yi
x; <c1
< 32(\/5+62)M — 0.
o

Consequently we conclude that for all n > N and all § small enough,

|Lpa(1,¢1) — Lpa(1

The other cases {c1,c2 € Ap 5}, {c1 € Ap 5,00 € A 5} and {c1 € Ay j5.¢2 € Ap 5} can be proved

using similar strategy. Details are omitted.

B.2 Bounding strategy S2, Proof of Lemma 1 for the case k =2

Next we prove S2, when adding variation to nodes above the parent of bottom nodes, the variation of split

criterion is bounded. First, we assume k = 2.

Preliminary results

,c2)] < 3a.

Similarly, Laurent and Massart (2000) gives tail bound of x? distribution,

P[Xi > 5n] < exp(—n).

By the tail bound above, it’s straightforward to show that

:gAL,l)

Suppose X follows x? distribution with degrees of freedom k and non-central parameter \

P(X > :L‘) < ﬁ@(ﬁ)[g(l)Mk_l,

- 2e

11



where I, is a modified Bessel function of the first kind, My,_; = F(y*~!) and y is a Gaussian (y1, 1) random
variable truncated on (y/x, 00). So we can claim that with probability 1—p, the term % Py yf is bounded.

Follow the notation of Scornet et al. (2015), let d} = (1,¢}) and d = (2, 2% be such that |e; — ¢} <4
and |cg — x| < 4.

There exist a constant C,, > 0 and N7 such that, with probability 1 — p, for all n > Ny,

jax [e;] < Cpy/log(n) (9)

and

2 2
max |ej| < G, log(n). (10)

Fix p > 0, there exist Ny such that, with probability 1 — p, for all n > Ny and all A, = [a%l),bgll)] X
[0, bP] C [0,1)? satisfying N, (A,) > /7,

1
M, 2 <

X, EAR

and

X, EAp
Furthermore, it’s easy to verify
1
yi| <I[flloo + 1
Ny, 2 | <l (1)
and
1 2 2 =2

vl <||fllee + 07 + 2| f]]oo- 12

Similar to the k = 1 case, we denote partition of space as

Ap1 = [e1,1] x [0,1]P71
Apa = [c1,1] x [0,¢2] x [0, 1]P~2
AH,Q = [Cl, 1] X [CQ, 1] X [0, 1]*'072

Alg o = [}, 1] x [0,¢] x [0, 1)~

A/H,2 = [cllv 1] x [0/27 1] x [07 1]p—2'

Figure 2 shows projection of the cells onto the first two variables.

12



1
/
An )2 H2
/
Co
C2
/
AB,2 AB,Q
0 Cc1 c 1
/
AR,l

Figure 2: Illustration of notations for k = 2. Projection of cells onto the first two variables (assuming they

are different variables).

Let di = (1,¢1) denotes cutpoint that splits at the first variable, value ¢, similarly dy = (2, ¢2),
dy = (1,¢)) and df), = (2, ¢}) be four cutpoints and |¢; — || < 6, |ca — 4| < &, then

Ln(dladQ) - Ln( /17d/2) - L’n(d17d2) - LTL( &7d2> (13)

+ Ln( /17d2) - Ln( llvd/2)-

It is noteworthy that equation (13) decomposes the variation to two terms, where the second term applies
bounding strategies S1 directly, and the first term is variation when the cutpoint of grandparent (two

levels above bottom node) is perturbed.

13



(Ap2) 1 ) o
, o - o ,
02(02 + TNn(Ap2)) No(Ar1) > v O Z (Yi = 9ap2)"L o,

@ <ey :x£2)<cg
TNn(AH 2) 1 2
7 vl —Ya 1
( + TNn(AH,Q)) Nn(ARJ) @ (Z H, 2 Xil >c1
X, >C2
TNn(AjB 2) 1 9
- : 1y, — (i —Gar, )1y,
N. (A’ Z Yi xE >c B,2 x; ' >c
UQ(UQ—FTNn(AIB’Q)) n( R,l) ix® e, 1 P e, 1
TNn(A}{ 2) 1 9 )
- ’ yil oo, — (Wi =Yy, )L o,
o2 (02 + TN’VL<A/]_[2)) Nn(A/RJ) . %262 x> i gic/ H,2 i >
’ X Xy 2
+ Ver,e2 . Vel ez
N, (ARr1) Nn(A’RJ)
= A1+ By
TNn(AH 2) 1 - )
A = 2 ) T ]1
' 02(02 + TNn(AHQ)) Nn(AR,l) 22 yZ User — . (yz yAHQ) Xz('l)>cl
( )>02 5 >>62
TN, (AH 2) 1 N
vl (Y = 9a,,)"L
o2 <02 + TNn(A’H2)> Ny (A% 1) . %2@ . %ZC, H2 >c)
’ X X 2
=A1+ A2+ A
(An2) 1 £
A = 2 ]]_ ]].
1,1 o?(0? 4+ TNn(AH,z)) Nn(Ava) Z Y; (1)>c (Z: ZUAHQ XI(_1>>c,1
>C2
7'Nn(A/H 2) 1 )
- : yil RO Wi —Ya, )L .,
o2 (0'2 + 7N, (A 2)) Ny (Ar,1) ZicQ ’ ~e i'X(-2Z>>CQ 2 i A
TNn(A}I 2) 1 -
A = ’ N (A Z NN (i = ga, )" o),
o? (02 + 7N, (A 2)) n(AR,1) e e, : i >
TN, (AHQ) 1
- 7 Z yil NOR (Wi = Jay, )L o,
o2 <02 + TNn(A}{Q)) Nn(AR,l) Do, e H.2
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TN (AH,Q) 1 _
Ars = ; D g 2 Wi Pans) Lo

) 0’2(0'2 +TNn<AH72)) Nn(AR,l) . - €ler,e)]
i:xz(. )>62 i:xg )>cz
TNn(AH 2 1 2 — 2
A = : “1 _ . 1
M 02(02 4 7N, (Am2)) No(Aga) ; Vit B (Wi = Gana) L0
X, >co i:xi >co
TN (A% 5) 1
- : Y. vl = > Wi, Lo,
o? <02 + TNn(A}{Q)) Ny (Ar,1) ix® ey ¢ ix® > ey Poa
T Nn(AH,2) T NH(A}LQ) Z Y
- 2(2 - i M
02(0? + 7N, (An2)) No(Ag1) 52 (02 + TN"(A;IQ)> N,(ARr1) P oes ;>
T Nn(A/H 2)
+ N 7 Z (yl o yA/H 2) ]lx<1)>c’
o? (0'2 + TN, (A% 2)) n(AR1) e
T Nn(AH2
_ ; 1 )
2(02 + TN, (A1 2)) Na(AR 1) ; W= B T
1X; T >C2
which goes to zero using the same argument as k = 1 case.
TNn(A/H 2) 1
A1 = ’ Z yil o, — Z (yi —Ga, )2 oo,
) > H, i >
o2 <02 + TNn(A}LZ)) N, (Ar,1) Dy oA ix® ey ¥omoa
TN (A% 5) 1 2 2
- : | X wlhoo.— Do i) Lo,
o? (UQ + 7Np (A/H,Q)) Nn(AR’l) i x§2)>02 R i:x752)>c'2 A
B T 1 T 1
02 (02 + 7N (A7 5)) NelAr1) 02 (02 4 7, (47, ) ) No(A)
X Nn(AH,Q) Z Yi x>t Non( }1,2) (yi _yA’HQ) ]lX(1>> /
7 X§2)>CQ i:xg )>cz
TNy, (A/H,2) Np (A}{,z) TNn (A o) Nn(A}m)
| A1 2] < -
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Same as before, the second term is bounded and

Nn(A%s)  No(Af,)
< ) — 3
|A1o] <M No(Ap1) Nn(A/RJ) -0
T N (Ap2) 1) / @)
< 2 ) )
Aral < 02(0? + 7N, (An2)) Nn(AR,l)Nn({XZ © [Cl’cl]} 8 {Xl ~ 62})
x 5 1 ) Z yg]lx(l)e[c )
No({xV € el x {x > eo}) G771
T N, (An2) 1) / (2)
o202+ 7N, (An2)) Nn(ARJ)N"({Xi € lenel} x {x? > c})
s (1) : (2) Z (yi 33‘41‘172)21)((1)6[0 ci]
No({xV € e, el} < P > 0 }) G
=Ai131+ A132.
Note that 02(0217;(1\1145}211{,2)) is bounded by a constant M as n is large,
T Nn(Am2) ) / 2) 52 +9
=N (4% ; ; <M—_——7—+ .
o2(0? - TNy (Ap12)) N (Apes) ({x" € ler el x £ > o} ) | < 21— 75 0
So we have Ay 31 — 0 if n is large and ¢ is small.
1. If Nn<{xgl) € [61,6’1]} X {XEZ) > 02}> <+/n,
1 C2log(n)
Z (yl - gAH’Q) ]lX<-1) c1.c I
Nn<{x( ) € [01,6/1]} X {X(Q) > CQ}) 1x® s e i €lenal \/ﬁ

2. If Nn<{xgl) € [cl,c’l]} X {XEQ) > (:2}> > /n, note that
I1—al=¢,

Nn(Ag,1) > Np(€) > (€ = 6%)n,

and

As a result




Nn({xgl) € [cljc’l]} X {XEQ) > 02})

Nn(Ar1)

L —
X Nn({x§1> € [cl,cll]} x {XEZ) S 02}> l:X; (yi — yAHa)?ILXgl)E[ChC/I]

i >c2
) -
= 5(3(!\f\!oo +a)? + || fII% + % + 2/ fl5e)-
Therefore Ay 32 — 0. Collecting all bounds, we conclude that A; — 0. Bounding strategy S1 proves that
By — 0, thus we have L, (dy,ds) — L,(dy,d}) — 0.

Remark Bounding strategy S2 applies to perturbation at higher nodes as well. For example if we consider
a sequence of three cutpoints c3 = (di,d2,ds) and perturbation ¢ = (dj,d5, d5). We can show that
Ly(di,ds,ds) — Ly(d},d2,ds) is bounded using the same argument as S2 since the second cutpoint dy is

the same, and the cells can be projected on space spanned by variable 1 and 3 similarly as Figure 2.

B.3 Proof of Lemma 1 for the case k > 2

The proof for general k£ > 2 is based on the two bounding strategies S1 and S2 above. We scratch the
essential ideas behind the proof in this section.
First, same as equation (4) and (13), we express the variation of split criterion as sum of terms on one

cutpoint at a time

Ly g(di,da,- -+ dy—1,dg) — Ly g (dy, dy, - -+ dy_y,d})

=Ly i(dv,d2, -+ dp_1,di) — Ly g(d),do, -+ ,di—1,dx) S2

+ Ly g (dy, doy -+ dg—1,di) — Ly p(d), dy, - -+ dg—1,dg)  S2 14)

4.

+Lne(dy, dy, -y dg—1,dp) — Log(dy, dy, - dj_y,dy)  S2

+Ln(dy, dy, -y d_y, d) — Ly g(dy, dy, -+ di_y,dy)  S1
Following remark in section B.2, the first K — 1 terms are perturbation at cutpoints above the parent of
bottom nodes (two levels above, or higher) and all cutpoints in between are fixed, therefore we can project
cells to the variable being perturbed and the last cutpoint dj similarly as in Figure 2 to estimate the

bound. The last term is perturbation of the parent node of the bottom, therefore S1 applies.
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