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A Sparse inverse covariance

In Section [3.1] (Figure[2)) we provided a numerical example wherein the offline debiasing
does not admit an asymptotically normal distribution. As we see from the heat map
in Figure , the precision matrix Q has ~ 20% non-negligible entries per row. The
goal of this section is to show that when € is sufficiently sparse, the offline debiased
estimator has an asymptotically normal distribution and can be used for valid inference
on model parameters.

The idea is to show that the decorrelating matrix M is sufficiently close to the
precision matrix €. Since €2 is deterministic, this helps with controlling the statistical
dependence between M and e. Formally, starting from the decomposition we write

0° = 6y + (I — MS)(6" — 6y) + Larxts

n

- 1 1
— Oy + (I — ME)(0" — ) + —(M — Q)X Te + ~QXTe, (47)

n

where we recall that 3 is the empirical covariance of all the covariate vectors (episodes



Ey, ..., Ex_1). Therefore, we can write

~ 1
\/E(QOFF — 90) = Al + AQ + %QXTg,

Ay = /(I — ME)(6" - 6,), (48)

Ay = L(M — X Te.

B

The term QX Te//n is gaussian with O(1) variance at each coordinate. For bias term
Ay, we show that A, = O(so(logp)/y/n) by controlling |I — MS|. To bound the bias
term A, we write

1
vn
where ||M — Q||; denotes the ¢; — ¢; norm of M — Q (the maximum ¢; norm of its

columns). By using [2, Proposition 3.2], we have | XT¢|lo/v/n = Op(y/log(dp)).

Therefore, to bound Ay we need to control [|[M — Q||;. We provide such bound in

1A2]l00 < —= 1M — QUL[IX Tello (49)

our next lemma, under the sparsity assumption on the rows of 2.
Define

so =max |(j € [dp]: Q;; #0[,
i€[dp]

the maximum sparsity of rows of Q. In addition, let the (offline) decorrelating vectors
mg be defined as follows, for a € [dp]:

1 -
Mg € arg min —mTEm — (m, eq) + pllml|; . (50)
meRaP

Lemma A.l. Consider the decorrelating vectors m,, a € [dp]|, given by optimiza-
tion with p = 21 %. Then, for some proper constant ¢ > 0 and the sample
size condition n > 32a(w?V 1)sq log(dp), the following happens with probability at least
1 — exp(—clog(dp?)) — exp(—cn(1 Aw™2)):

192 log(d
max ||m, — Qegl|; < TSQ 0g( p),
icldp) a n

where cand w are defined in Proposition [F.J)



The proof of Lemma is deferred to Section

By employing this lemma, if  is sufficiently sparse, that is sq = o(y/n/log(dp)),
then the bias term ||Asl|s also vanishes asymptotically and the (offline) debiased es-
timator #°F admits an unbiased normal distribution. We formalize such distributional

characterization in the next theorem.

Theorem A.2. Consider the VAR(d) model for time series and let 8°F be the
(offline) debiased estimator , with the decorrelating matriz M = (my, ..., mg,)" €
R®P* constructed as in (B0), with p = 27+/log(dp)/n. Also, let X = Xg\/log(dp)/n

oL

be the regularization parameter in the Lasso estimator 0, with 7, \g large enough con-

stants.
Suppose that so = o(+/n/log(dp)) and sq = o(y/n/log(dp)), then the following holds

true for any fized sequence of integers a(n) € [dp|: For all x € R, we have

V(05" — 6p.0)
P { N < x} — O(x)

—0, (51)

lim sup
"% [0o [lo<so

where V,, o = 02(M§MT)M.

We refer to Section for the proof of Theorem [A.2]

Numerical example. Consider a VAR(d) model with parameters p = 25,d =
3,T = 70, and Gaussian noise terms with covariance matrix 3. satisfying X.(i,j) =
pli=il for p = 0.1. Let A; matrices have entries generated independently from b -
Bern(q) - Unif({+1, —1}) formula with parameters b = 0.15, ¢ = 0.05. Figure [7a]shows
the magnitudes of the entries of the precision matrix Q = E(x;27)7!; as we see
is sparse. Figures [7D] and demonstrate normality of the rescaled residuals of
the offline debiased estimator built by decorrelating matrix M with rows coming from
optimization described in ({50]).

After this paper was posted, we learned of simultaneous work (an updated version of
[1]) that also studies the performance of the (offline) debiased estimator for time series

with sparse precision matrix. We would like to highlight some of the differences between

our discussion in Section [A| and that paper: 1) [1] considers decorrelating matrix M
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Figure 7: A Simple example of a VAR(d) process with parameters p = 25,d = 3,7 = 70, and noise
term covariance matrix ¥¢ s.t ¢ (i,7) = pl*=I! with p = 0.1. A; matrices have independent elements
coming from b - Bern(q).Unif({+1, —1}) formula with b6 = 0.15,¢ = 0.05. Normality of rescaled
residuals (figures and validates the successful performance of offline debiasing estimator

under sparsity of precision matrix Q ( figure as we discussed in theorem



constructed by an optimization of form ((14)), using the entire sample covariance LS ),

while we work with the Lagrangian equivalent (50). 2) [1] considers VAR(1) model,
while we work with VAR(d) models. 3) [I] assumes a stronger notion of sparsity, viz.
the sparsity of the entire precision matrix as well as the transition matrix to scale as
o(yv/n/logp). Our results only require the row-wise sparsity of the precision matrix to
scale as o(y/n/logp), cf. Theorem [A.2]

We would like to also discuss the related work [42] which studies the problem of
statistical inference on the coefficients of autoregressive models. This work follows the
same idea of debiasing, but uses an offline debiasing, in our terminology. Specifically,
they adopt the framework of [29] and propose a high dimensional test statistic based
on score function, called the decorrelated score function. It shows that under proper
sparsity assumptions on the model coefficients and the precision matrix, their bias-
corrected estimator achieves asymptotical Gaussianity. The work [42] considers the
simultaneous (group) inference on a fixed number of coefficients and in the univariate
case (testing an individual coefficient) their sparsity assumption becomes equivalent to
the assumptions of Theorem on sg and sq. However, the decorrelated score matrix
in [42] is constructed by Lasso or Dantzig selector which is different from our proposal
in . Let us reiterate that the method of is an offline debiasing approach and
hence, as discussed in Section (Figure , may in general fail in providing valid
statistical tests for time series. Apart from this point, in order to further delineate the
differences of online debiasing with offline bias-correction methods, such as [42] , we
consider a set of numerical examples with sufficiently sparse precision matrix, where the
test of [42] is also guaranteed to have valid statistical performance. We use the software
package of [42] for an implementation of their method, and consider configurations that
are inspired by the package built-in example. We consider VAR(1) model where time-
series samples are generated from X; = AX; + ¢, with &, ~ Unif[0, 1]. The generative

matrix A is of form A = diag(Ao, Ao, . .., Ag) with Ay a symmetric 2 x 2 matrix:

Ay = a2 q1 . (52)

q1 42



Each configuration is determined by the number of samples T', the primary generative
matrix coefficients ¢, g2, and the matrix dimension p. For each configuration, we test
all coordinates of A and report the two measures true positive rate (TPR) and false
positive rate (FPR), along with the running time of the algorithms. Note that the
[42] method outputs two test statistics U, R, which are constructed in almost similar
ways (except the last step) and so has the same running time. Table |If demonstrates
the statistical performance of our online debiasing and the bias-correction method of
[42]. The reported values are averaged out over 10 independent experiments, and the
running times are in seconds.

The first interesting observation is about the statistical power, where it can be
observed that both online debiasing and [42] have comparable performance. Note that
on the one hand, the approach of [42] uses the Lasso or Dantzig selector to construct
decorrelated score and hence searches over the space of sparse matrices. However,
the online debiasing searches over the larger space of approximately sparse matrices
(cf. optimization (14])). This factor plays in favor of online debiasing to potentially
have higher power. On the other hand, the online debiasing framework uses samples
gradually and the decorrelating matrices M are constructed from subsets of samples.
This factor plays in favor of offline debiasing methods that use the entire samples in
constructing the decorrelated score matrix. The interplay between these two factors
leads the two methods to have comparative statistical power.

The other interesting observation is about the running time of the two methods,
where it can be observed that online debiasing enjoys a significantly lower running time.
In fact, the online debiasing method with 7" samples, has logT" number of episodes,
and for each one a dp x dp debiasing matrix is constructed by solving dp optimization
problems— because of row by row construction of each matrix. A delicate point we
would like to make is that in online debiasing, at each round, we focus on one row—
say i of the generative matrices AWM, ... A@ (stacked together as in equation ),
and construct the decorrelating matrices M. However, these decorrelating matrices

only depend on the covariate matrix (X in ((11))) and so do not change across different



Configuration Online Debiasing U test R test
(p, T, q1,q0) TPR | FPR | Time | TPR | FPR | Time | TPR | FPR | Time
(6,400,1/15,1/15) | 0.35 | 0.046 | 12.52 | 0.325 | 0.067 | 241.90 | 0.325 | 0.067 | 241.90
(6,600,1/15,1/15) | 0.375 | 0.07 | 14.53 | 0.36 | 0.05 | 376.27 | 0.358 | 0.05 | 376.27
(6,1000,1/15,1/15) | 0.65 | 0.062 | 16.54 | 0.63 | 0.064 | 660.32 | 0.63 | 0.064 | 660.32
(8,300,1/2,1/4) 0.993 | 0.02 | 5.63 1 0.037 | 348.71 1 0.031 | 348.71
(8,300,1/4,1/8) 0.762 | 0.025 | 17.60 | 0.793 | 0.031 | 335 | 0.793 | 0.031 | 335
(8,300,1/8,1/16) 0.35 | 0.035 | 5.62 | 0.493 | 0.043 | 361.49 | 0.493 | 0.043 | 361.49

Table 1: Overall performance of online debiasing (test ) and the U-test and R-test pro-
posed by [42] for testing the entries of the generative matrix A for a VAR(1) model. We
consider A = diag(Ay, ..., A) with A given by (52). For each configuration, we report the
true positive rate (TPR), false positive rate (FPR) and the running time for each test. The
reported numbers are averaged out overlO independent realizations of each configuration.

The running times are in seconds.

rounds. That said, one needs to compute them once for all rows ¢ € [p]. The approach
of [42], on the other hand, constructs a separate score vector for each entry of the

generative matrices A ... A which is computationally much more demanding.

B Estimating noise variance for VAR model

Define Vn,a =1 f;ll D B, (mf, z,)?. Note that V,, = 02‘7,17@ and calculating Vn,a

does not require the knowledge of o?. We define

n -~
Zg = ~_92n .
Vn,a

Using the distributional characterization of the online debiased estimator ¢/9\°”, and by
a very similar argument in Theorem we know that for a ¢ supp(fy), 6y, = 0 and

2

S0 z, is asymptotically zero mean Gaussian of variance o°. This suggests to use the

following MAD (median absolute deviation) to estimate .
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We let |z] be the vector of absolute values of z, i.e., |z| = (|z1], |22], ..., |z4p|). Denote
by |z|(e) its a-th smallest entry, i.e., [2|q) < |2]@2) < ... < |2]ap. We then estimate o

using the MAD estimator

2] (ap/2)
1670 o

A similar variance estimator has been proposed by [27] in the context of approximate

o=

message passing and in [20] for (offline) debiased estimator. The main idea here is
that the MAD estimator is robust to outliers and hence including entries z, with

a € supp(fy) have negligible asymptotic contribution to the estimate &, given that

s0 = o(p).

C Robustness to the episode growth rate

We follow the guideline in Section to choose the batch sizes where the length of
episodes grow exponentially; namely r, = ¢, for a constant f > 1, and ¢ > 1. As
it was proved in Theorem [3.4] for any constant § > 1, the online debiased estima-
tor is asymptotically unbiased assuming sqlog(dp)/v/n = o(1), and results in valid
statistical inference (controlling type I error in the context of hypothesis testing and
producing confidence intervals with the target coverage). In this section, we investigate
the robustness of these outputs (p-values and confidence intervals) with respect to the
choice of tuning parameter 5. To this end, we consider the VAR(1) time-series data
setup with problem dimension p = 20, and the noise covariance (i, j) = 0.1/,
The entries of the time series generative matrix A are chosen i.i.d. from a Bernoulli
distribution with success probability 0.01, and then multiplied by a number chosen
uniformly from the set {—2,+2}, i.e., A;; ~ Bern(0.01) - Unif({—2,+2}). Fixing the
matrix A, we generate T = 200 samples Xi.990 and run the online debiasing with the
tuning parameter (8 picked from a grid of equidistant 11 elements over the interval
2,4], ie., B € {2,2.2,24,...,3.8,4}. We compute the average length of confidence
intervals and p-values across 100 experiments (independent realizations of X7.009). For

each coordinate, we will end up with 11 x 2 numbers. Plots |8a] and |Sb| respectively
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Figure 8: Boxplots of p-values and CI lengths for 3 zero and 3 nonzero coordinates of au-
toregressive matrix A, for 11 choices of episode growth rate 5 € {2,2.2,...,3.8,4}. It can be
seen that the variation in each box is small. This implies the robustness of online debiasing

framework with respect to the choice of episode growth rate 3.

zerol | zero 2 | zero 3 | nonzerol | nonzero 2 | nonzero 3
CV of p-value | 0.0406 | 0.0248 | 0.0319 0.928 0.545 0.610
CV of CI length | 0.0741 | 0.0366 | 0.107 0.047 0.036 0.049

Table 2: Coefficient of variation (CV) for the p-values and the confidence interval lengths for

the six selected entries of the A matrix.

denote the boxplots for the average length of 80%-confidence intervals and the average
p-values corresponding to the six selected entries of A, three of which are truly zero and
the other three are nonzero. As we see the outputs of the online debiasing approach is
relatively robust against the choice of the episode growth rate (.

Recalling the coefficient of variation (CV) as a measure of variability, defined as
the ratio of the standard deviation to the mean, in Table [2| we give the coefficient of
variation for the p-values and length of 80%-confidence intervals for the six coordinates
across the 11 choices of f. The small CVs indicate the robustness of p-values and

confidence intervals to the specific choice of 3.



D Implementation and extensions

D.1 Iterative schemes to implement online debiasing

The online debiased estimator involves the decorrelating matrices M), whose
TOWS (mf;)ae[dp] are constructed by the optimization . For the sake of computational
efficiently, it is useful to work with a Lagrangian equivalent version of this optimization.
Consider the following optimization

minimize”m”lgL §mT§(6)m — (m, 6a> + ug||m]|1 s (54)

with p, and L taking the same values as in Optimization ([14)).
The next result, from [17, Chapter 5] is on the connection between the solutions of

the unconstrained problem and . For the reader’s convenience, the proof is
also given in Appendix [G.1]

Lemma D.1. A solution of optimization s also a solution of the optimization
problem . Also, if problem 15 feasible then problem has bounded solution.

Using the above lemma, we can instead work with the Lagrangian version for
¢

constructing the decorrelating vector m,,.

Here, we propose to solve optimization problem using iterative method. Note
the objective function evolves slightly at each episode and hence we expect the solutions
m’ and m‘*! to be close to each other. An appealing property of iterative methods

is that we can leverage this observation by setting m! as the initialization for the

l+1

o, yielding shorter convergence time. In the sequel we

iterations that compute m

discuss two of such iterative schemes.

D.1.1 Coordinate descent algorithms

In this method, at each iteration we update one of the coordinates of m, say m;, while

fixing the other coordinates. We write the objective function of by separating m;
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from the other coordinates:

1o -

S Zims + > S mem = ma o+ pellmeg |+ pelmg] (55)

r,s#]
where igé)wj denotes the j* row (column) of SO with igzj) removed. Likewise, m.;
represents the restriction of m to coordinates other than j. Minimizing with
respect to m; gives
L 50 _ : _
mj + 50 35 Lmey —Ia = j) + pesign(my) ) = 0.

J,J

It is easy to verify that the solution of the above is given by

1 o~ ‘
mj = Wﬂ( - Eﬁ-,ljmwj + I(a = j); Mé) : (56)
DJ
with n(+; ) : R x Ry — R denoting the soft-thresholding function defined as
(

z—u if z>p,

n(z, 1) =10 if —u<z<up, (57)

z 4+ p  otherwise.
\

For a vector u, n(u; p) is perceived entry-wise.

This brings us to the following update rule to compute m’ € R% (solution of )
Th notation II, in line 5 below, denotes the Euclidean projection onto the ¢; ball of
radius L and can be computed in O(dp) times using the procedure of [9].

1 (initialization): m(0) + m4 ™

2: for iteration h =1,...,H do

3 forj=1,2,...,dpdo

my(h)  ghon( = S me(h = 1)+ T(a = j); o)
5. m(h) < I (m(h))

>

6: return m’ < m(H)

In our experiments we implemented the same coordinate descent iterations ex-

14

a*

plained above to solve for the decorrelating vectors m

11



D.1.2 Gradient descent algorithms

Letting £(m) = (1/2)m"S®m — (m, e,), we can write the objective of as L(m) +
te||m||1. Projected gradient descent, applied to this constrained objective, results in a
sequence of iterates m(h), with h = 0,1,2,... the iteration number, as follows:
m(h+1) = arg | HﬁigL {E(m(h)) +(VL(m(h)),m —m(h))
mil1>

n
+ lm = m®)F+ pelimll: }. (58)

In words, the next iterate m(h + 1) is obtained by constrained minimization of a first
order approximation to £(m), combined with a smoothing term that keeps the next
iterate close to the current one. Since the objective function is convex (i\]“) = 0),
iterates are guaranteed to converge to the global minimum of .

Plugging for £(m) and dropping the constant term L£(m(h)), update reads as

m(h+1) = arg min {SOmh) — cqm —m(B) + 2lm — m(h) [ + pelm], }

lmll.<L
_ i ST (0 1 s N
_arg”%nigL{2<m (k) + - (SOm(h) ea)) +,ug|]m\|1}. (59)

To compute the update (59), we first solve the unconstrained problem which has a
closed form solution given by n(m(h) - %(i(am(h) — €q); %), with 7 the soft thresh-
olding function given by . The solution is then projected onto the ball of radius
L.

In the following box, we summarize the projected gradient descent update rule for
¢

a*

constructing the decorrelating vectors m

1 (initialization): m(0) + m{ ™

2: for iteration h =1,...,H do
m(h) < n(m(h) = LEOm(h) - eg); 2 )
m(h) < g (m(h))

@

>

5. return m’ < m(H)

12



E Numerical experiments

In this section, we evaluate the performance of online debiasing framework on synthetic
data. In the interest of reproducibility, an R implementation of our algorithm is publicly
availabld’]

Consider the VAR(d) time series model . In the first setting, we let p = 20,
d = 3, T = 50 and construct the covariance matrix of noise terms > by putting 1
on its diagonal and p = 0.3 on its off-diagonal. To make it closer to the practice,
instead of considering sparse coefficient matrices, we work with approzimately sparse
matrices. Specifically, the entries of A®) are generated independently from a Bernoulli
distribution with success probability ¢ = 0.1, multiplied by b - Unif({+1,—1}) with
b= 0.1, and then added to a Gaussian matrix with mean 0 and standard error 1/p. In

formula, each entry is generated independently from
b- Bern(q) - Unif({+1, —1}) + N (0,1/p?).

We used o = 6 (length of first episode Ej) and § = 1.3 for lengths of other episodes

Ey ~ B%. For each i € [p] we do the following. Let 6 = (Agl),AZ(Q), . ,Agd))T € R%

encode the i*" rows of the matrices A and compute the noise component of 0o as
n_\/_ZM (th5t>, (60)

teEy

the rescaled residual T;, € R with T,,, = \/VIa ((/9\3" —6.4), and V,, , given by Equation

and 0 = 1. Left and right plots of Figure [J] denote the QQ-plot, PP-plot and

histogram of noise terms W, and rescaled residuals T}, of all coordinates (across all

i € [p] and a € [dp]) stacked together, respectively.

True and False Positive Rates. Consider the linear time-series model with
A®) matrices having entries drawn independently from the distribution b - Bern(q) -
Unif({+1, —1}) and noise terms be gaussian with covariance matrix X.. In this ex-
ample, we evaluate the performance of our proposed online debiasing method for con-

structing confidence intervals and hypothesis testing as discussed in Section [5] We

5The link address is removed from the current blinded version of the manuscript
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Figure 9: A simple example of an online debiased Var(3) process with dimension p = 20 and T = 50
sample data points. Plots [9a] [0d [Pe] demonstrate respectively the histogram, QQ-plot, and PP plot
of noise values of all dp? = 1200 entries of A; matrices in linear time series model . Plots
[0f are histogram, QQ-plot, and PP-plot of rescaled residuals of all coordinates as well. Alignment
of data points in these plots with their corresponding standard normal (0,1) line corroborates our

theoretical results on the asymptotic normal behavior of noise terms and rescaled residuals discussed

in corollary [3.7] and proposition respectively. 14



consider four metrics: True Positive Rate (TPR), False Positive Rate (FPR), Average
length of confidence intervals (Avg CI length), and coverage rate of confidence inter-
vals. Tables [3[ and {4] summarize the results for various configurations of the Var(d)
processes and significance level o = 0.05. Table |3| corresponds to the cases where noise
covariance has the structure ¥¢(i, ) = 0.17791 and Table 4| corresponds to the case
of ¥¢(i,7) = 0.1'G#7) The reported measures for each configuration (each row of the

table) are average over 20 different realizations of the VAR(d) model.

Table 3: Evaluation of the online debiasing approach for statistical inference on the coefficients of
a VAR(d) model under different configurations. Here the noise terms (; are gaussian with covariance
matrix X¢(4,5) = 0.1°77l. The results are reported in terms of four metrics: FPR (False Positive
Rate), TPR (True Positive Rate), Coverage rate and Average length of confidence intervals (Avg CI
length) at significance level o = 0.05

p | T q b FPR TPR | Avg CI length | Coverage rate

40 | 30 | 0.01 2 0.0276 1 3.56 0.9725
d=1|351] 30 | 0.01 2 0.0354 | 0.9166 3.7090 0.9648

60 | 55 | 0.01 0.9 0.0314 | 0.7058 2.5933 0.9686

55 | 100 | 0.01 0.8 0.0424 | 0.8000 1.9822 0.9572
d=2 40| 75 | 0.01 0.9 0.0343 | 0.9166 2.5166 0.9656

50 | 95 | 0.01 0.7 0.0368 | 0.6182 2.4694 0.963

45 | 130 | 0.005 0.9 0.0370 | 0.6858 2.070 0.9632
d=3|40| 110 | 0.01 0.7 0.0374 | 0.6512 2.1481 0.9623

50 | 145 | 0.005 | 0.85 0.0369 | 0.6327 2.2028 0.9631
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Table 4: Evaluation of the online debiasing approach for statistical inference on the coefficients of
a VAR(d) model under different configurations. Here the noise terms (; are gaussian with covariance
matrix X¢(4,j) = 0.1'G#9). The results are reported in terms of four metrics: FPR (False Positive
Rate), TPR (True Positive Rate), Coverage rate and Average length of confidence intervals (Avg CI
length) at significance level o = 0.05

p | T q b FPR TPR | Avg CI length | Coverage rate

40 | 30 | 0.01 2 0.0402 1 3.5835 0.96
d=1]401| 35 | 0.02 1.2 0.0414 | 0.8125 2.6081 0.9575

50 | 40 | 0.015 0.9 0.0365 | 0.7435 2.0404 0.9632

35| 65 | 0.01 0.9 0.0420 | 0.8077 2.4386 0.9580
d=2|451] 8 | 0.01 0.9 0.0336 | 0.7298 2.5358 0.9655

50 | 70 | 0.01 0.95 0.0220 | 0.8333 2.4504 0.9775

40 | 115 | 0.01 0.9 0.0395 | 0.7906 1.6978 0.9598
d=3 |45 | 130 | 0.005 | 0.95 0.0359 | 0.7714 2.1548 0.9641

50 | 145 | 0.005 | 0.85 0.0371 | 0.5918 2.1303 0.9624

E.1 Real data experiments: a marketing application

Retailers often offer sales of various categories of products and for an effective man-
agement of the business, they need to understand the cross-category effect of products
on each other, e.g., how the price, promotion or sale of category A will effect the sales
of category B after some time.

We used data of sales, prices and promotions of Chicago-area grocery store chain
Dominick’s that is publicly available at https://research.chicagobooth.edu/kilts/
marketing-databases/dominicks. The same data set has been used in [12] where a
sparse VAR model is fit to data and also in [39] where a VARX model is employed
to estimate the demand effects (VARX models incorporate the effect of unmodeled
exogenous variables (X) into the VAR). In this experiment, we use the proposed online

debiasing approach to provide p-values for the category effects.
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We consider 11 categories of productsﬂ over 71 weeks, so for each week ¢, we have
information z, € R33 for sales, prices and promotions of the 11 categories. For thorough
explanation on calculating sales, prices and promotions, we refer to [33] and [12]. We
posit VAR(2) model as the generating process for covariates x; and then apply our
proposed online debiasing method to calculate two-sided p-values for the null hypothesis
of form Hy : 6y, = 0 with 6y, an entry in the VAR model, as discussed earlier in
Section [f (See Eq. (42))). By running the Benjamini-Yekutieli procedure [4] (with log
factor correction to account for dependence among p-values), we obtain the following
statistically significant cross category associations at level 0.05: sales of canned tuna on
sales of front-end-candies after one week with p-val= 5.8e-05, and price of crackers on
sales of canned tuna after one week with p-val= 5.5e-04. In [12], sparse VAR models
are used to construct networks of interlinked product categories, but they are not
accompanied by statistical measures such as p-values. Our online debiasing method
here provides p-values for individual possible cross-category associations.

In the rest of this section we report the p-values obtained by the online debiasing for
the cross-category effects. Figures [11], [12] provide the p-values corresponding to the
effect of price, sale, and promotions of different categories on the other categories, after
one week (d = 1) and two weeks (d = 2). The darker cells indicate smaller p-values

and hence higher statistical significance.

"Bottled Juices, Cereals, Cheeses, Cookies, Crackers, Canned Soup, Front-end-Candies, Frozen

Juices, Soft Drinks, Snack Crackers and Canned Tuna
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o
Bottled Juices = A
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Cookies
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Soft Drinks ~
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Canned Tuna

Canned Soup
Front-end-Candies
Snack Crackers

(a) 1-Week effect of sales of x—axis categories on sales of y—axis categories
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Canned Tuna -
Snack Crackers -
Soft Drinks -

Frozen Juices -
Front-end-Candies -
Canned Soup -
Crackers -

Cookies -

Cheeses -

Cereals -

Bottled Juices -

Bottled Juices

Cereals

0.99

Cheeses
Cookies
Crackers
Canned Soup

o

Frozen Juices == QN

Soft Drinks ~

=}

Snack Crackers = 9§
Canned Tuna

Front-end-Candies

(b) 1-Week effect of prices of z—axis categories on sales of y—axis categories

Figure 10: Figures

104/

and

10b

respectively show the p-values for cross-category effects of

sales and prices of z—axis categories on sales of y—axis categories after one week.
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Canned Tuna -
Snack Crackers -
Soft Drinks -

Frozen Juices -
Front-end-Candies -
Canned Soup -
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Cookies -
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Cereals - 0.69

Bottled Juices -

Bottled Juices

Cereals

Cheeses
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o
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o

Soft Drinks =~ 8§

o

Snack Crackers = @
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(a) 1-Week effect of promotions of z—axis categories on sales of y—axis categories

Canned Tuna -
Snack Crackers -
Soft Drinks -

Frozen Juices -
Front-end-Candies -
Canned Soup -
Crackers -

Cookies -

Cheeses -

Cereals -

Bottled Juices -

Bottled Juices

Cereals

Cheeses

=3
I3
b

Cookies
o
Crackers *| &
Canned Soup
Front-end-Candies
Frozen Juices
Soft Drinks ~
Snack Crackers
o
Canned Tuna =~ &

(b) 2-Week effect of promotions of x—axis categories on sales of y—axis categories

Figure 11: Figures

11a)

and

11b

show p—values for cross-category effects of promotions of

r—axis categories on sales of y—axis categories, after one week and two weeks.
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Snack Crackers

(a) 2-Week effect of sales of x—axis categories on sales of y—axis categories
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o
Canned Tuna = &

Front-end-Candies

(b) 2-Week effect of prices of z—axis categories on sales of y—axis categories

Figure 12: Figures

124l

and

12b

respectively show p-values for cross-category effects of sales

and prices of x-axis categories on sales of y—axis categories after two weeks.
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F Proofs of Section 3

F.1 Technical preliminaries

Recall the definition of the regression design from Eqs. in the time series case:

B = (AN, AP AT,

T T T

Zd Zd_l o oe e Zl

T T T

d+1 d 2

X = ,
T T T
_ZT—I Zp_g ... Zp_ d|
Yy = (2d+1,z, Zd+42i5 - - ZT,i),

€= (Cd+1,i, Cd+2,ia ce >CT,i)~

We first establish some preliminary results for stable time series. For the stationary
process Ty = (2 q_q1,..., 2 )" (rows of X), let T';(s) = Cov(zy, z444), for t,s € Z and
define the spectral density f.(r) = 1/(27) > 2 . Tx(0)e™3, for r € [-m, 7] . The

measure of stability of the process is defined as the maximum eigenvalue of the density

M(f.) = S[up ]O-max(f:p(T» : (61)
re|—m,m
Likewise, the minimum eigenvalue of the spectrum is defined as m(f,) = %nf }amin( fa(r)),
re|—m,m

which captures the dependence among the covariates. (Note that for the case of i.i.d.
samples, M(f,) and m(f,) reduce to the maximum and minimum eigenvalue of the
population covariance.)

The p-dimensional VAR(d) model ([5)) can be represented as a dp-dimensional VAR(1)
model. Recall our notation z; = (2,4 1,...,2 )" (rows of X in (11])). Then (5) can

be written as

Ty = th—l + ét, (62)
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with

- A A A1 | A - _
T 1 A d 1‘ d | ;= Ctrd—1 . (63)
Ta-1yp ‘ 0 0

The reverse characteristic polynomial for the VAR(1) model reads as A = I — Az.
The following lemma controls M(f,), m(f,) in terms of the spectral properties of

the noise ¥, and the characteristic polynomials A, A

Lemma F.1 ([2]). We have:

1 Amax (X¢)
_)\max b)) S M T S - =
5 Amax(2) < M(f:) i (A)
Amin (X¢)

Hmax (-A) .

We also use the following bound on M(f,) in terms of characteristic polynomial .4

Y

)\min<2) Z (64)

of the time series z;.

Lemma F.2. The following holds:

%)\max(z) < M(fz) <dM(f.) < %)ﬁi)

Proof. Let T'y(¢) = E[zx/ ] to refer the autocovariance of the dp-dimensional process
xy. Therefore ¥ = T',(0). Likewise, the autocovariance I',({) is defined for the p-
dimensional process z;. We represent I',({) in terms of d* blocks, each of which is a
p x p matrix. The block in position (r, s) is I'.(£+r —s). Now, for a vector v € R% with
unit f5 norm, decompose it as d blocks of p dimensional vectors v = (v],vg,...,v])7,

by which we have
v T, (0 = Z o T (047 — 5)vs . (65)

1<r,s<d

Since the spectral density f,(€) is the Fourier transform of the autocorrelation function,
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we have by Equation (65),

[e.9]

(v, £-6)0) = 5= > (v, TL(0) )

l=—00

1 — .
=5 Z Z (v, (0 +r— s)e‘ﬂovs)
T

l=—00 1<r,s<d

- ' '
= E <an, <_2 5 I’x(ﬁ +r — S>€*](€+r75)9>Usey(rfs)0>
m

1<r,s<d {=—00

= Y (o L0,
1<r,s<d

= V(0) f(0)V(0),

d
with V() = >~ e 7"%,. Now, we have:

r=1

d d
/
VOl <Yl < (a3 0) " < Va
r=1 r=1

Combining this with the Rayleigh quotient calculation above, yields M (f,) < dM(f.).
Now, by using [2, Equation (4.1)] for the process z;, with reverse characteristic poly-

nomial A, we obtain

AAmax(2¢)

/\max S 2T ) > md z) >
(X)) <2nM(f,) <2mdM(f,) < o (A)

. (66)
O

The following proposition is a straightforward consequence of the spectral bounds

above and [2, Proposition 2.4].

Proposition F.3. There exists a constant ¢ > 0, such that for any vectors u,v € RP

with ||ul| <1, ||v|| <1, and any n > 0,

A max (2

T/ ) : 2
P (\u (20 — 2| > ,umin(A;: 77) < 6exp (—cnymin{n*,n}) . (67)
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F.2 Remarks on proof of Theorem (3.2

The key part of establishing Theorem is to establish an appropriate ‘restricted

eigenvalue’ condition as follows:

Proposition F.4. Let {z,...,2r} be generated according to the (stable) VAR(d) pro-
cess and let n =T — d. Then there ezist constants ¢ € (0,1) and C' > 1 such that
for all n > Cw?log(dp), with probability at least 1 — exp(—cn/w?), satisfies

(v, (XTX/n)v) = allv]* — ar|v]f.

Here, a, w and T are given by:

A max (Z¢) fmax (A)
/\min<EC):umin(A) ’
/\min(EC)
o= ——,
ZﬂmaX(A)
E log(dp)

n

Given Proposition the estimation result of Theorem [3.2] is standard (see [6]).

w =

Proposition can be proved analogous to [2, Proposition 4.2], with the following

considerations and minor modifications:

1. [2] writes the VAR(d) model as a VAR(1) model and then vectorize the obtained
equation to get a linear regression form (cf. Section 4.1 of [2]). This way, they
prove I ®@ (XTX/n) satisfies a restricted eigenvalue property. Towards this, the
first step in their proof is to show that XTX/n satisfies a restricted eigenvalue

property, i.e. Proposition [F.4]

2. [2, Proposition 4.2] assumes n > Ck max{w?, 1} log(dp), with k = 3°¢_ ||vec(A®)]|o,
the total number of nonzero entries of matrices A, and then it is later used to
get 7 < 1/(Ck). However, as the restricted eigenvalue condition is independent

of the sparsity of matrices A®), we can use their result with k = 1.

3. The proof involves upper bounding M( f, ), for which we use Lemma in lieu
of Lemma [F1]
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F.3 Proof of Lemma 3.3

The idea is to use Proposition along with the union bound. Fix i, j € [dp] and let

u= 2 and v = e;. Then:
[I€2e; |

QY — 13| = [{Qe;, (B9 — D)ey)]
= [1Qe]l[ (u, (E© — £)v)]
< Amax (D), (B9 = 2)o)|
NmaX<~A> S
< L, (B9 — D)),
Amin (2¢)
where the last line uses Lemma to bound Ayin(X) from below. Combining this
with Proposition [F.3], for n < 1:
P{|(50 — 1)y 2 dna(S)1/pimin(A) b < B, (5O = S)o)| > won}
< 6exp(—cngn®).

Setting n = C'\/log(dp) /n, for a large enough constant C', the probability bound above

is smaller than (dp)~®. With a union bound over 4, j € [dp]:

P{HQZ(@ —1jec = Cw @} < (dp)qupIP’{KQZ“) —1)yj| > Cw Ogyidp)}
¢ i,j y

< (dp)~°.

This completes the proof.

F.4 Proof of Theorem [3.4

Starting from the decomposition (20)), we have
V(0" = 0) = A, + W, ,

with A,, = Bn(él — 6p). As explained below , W, is a martingale with respect to
filtration F; = {e1,...,¢;}, 7 € N and hence E(W,,) = 0.
We also note that [|A, |l < ||B,~b||c,o||(/9\L — 6p||1. Our next lemma bounds || B,||s-
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Lemma F.5. Suppose that the decorrelating matrices MY are computed according to

Eq.(14)), with y, = Cw+/(log(dp)/ne and L > ||Q2|;. Let w and ~ be:

_ dﬂmaX(A))‘maX(EO
NmirI('A))‘min(EC) ’
B d)\max(zc)
Nmin(A) .

Then, for B,, given by , the following bound holds with probability at least 1—(dp)~®

IBalle < T2+ Z ey @(J—;_ﬁm)], (69)

§%+C(w+L7\/log K1<—+\/ﬁ) (70)

(=1

K—

The bound holds for general batch sizes rg,...,rx_1. A natural approach

to choose the values r, is by minimizing this upper bound. However, this is not a

convex function in terms of r,. Focusing just on the last term in the bound, we have

LT > (i )2 = /. Therefore, the provided bound on || B, ||« is at least

of order \/W . We next propose a choice of batch sizes r, for which the bound m

achieves this order. Let 7 = /n, 1, = 3* for some f# > 1l and ¢ = 1,..., K — 2.

Finally we choose rx_1 so that the total lengths of batches add up to n (that is
ro+ 71+ ...+ rx_1 =n). Following this choice, bound simplifies to:

for some constant Cz > 0 that depends on the constant .
Next by combining Theorem and Lemma we obtain that, with probability
at least 1 — 2(dp)°

SoAn
|8ullse < Cileo + Ly)y/log(dp) - ()

Ao(w + L) s0log(dp)
o N

This implies the claim by selecting a 8 bounded away from 1, say 5 = 1.3.

< Cj (72)
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It remains to prove the claim on the bias ]E{é\m‘ —0o}. For this, define G to be the
event where A,, satisfies the upper bound in Eq.. Therefore:

IE{6° — 6o} ||c = %

IE{AI(G)}oo
Y

For the first term we use the bound Eq.. For the second, we use Lemma :

+E{||0" — 60|, 1(G) .

Co(w + Lv) s logp N E{|le]*L(G*)}

o n nA,

IE{°" = o} lloo <

+ 2|61 P(G°).

It suffices, therefore, to show that the final two terms are at most C||6||1/(dp)®. By
Holder inequality and P(G¢) < 2(dp)~°:

E{|le]”I(G)}
nA,

E{llell* 1/2]P> Ge 1/2
(Y PRC |y (e

Amax (3¢)? 00|11
(dp)® Ao/ log(dp) (dp)s”

+ 2[|6o[[,P(G°) <

In the high-dimensional regime, the first term is negligible in comparison to sq log(dp)/n,

which yields, after adjusting C' appropriately:

Cido(w + L) sologp LG, [10o]]1

E Aon _ <
[E{F — b0} < =22 B o

as required.

It remains to prove Lemma [F.5}

Proof of Lemma[F.J. For each episode ¢, let

1
R(Z) = 7@ Z xt&?:

teEy

be the sample covariance in episode ¢. Fix a € [dp] and define B,, = /ne, —
\/%7 Zf:_ll reROmt. We then have

K-1
1 o Ty
Bho = Vne, — — g rgR(g)mf; = —e,+ <ea — R(Z)mf;> , (73)
vn — NLD
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where we used that Zﬁgl r¢ = n. By triangle inequality, followed by Holder inequality:

T 1 =
0
[Brallos < NG rellea = R9mg|
o — ¢ 3(0) ¢ O,
< v (Ilea—2 Melloo + [(E = )mgloe + (X = RY)my o)

IN
oS
ol

SRR

7 = (llea = =mgfloe + 1= = SllacImilly + 12 = Bloolmg 1)

We now bound each of the three terms appearing in the sum above:

"M

14

1. By the construction of decorrelating vectors m;, as in optimization (|14)), we have

ISOme — eqlloo < e, £=0,..., K —1. (74)

2. Also by construction, ||m‘|j; < L. From an argument similar to that of Lemma

, IS0 — 8|0 < Cy+/log(dp) /ne with probability at least 1 — K (dp) =9, where
Y = dAmax(E¢)/ imin (A). Therefore, with the same probability, the second term
is at most C'Lvyy/log(dp)/ny.

3. Again, by construction ||mf|; < L. Similar to Lemma , |RY — 3| is at
most Cy+/log(dp)/re with probability at least 1 — K (dp)™°

Combining these and the fact that we set p, = Cwy/log(dp)/n we have that, with
probability at least 1 — 2K (dp)~?,

HBn,a|!oo§—+—Z'f’e<w /bgnMJer llognﬂjLL,y /%ﬂ)
To [log(dp) =
S%"‘C(W"‘L’}/) - ;(\/_/ﬁl/_z"_\/r_f)

This bound holds uniformly over a € [dp], and since || B, |l = sup,|/Bn.allco, the

same bound holds for ||B,||s. This completes the proof. O
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F.5 Proof of Lemma (3.6

We start by proving Claim . Let m, = Qe, be the first column of the inverse

(stationary) covariance. Using the fact that E{z;z]} = ¥ we have (m,, E{z;x] }m,)

44, which is to be the dominant term in the conditional variance V,, ,. Recall the

shorthand o2 = ¥, ;, with ¢ € [p] the fixed coordinate in (1I)). Therefore, we decompose

the difference as follows:

o2 To0
Vn,(z - U2Qa,a = Z |:<m§7 'rt>2 Qa,(zi| 0 a,a
n {=1 teE, n
o2 = ¢ 32 T ro0?
= 233 [ = (ma, Bl ma)| = 200
(=1 teE,
g2 Kol
= ﬁ [<m§7$t>2 - <ma>xt>2]
(=1 teE,
+ - (M, (rx, — E{xyx, })mg) — TQM . (75)
t=0
We treat each of these three terms separately. Write
= =
LY Sl (]| = | S0 Slmt i+ 1))
" ten "= ier
=
< i Z (mg, — ma, ze)ay|| lmg 4 mallx
(=1 tekE, oo
K-1
2L
< — (my — ma, T, (76)
(=1 teky S

29




To bound the last quantity, note that

K-1
1 ¢
Z Z m - ma,fft S €a — ﬁ <ma7$t>l’t
(=1 teE, (=1 tek, o0
=
+ |le, — - Z (Mg, T4) Ty
(=1 tek, S
=
= |leq — — reROmE|| 4 |le, — 2
n (=1 S ]
= i||B oo + ||€a = SF)m
\/ﬁ n,a|| oo a

N /1 1
< oLy Ogdp ogdp < Ly +w) Og(d)7

(77)
for some constant C'. The last inequality follows from the positive events of Lemma

and Lemma . Combining Equations and , we obtain

‘ Z Z me,x)? — (Mg, ;)7 log(dp).

(=1 teE,

< CL(w+ L) (78)

For the second term in ([75)), we can use Proposition[F.3|with v = u = m,/||m,||,n =

C'y/log(dp)/n to obtain

1 ~
‘ﬁ Z Ma, (zx] — E{z] })ma)| = |(ma, (SE-D S)ma)|
Cddasl50), 1. [08(dD)
< Amax\H¢)
- Mmm(*A) ”maH n
CdAmax(2¢) log(dp)
- ,umin(A))\min(E>2 n (79)
< % log(dp) : (80)

a n
where we used that ||m,] = [|Qea]] < Amax(2) = Amin(X) ™! < 1/a. For the third term,
we have 7o = /n. Also, Q40 < Amax(€2) < 1/a. Therefore, this term is O(1/ay/n).
Combining this bound with and in Equation we get the Claim (23).

We next prove Claim (24)). Note that |e;| = |Gray4| is bounded with o/2log(n),
with high probability for ¢ € [n], by tail bound for Gaussian variables. In addition,
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max|(m’, z:)| < |mé|lil|2ellse < Ll|2¢]|oo < L|| X |- Note that variance of each entry

xy; is bounded by X; < Apax(2). Hence, by tail bound for Gaussian variables and

union bounding we have

P (|| Xl < v/2Amax(Z) logldpn) ) > 1= (pdn) 2, (81)
Putting these bounds together we get

max{%umg,mgg e[k -2 te )

< %me@) Log(dpn)or+/2log(n)

<2Lo vV )\max(z) %

21 dAmax (2¢) \ /7 log(dpn)
Nmin(*A) ) \/ﬁ B 0(1) ’

where in the last inequality we used Lemma to upper bound Ayax(X¢). The con-

< 220l

clusion that the final expression is o(1) follows from Assumption [3.5

F.6 Proof of Proposition |3.8

We prove that for all x € R,

lim sup IP’{ \/ﬁ(gg“ — o) < :L‘} < P(z). (82)

=00 1940 <0 v Vo

We can obtain a matching lower bound by a similar argument which implies the result.

Invoking the decomposition we have

V@ =6, W, LA
VVa A Vs /Vea

By Corollary , we have that Wn Wo/\/Vaa — N(0,1) in distribution. Fix an

arbitrary € > 0 and write

P{\/ﬁ@’”v;a%a) gx} :P{Wn+ A, gx}




By taking the limit and using Equation (21)), we get

NG . Al
P a < g, <P(x+e)+ lim sup P >¢ 83
{ } ( ) n—oo ||90||0280 { A /Vn’a } ( )

lim sup
=99 |65 [l0<s0 vV Vo

We show that the limit on the right hand side vanishes for any ¢ > 0. By virtue of

Lemma (Equation (23))), we have
A > g}

A A
limIP’{ 2| zs}ghmp{ >
n—00 na n—00 o /Qa,a
< lim ]P’{]Aa] > saw/Qa,a}

n—o0

3

< lim (dp)™* = 0. (84)

n—oo
Here, in the last inequality we used that so(Ly + w) = o(y/n/log(dp)) and therefore,
for large enough n, €04/, , exceeds the bound of Theorem .
Using in bound and then taking the limit ¢ — 0, we obtain .

G Proofs of Section

G.1 Proof of Lemma [D.1]

Rewrite the optimization problem as follows:

minimize m'%@m
~ (85)
subject to <Z7 E(Z)m - ea) < fe, HmH1 <L, HZH1 =1,
The Lagrangian is given by
Imllh <L,  (86)

Lim,z,N) =m"SOm + Az, 20m — e,) — o), ||z]l1 = 1,

If A < 2L, minimizing Lagrangian over m is equivalent to g—ﬁ = 0 and we get m, =

—Az,/2. The dual problem is then given by

PPN
maximize — —2'%0z — Az, e.) — M
(87)

DO | >

subject to <L, Jzh=1,
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As||z]|; = 1, by introducing # = —3z, we get ||3]|; = 3. Rewrite the dual optimization

problem in terms of £ to get

L 1 &
minimize QﬁTE(Z)ﬂ — (B, ea) + el Bll1
(88)
subject to  ||8]1 < L,

Given [, as the minimizer of the above optimization problem, from the relation of
and z we realize that m, = f,.

Also note that since optimization is the dual to problem (85)), we have that if
(85) is feasible then the problem (88)) is bounded.

G.2 Proof of Lemma [A.1l

By virtue of Proposition , the sample covariance S satisfies RE condition, S~

RE(a, 7), where
. )\min(EQ) _ 2 log(dp)
o= e (A T =Cwy/ — (89)

and by the sample size condition we have sq < 1/327.

Hereafter, we use the shorthand m} = Qe, and let £(m) be the objective function
in the optimization (50)). By optimality of m,, we have £(m?}) < L£(m,). Defining the
error vector v = m, — m; and after some simple algebraic calculation we obtain the

equivalent inequality
1 TS K, x * *
VTS0 < (v 6w = S + gl — s+ v]). (90)

In the following we first upper bound the right hand side. By Lemma [3.3| (for ¢ = K
and nx = n), we have that with high probability

log(dp)

. L
(v, ea = Xmg) < |[v[l1a = (sl +llsell) =

where S = supp({2e,) and hence |S| < sq. On the other hand,

lma + vy = lImelle = (lme sl = lvslh) + lvsells = llmelly = llvsells = llvsll -
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Combining these pieces we get that the right-hand side of is upper bounded by

3 1

fin
(vslls + lvsell) = + s (lvslh = vsell) = Suallvslh = S pnllvse

1 (91)

Given that & > 0, the left hand side of is non-negative, which implies that

|lvse|lr < 3||vs||1 and hence
[Vl < 4llvslly < 4v/sallvsllz < 4v/sallvll2 - (92)
Next by using the restricted eigenvalue condition for S we write
vTSw > allvlls — arllv|} > a(l = 16s07)|v]l3 > %HVII%, (93)

where we used 7 < 1/(32sq) in the final step.

Putting , and together, we obtain
« 3
Sl < Sanllvsy < 63/5amllvle
Simplifying the bound and using equation [92 we get
24
vll2 < = VSapn
96
||V||1 S —Saln ,
Q

which completes the proof.

G.3 Proof of Theorem [A.2]
Continuing from the decomposition we have
\/ﬁ(é\Oﬂ: — 60) = Al + AQ + Z7 (94)

with Z = QX'e/y/n. By using Lemma (for ¢ = K) and recalling the choice
of p = 74/log(dp)/n we have that the following optimization is feasible, with high
probability:

minimize m'%m

subject to ||§]m — €alloo < 1.
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Therefore, optimization (which is shown to be its dual in Lemma (D.1))) has
bounded solution. Hence, its solution should satisfy the KKT condition which reads

as
Smy, — eq + psign(mg) =0, (95)

which implies [|£m, — eq]loc < p. Invoking the estimation error bound of Lasso for
time series (Proposition , we bound A; as
log p log(dp)
Al <C V2 = 0p (50222 ). 96
[A1]leo < CVnpso - P so n (96)
We next bound the bias term A,. By virtue of [2, Proposition 3.2] we have the de-
viation bound || X Te||/v/n = Op(y/log(dp)), which in combination with Lemma

gives us the following bound

1 log(dp)
Aolloo < M= Q)| ) (==Xl ) = 0n( ).
I8elle < (max 04 = el ) (S 1X7ele ) = Or (s 2. om)
Therefore, letting A = Ay + Ay, we have ||A]|lw = 0p(1), by recalling our assumption

so = o(y/n/log(dp)) and sq = o(y/n/log(dp)).
Our next lemma is analogous to Lemma [3.6] for the covariance of the noise compo-

nent in the offline debiased estimator, and its proof is deferred to Section

Lemma G.1. Assume that sq = o(y/n/log(dp)) and Amin(Xe)/ pimax(A) > cmim > 0
for some constant ¢y > 0. For p = 7/log(dp)/n and the decorrelating vectors m;
constructed by , the following holds. For any fized sequence of integers a(n) € [dp],

we have

m} Sma = Qe + op(1/y/log(dp)) - (98)

We are now ready to prove the theorem statement. We show that

Noff
lim sup P V(02 = boa) <wuyp < P(u). (99)
09 |1y [lo<s0 VvV Vaa

A similar lower bound can be proved analogously. By the decomposition we have
N L
Ve Ve Ve

35




Define

~ Z, 1
Z, = = (QXTe), = Z er Qg .

o/ Qaa  0y/104 o nQaai ;

Since ¢; is independent of x;, the summand >

" €rQu,e; is a martingale. Furthermore,
E[(efQzie)?] = 02Qqq. Hence, by a martingale central limit theorem [I4) Corollary
3.2], we have that Z, — N(0,1) in distribution. In other words,

lim P{Zyu} = ®(u). (100)

n—0o0

Next, fix § € (0,1) and write

Noff
’ { Al < } -

Now by taking the limit of both sides and using (100) and Lemma we obtain

noff
V(0" — 0.) Su} -

vV Vn,a

O (u + 20 + dlul) 4+ lim sup  sup IP’{ B 25}. (101)

n—00 |60 [lo<so v/ Via

Since § € (0,1) was chosen arbitrarily, it suffices to show that the limit on the right

n—00 [|6o]lo<so

lim sup sup IP’{

hand side vanishes. To do that, we use Lemma again to write

lim sup P{ [Bal 25}3 lim sup P{JA—‘Jzé}

N0 160 ]l0<s0 Vn,a N0 19 |0 <s0 (Qa a

< lim sup ]P’{|A |>50m} =0,

799 160]l0<so

where the last step follows since we showed ||A||oc = 0p(1). The proof is complete.
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G.3.1 Proof of Lemma

By invoking bound on minimum eigenvalue of the population covariance, we have

Amin (2¢)
)\min 2 2 AN
)2 )

bounded away from 0 by our assumption. Therefore, Apax(2) = Apin(2) ! is bounded
away from oco. Since Q = 0, we have |Q,;| < /Qq.4 sy for any two indices a,b €
[dp]. Hence, |Q]o < 1/Amin(X). This implies that ||Qeq|l1 < sq/Amin(2). Using this

(102)

observation along with the bound established in Lemma [A.T], we obtain

192 log(d
Imally < [12eall + 1m0 — Qealls < —2— 4 1927, [loeldp)

— O(sq).  (103)

Amin(2) o n
We also have
log(d
Wh—mmmng—Q%m:o@Q-ﬁ%@) (104)

In addition, by the KKT condition ((95)) we have
1Zma = €alloo < . (105)
Combining bounds ((103)), (104) and (105]), we have

‘maTima - Qa,a| < ‘(maTi - eaT)ma‘ + ‘eaTma - Qa,a|

< Hm:er - eIHOOHWLaHl + Hma - QeaHoo

= 0(say/ B — o1/ Tog(a)

which completes the proof.

H Proofs of Section 4

H.1 Consistency results for LASSO under adaptively collected

samples

Theorem shows that, under an appropriate compatibility condition, the LASSO
estimate admits ¢; error at a rate of syy/logp/n. Importantly, despite the adaptivity
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introduced by the sampling of data, the error of LASSO estimate has the same asymp-
totic rate as expected without adaptivity. With slightly stronger restricted-eigenvalue
conditions on the covariances E{zz"} and ]E{a::cTK:c,gl} > ¢}, it is also possible to
extend Theorem to show /5 error of order sy log p/n, analogous to the non-adaptive
setting. However, since the ¢, error rate will not be used for our analysis of online

debiasing, we do not pursue this direction here.

H.1.1 Proof of Theorem 4.2

The important technical step is to prove that, under the conditions specified in Theorem

, the sample covariance S = (1/n) S wia) is (¢o/4,supp(fy)) compatible.

A~

Proposition H.1. With probability exceeding 1 — p~* the sample covariance ¥ is
(¢o/4,supp(by)) compatible when ny V ny > C(k*/¢2)sélogp, for an absolute constant
C>0.

Let & and @ denote the sample covariances of each batch, i.e. 51 = (1/n,) D i<, TiT]
and similarly £® = (1/ny) 3
2@ = £@(gY) = E{zz"|(z,6") > ¢}. We first prove that at least one of the sample

i z;x) . We also let () be the conditional covariance
covariances SV and $® closely approximate their population counterparts, and that

this implies they are (¢o/2, supp(6p))-compatible.

Lemma H.2. With probability at least 1 — p~—*

~ - 1
[E0 = Sl A B = 27, < 1287/ 2F,
n

Proof. Since n = ny + ny < 2max(ny, ny), at least one of ny and ny exceeds n/2. We
assume that ny > n/2, and prove that |[S® — £®?)|| satisfies the bound in the claim.
The case ny > n/2 is similar. Since we are proving the case ny > n/2; for notational
convenience, we assume probabilities and expectations in the rest of the proof are
conditional on the first batch (y1,21), ... (Yn,, Tn, ), and omit this in the notation.

For a fixed pair (a,b) € [p] x [p]:

~ 1
S e - iaTib — BT 0T
a,b a,b HQZI’ZEJ) {xuxyb}

)

i>ny
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Using Lemma we have that [|z;q2;plly, < 2||2]]7, < 2x* almost surely. Then using
the tail inequality Lemma [[.5| we have for any ¢ < 2ex?

2
PISE - 28| > e} <20 { - 2]

Gerd
With e = g(p, ng, k) = 12k%4/log p/ns < 20k%+/log p/n we have that P{@g — E(fg| >
g(p,na, k)} < p~8, whence the claim follows by union bound over pairs (a, b). ]

Lemma H.3 ([0, Corollary 6.8]). Suppose that % is (¢, S)-compatible. Then any
matriz ¥’ such that |2 — Xl < ¢0/(32|S]) is (¢po/2,S)-compatible.

We can now prove Proposition [H.I]

Proof of Proposition [H.1. Combining Lemmas and yields that, with probabil-
ity 1 —p~4, at least one of &) and £ are (¢ /2, supp(b,))-compatible provided

1252 logp < Qbo :
V. n  ~ 32s

400x2 2
which is implied by n > < 02; %0 v/ log p) :
0

Since 3 = (n1/n)S® + (ny/n)S®@ and at least one of n; /n and ny/n exceed 1/2, this

implies that 3 is (¢bo/4, supp(6p))-compatible with probability exceeding 1 —p~*. [
The following lemma shows that X Te is small entrywise.

Lemma H.4. For any \, > 40k0+/(log p) /n, with probability at least 1—p~, [| X Te||oo <
nAn/2.

Proof. The a'" coordinate of the vector X Te is ) ; TigEi. As the rows of X are uniformly
k-subgaussian and ||&;||y, = o, Lemma [L.4] implies that the sequence (x;4€;)1<i<n 18
uniformly 2xo-subexponential. Applying the Bernstein-type martingale tail bound

Lemma [[.6] for e < 12eko:

]P){ ‘ Z Tiaki

2

ne
2 en} = QGXP{ - 2461{202}
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Set € = e(p,n, k,0) = 20ko+/(logp)/n, the exponent on the right hand side above is

at least 5logp, which implies after union bound over a that

P{|| X e||oc > en} = IP’{ max ’ meei > en}
< ZP{‘ meéi > an}
< 2;‘6. |
This implies the claim for p large enough. O]

The rest of the proof is standard, cf. [I5] and is given below for the reader’s

convenience.

Proof of Theorem[{.4. Throughout we condition on the intersection of good events in
Proposition and Lemma , which happens with probability at least 1 —2p~*. On

this good event, the sample covariance 3. is (¢ /4, supp(6p))-compatible and || X T¢||o <

20ko/nlogp < nA,/2.

By optimality of oL
1 L2 L 1 2
Slly = X2+ M8 < 5 lly = X6l + Aallolln
Using y = X6, + ¢, the shorthand v = oL — 0y and expanding the squares leads to

(1, Sw) < —(XTe, ) + Aa(|6olh — [164]10)

1
n
1 L
< 5|IV||1||XT6|IOO + A (601 = [[07[1)

1
< M 50l + 60l = 181 }- (106)

First we show that the error vector v satisfies ||vge|l1 < 3[|vs, |1, where Sy = supp(fy).

Note that |61 = ||60 + v||1 = |60 + v, || + |vsell1- By triangle inequality, therefore:

o
100ll1 — 1671]x = [|6ollx — 1|60 + vs,ll1 — ||V

1

< lwsollr — llvsellr-
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Combining this with the basic lasso inequality Eq.(106)) we obtain

1 & 1
S S0) < {5l + sl = s }

2
An
= 23l I — lvsgll- }

As S is positive-semidefinite, the LHS above is non-negative, which implies ||

<
1 <
3||vs 1. Now, we can use the fact that 3 is (¢ /4, Sp)-compatible to lower bound the

LHS by ||v||?¢0/2s0. This leads to

SollvI? _ Ballvslly - Blvl
250 2 = 2

Simplifying this results in |[v||; = [|0% — 6o||1 < 3s0An/d0 as required.

]
H.2 Bias control: Proof of Theorem
Recall the decomposition from which we obtain:
A, = B, (6" — 6y),
B, = \/5(1 _ Mmoo _ @M@)g@))
p n n )
1 1
Wo=—"7=> MYz, +— Y Mg,
\/ﬁ i<nj \/ﬁ np<i<n
By construction M® is a function of X; and hence is independent of €1,...,&,,. In

addition, M® is independent of &,, 11, ...,&,. Therefore E{W,} = 0 as required. The

key is to show the bound on ||A,||«. We start by using Hélder inequality

1A]so < || Balloo]|8" = bo]|1.

Since the ¢; error of f* is bounded in Theorem 4.2 we need only to show the bound

on B,. For this, we use triangle inequality and that M® and M are feasible for the

online debiasing program:

Buloe = vt| 222, — MOEO) 4 21, - MOS0
n n

o0

n S n S
< ﬁ(ﬁnlp — MWEW| + fHIp - M(2’2(2)||w>
< \/ﬁ<n1u1 I nzm).

n n
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The following lemma shows that, with high probability, we can take u;, po so that the
resulting bound on B, is of order +/log p.

Lemma H.5. Denote by Q = (E{zz"})"! and Q@ (@) = (E{za"|(x,0) > ¢})~! be the
population precision matrices for the first and second batches. Suppose that ny A ng >

2Mg/k?logp. Then, with probability at least 1 — p~*

_ 1
1L, — QS0 | < 156A," Y2 /2L,
n1
I, — QOSO||. < 156A, /2, | 8L,
U

In particular, with the same probability, the online debiasing program is feasible

with e = 1562Ag ™"/ (log p) /ny < 1/2.

It follows from the lemma, Theorem [4.2| and the previous display that, with prob-
ability at least 1 — 2p~3

AL
[Anllee < [IBnllocll6™ = bollx

_ /1 /1 /1
< 15kA, 1/2\/5(% (;ilp + % %) -120K0 ¢, s in,

k20 sologp

< 200072 SR ()

k20 sglogp

VAogo V1

This implies the first claim that, with probability rapidly converging to one, A, /\/n

< 4000 (107)

is of order sqlogp/n.

We should also expect HE{é\"” —6p}|| to be of the same order. To prove this,
however, we need some control (if only rough) on 6°" in the exceptional case when the
LASSO error is large or the online debiasing program is infeasible. Let GG; denote the

good event of Lemma [H.4 and G denote the good event of Theorem [4.2] as below:

S /1
Gl = { FOI‘ E — 172 : ||Ip _ Q(Z)Z(@HOO S 15/{/\071/2 ng}’
Ty
350\, 120k0 lo
Gy = {18 — by < 200 = 20T, [BP Y
®o oo n
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On the intersection G = G1 N Gq, A, satisfies the bound (107]). For the complement:
we will use the following rough bound on the LASSO error:

507 - ol = |22

o v I B e

K20 sologp

Voo

For the second term, we can use Lemma Cauchy Schwarz and that P{G“} < 4p~3

Now, since W, is unbiased:

< 4000 + E{]|6" — 6]:1(G)}.

to obtain:
e ]IPT(G*) c
BT + 2||6o |1 I(G )}
< E{|le||*}/*P(G*)"/?
- 2nA,

V302
< Y27
o \/ﬁplf))\n

for n, p large enough . This implies the claim on the bias.

E{[16" — 001G} < B{

+ 2|60 || . P{G“}

1
+ 8|6l p~? < 10¢2228F
n

It remains only to prove the intermediate Lemma [H.5]

Proof of Lemma[H.5. We prove the claim for the second batch, and in the rest of the
proof, we assume that all probabilities and expectations are conditional on the first
batch (in particular, the intermediate estimate é\l) The (a,b) entry of I, — QOEO

reads
(I, — QTP ) = I(a = b) — (APe,, £P¢,)
= Z I(a = b) — (eq, QD) 3.
Now, E{{e,, Q@z)z;3)} = I(a = b) and (e,, QP z;) is (]|Q2?)]|2x)-subgaussian. Since
Y@ = Agl,, we have that [|Q®)|], < Ag~'. This observation, coupled with Lemma

, vields (e,, Q@ z;)x;, is 2k2 /Ag-subexponential. Then we may apply Lemma |L.5| for

e < 12x%/A¢ as below:

2
P{(I, — QOS?) > 1 < <_L)
{(Z, Jap = €} < exp 36r2A, 1
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Keeping € = £(p, na, &, o) = 155A0~ /% /(log p) /ny we obtain:

_ I
P{([p — QO > 1567, Y/, /%} < pS.
2

Union bounding over the pairs (a, b) yields the claim. The requirement ny > 2(Ag/x?) logp

ensures that the choice & above satisfies ¢ < 12x%/A,.

H.3 Central limit asymptotics: proofs of Proposition and
Theorem [4.10)

Our approach is to apply a martingale central limit theorem to show that W, , is ap-
proximately normal. An important first step is to show that the conditional covariance

Vi.a 1s stable, or approximately constant. Recall that V,, , is defined as

V. = o2 (ﬂ<m<1>’ SOy 4 20,0 §(2>mgz)>>.

n' ¢ @ n

We define its deterministic equivalent as follows. Consider the function f : S™ — R by:
f(X) = {min (m, Zm) - [Em — eallsc < g, [Imfly < L},
We begin with two lemmas about the stability of the optimization program used
to obtain the online debiasing matrices.

Lemma H.6. On its domain (and uniformly in u,e,), f is L*-Lipschitz with respect

to the ||||oc morm.

Proof. For two matrices ¥,Y’ in the domain, let m,m’ be the respective optimizers
(which exist by compactness of the set {m : [|[Em — v||e < u,||m|1 < L}. We prove
that [f(X) = f(X)] < L2 = ¥'||«.
fE) = f(2) = (Z,mmT) — (&', m/(m")")
< (B, m'(m')T) — (&, m/ (m)")
= (X =X")m/,m")
< = E)m [l [m]2

<18 = Yool < L72 — ¥lw.
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Here the first inequality follows from optimality of m and the last two inequalities are
Holder inequality. The reverse inequality f(X) — f(¥') > —L?||¥ — ¥'||« is proved in

the same way. O

Lemma H.7. We have the following lower bound on the optimization value reached to
compute f(X):

(1—p)? 1
Amax () <f®) < Amin(2)

Proof. We first prove the lower bound for f(X). Suppose m is an optimizer for the

program. Then

[Emllz = [[Emlle > [lealloc —p =1 p.

On the other hand, the value is given by
(m, Xm) = (Sm, 87 (5m)) > Auin(S7)[Emf3 = [Emlf3 Amax(2) 7

Combining these gives the lower bound.
For the upper bound, it suffices to consider any feasible point; we choose m = ¥ le,,
which is feasible since ||[Z7!|; < L. The value is then (e,, X7 te,) < Apax(X71) which

gives the upper bound. O

Lemma H.8. (Stability of W) Define ¥ (0) = E{zx"|(x,,0) > s}. Then, under
Assumptions [{.5 and [{.§

2
Voo — a2<"1f(2> | raef(E (90))>)

n n

lim
n—0o0

Proof. Using Lemma [H.6}

=0, n probability.

Vaa =0 (ZLF(D) + Z2£(2(00)) |

2 2

an ~ a™n ~

= ——(FEY) = FE) + —=(fED = f(2(6)))
2 2

< LZU n1||2—2(1)||oo+L20 ”2”Z(2)(90) _2(2)”Oo
n n
2 2

< 2272 = SO+ 222 (122 (0g) — 2P0 + |20 — S)|..)
n n

< 02L2||2 _ i(l)Hoo + 02L2<K||§1 — Oy + ||E(2)(§1) _ §(2)||Oo) )
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Using Lemma the first and third term vanish in probability. It is straightfor-
ward to apply Theorem to the intermediate estimate @\1; indeed Assumption

guarantees that ny; > cn for a universal ¢. Therefore the intermediate estimate

has an error ||8! — 6g||; of order kogy '/ (stlog p)/n with probability converging to

one. In particular, the second term is, with probability converging to one, of order

KL2c%koyt/s2(logp)/n = o(1) by Assumption |4.8| O

Lemma H.9. Under Assumptions @ and@ with probability at least 1 — p~=2

max|(mg, ;)| < 10Lk+/log p,
In particular lim,,_, o max; [(mq, ;)| = 0 in probability.

Proof. By Holder inequality, max;(|(mg,z;)| < max; ||mal1]|zillcc < L max; ||z co-
Therefore, it suffices to prove that, with the required probability max; ,|z; .| < 10k+/log p.
Let u = 10k+/log p. Since z; are uniformly x-subgaussian, we obtain for g > 0:

Pllzial > up <wB{|zial"} < (Var/u)?
(~Gou ) <o~ 55) <v
Xp ez,) S\ —gz) s

where the last line follows by choosing ¢ = u?/ex?. By union bound over i € [n],a € [p],

we obtain:

P{max|z;s| > u} <Y P{lzia| > u} <p~°

1,a
which implies the claim (note that p > n as we are focusing on the high-dimensional

regime). O
With these in hand we can prove Proposition [4.9] and Theorem [4.10

Proof of Proposition[{.9. Consider the minimal filtration §; so that
1. Fori <mny, y1,...,¥i, T1,...2,, and €1, ..., &; are measurable with respect to §;.

2. Fori>mny y1,...,9;, *1,...,2, and €1, ...¢&; are measurable with respect to §;.
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The martingale W, (and therefore, its a* coordinate Wih.a) is adapted to the filtration
§i. We can now apply the martingale central limit theorem [I4, Corollary 3.1] to
W, . to obtain the result. From Lemmas and we know that V), , is bounded
away from 0, asymptotically. The stability and conditional Lindeberg conditions of

[14, Corollary 3.1] are verified by Lemmas and [H.9] O

Proof of Theorem[{.10. This is a straightforward corollary of the bias bound of 4.7 and
Proposition 1.9, We will show that:

lim 1@{ V” (0> — 0y.0) < :p} < o).

n—o00 n,a
The reverse inequality follows using the same argument.

Fix a 6 > 0. We decompose the difference above as:

n (@\0“_6 )_ Wn,a + An,a
Vaa 0 Ve Vs

Therefore,

IP{ V:L,a (62" — p.0) < :c} < IP’{ \V/V;T <z+ 5} +P{|Anal > v/ Viad}.

By Proposition the first term converges to ®(x 4 §). To see that the second term

vanishes, observe first that Lemma [[1.7] and Lemma imply that V;,, is bounded
away from 0 in probability. Using this:

lim P{|A,.] > v/Vied} < lm P{||As]lcc > v/ Viad}
n—oo n—oo
K20 sologp} 0

VAggo v
by applying Theorem and that for n large enough, /V,, .0 exceeds the bound on

< lim P{||An|yoo > 4000
n—oo

|Ay |l used. Since 6 is arbitrary, the claim follows. O

H.4 Proofs for Gaussian designs

In this Section we prove that Gaussian designs of Example [4.6| satisfy the requirements
of Theorem [£.21 and Theorem
The following distributional identity will be important.
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Lemma H.10. Consider the parametrization ¢ = g’(é\, Z§>1/2. Then

. X0 $60TEN 1/2
$‘<x§>>§:#£1 (E_ﬁ) 5
m= (0,%6)1/2 (0,%0)
where &1, &, are independent, & ~ N(0,1,) and & has the density:
dPe, 1
U) = ———
du (W) V21 dP(—3)

Proof. This follows from the distribution of z|(z, §) being N(x/,>’) with

exp(—u?/2)[(u > S).

Y9 . AT
[L/: Ae,\ <$,9>, E,:E—L
(0,%0) (0,%0)

The following lemma shows that they satisfy compatibility.

Lemma H.11. Let P, = N(0,%) for a positive definite covariance Y. Then, for any
vector 0 and subset S C [p], the second moments E{xzT} and E{xxT|<x,§> > G} are

(¢o, S)-compatible with ¢y = Amin(2)/16.

Proof. Fix an S C [p]. We prove that ¥ = E{z2]} is (¢, S)-compatible with ¢y =
Amin(2)/16. Note that, for any v satisfying ||vge
|vlli < 4fjvgl1. Further ¥ = Ay (X)1, implies:

Sl

VIt

1 < 3||lvs||, its ¢; norm satisfies

|S1(v, Xv)

oIt

[Sllosl? o Amin(X)
16]luslf — 16

Z )\min(z) 2 )\min(z)

For E{zzT|(x, 5} > ¢}, we use Lemma to obtain
~ $00TS
E{za|(2,0) > ¢} =X+ (B{&} - 1) =,
(0,%0)
where & is as in Lemma [H.10] Since E{&Z} = 1 + 5p(S)/®(—<) > 1 + ¢ whenever
¢=0:

E{zz"|(z,0) > ¢} > D+

The rest of the proof is as for X.
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Lemma H.12. Let P, = N(0,%) for a positive definite covariance ¥.. Then, for any

vector 0 and subset S C [p], the random vectors x and x|<x f)>c are k-subgaussian with

K = 3Amax(2)V2(GV ), where ¢ = ¢/ (8, %0) /2.

Proof. By definition, (z,v) ~ N(0,v"%v) is VvTXv-subGaussian. Optimizing over all
unit vectors v, x is /\Iln/fx(Z)—subgaussian.

For x|, 5)>¢> We use the decomposition of Lemma [H.10p

>¢?

. 20 SH6TSN 1/2
13‘@,(’932@:—/\ =~ (E— = A) 2-
(6,%0)1/2 (0,%0)
Clearly, &5 is 1-subgaussian, which means the second term is /\rlr{fX(E)-subgaussian. For
the first term, we claim that & is 1-subgaussian and therefore the first term is )\Iln/fX(Z)—
subgaussian. To show this, we start with the moment generating function of &;. Recall
that ¢ = ¢/(6, $6)/2:
=e —.
V21 ®(—<) P(—<)

Here p and ® are the density and c.d.f. of the standard normal distribution. It follows

E{GA&} — /Oo 6)xue—u2/2 du . A2/2q>()\ - é)
S

that:
? 1 (A=9p(A=9) A —9)?
— logEferl — —
e BB =5+ AT BOr—<)?
1 A =3)p(A—=9)
<-4
=2 3T e -9
1 Ap(A)
- 1
=2 <

Now, consider the centered version & = & — E{&}. The above bound also holds for
d?/d\?(log E{e*1}). Therefore, by integration, dlogE{e*1}/d\ < X + O, for some
constant C' independent of A. Now

dlog E{e1}

5\ _, ~El&ar=0.

Therefore, we can take the constant C' to be 0. Repeating this integration argument,

we obtain log E{e*¢1} < A?/2, which implies that & = & — E{¢,} is 1-subgaussian.
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It follows, by triangle inequality, that & is (1+E{& })-subgaussian. It only remains
to bound E{¢;} as below:

E{&} = (If((_g_z_) < ! —Eg‘

Therefore, the subgaussian constant of x|, 5  is at most Amax (Z)V2(25VEt41) <
BAmax(2)2(S V).

<2(GVveh.

For Example[4.6] it remains only to show the constraint on the approximate sparsity

of the inverse covariance. We show this in the following

Lemma H.13. Let P, = N(0, X) and 0 be any vector such that ||§||1||(/9\||OO < L)\min(Z)||§||2/2
and |7y < L/2. Then, with Q = E{zzT}~" and Q?(0) = E{zz"|(z,0) > ¢}~

120 v I9®] < L.

Proof. By assumption |Q|; < L/2, so we only require to prove the claim for Q2 =

~

E{zzT|(x,0) > ¢}, Using Lemma [H.10, we can compute the precision matrix:

0 = E{zz"|(z,8) > ¢}
z§e“fz>1

(0, 20)

- (z+ @&} -1
X
007
6,20)
where the last step follows by an application of Sherman—Morrison formula. Since
E{&2} = 1+ ¢p(S)/®(—<), where ¢ = ¢/(0, £0)/? this yields:
Sp(c) _ooT

2 _0_
= S )+ w0 G.xd)

=0+ (E{5} ' - 1)

By triangle inequality, for any ¢ > 0:

@‘QAT
129, < o), + 190

@,%0)
18018

L
< 5 + T A =
Amin(2)[|6]]
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Next we show that the conditional covariance of = is appropriately Lipschitz.

Lemma H.14. Suppose ¢ = ¢(0,%60)'/? for a constant ¢ > 0. Then The conditional
covariance function X (0) = E{zx"|(z,0) > ¢} satisfies:

[=2(0) = =)o < K6" -6,
where K = v/8(1 4 &) Amax(2)?/ Amin (2) /2.
Proof. Using Lemma [H.10]

SO6) = 2+ (B{E) ~ D g

Let v = XY20/||2Y/20|| and v = $1/20'/||Y/2¢'||. With this,

1) = S2(0) 00 = (B{E7} = ISV (0" — 0TS

< (B} = D) Amax () Jov" — 00Tl

< (B} ~ Dha (D)0 — 0T
< VAE(E) ~ A (Dlo — v
e wiet) - 1l - )
@ e R @ - 01

Here, (a) follows by noting that for two unit vectors v, v', we have
|ovT — o053 =2 = 2(vT0)? = 2(1 — o) (1 +0™) < 2/jv — /|2

Also, (b) holds using the following chain of triangle inequalities
w1 /20 1 /20/

" — _
0=Vl = |1y ~ e
||21/2(0 — 9/)” ||El/26/H 1
= g = T
120 - 0)] _ . ues®) ) o
<2 < l6—o
[=17%] A (%)

Finally (¢) holds since

E{&1} — 1 =¢p(Q)/®(—<) <& +1,

using standard tail bound ¢(S)zg < (). O
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I Technical preliminaries

Definition I.1. (Subgaussian norm) The subgaussian norm of a random variable X,

denoted by || X||y,, is defined as
1X 1y, = sup g PE{|X]1}1/9.
q>1
For a random vector X the subgaussian norm is defined as

[ Xl = sup [[{(X, 0)[|us,.

l[oll=1

Definition 1.2. (Subexponential norm) The subezponential norm of a random variable

X is defined as
1X[ly, = sup ¢ "E{|X |7},
q>1
For a random vector X the subexponential norm is defined by

HXHIXH = Sup ||<X> U)HIXH'

l[ofl=1

Definition 1.3. (Uniformly subgaussian/subexponential sequences) We say a sequence
of random variables { X;};>1 adapted to a filtration {F;};>o is uniformly K-subgaussian

if, almost surely:

sup sup q’l/z]E{]Xi\q\ﬂ,l}l/q < K.

i>1 ¢>1

A sequence of random vectors {X;}i>1 is uniformly K -subgaussian if, almost surely,

sup sup sup B{|(X;, v)|?|Fi_1}Y? < K.

i>1 |jo)|=1 ¢>1

Subexponential sequences are defined analogously, replacing the factor ¢~ */? with ¢~

above.

Lemma 1.4. For a pair of random variables X, Y, || XY |y, < 2[| X | [|Y [ 4s5 -
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Proof. By Cauchy Schwarz:
IXY ||y, = sup g 'E{|XY|7}!/

g1

< sup g 'B{|X PRy}
q>1

< 2(sup(2q) " PE{|X[*}2) - (sup(2q)"VPE{|Y [P1}1/%)

q=2 q>2
< 2 Xl 1Y (g

]

The following lemma from [37] is a Bernstein-type tail inequality for sub-exponential

random variables.

Lemma 1.5 ([37, Proposition 5.16]). Let X1, Xa,..., X, be a sequence of independent

random variables with max;|| X;||y, < K. Then for any € > 0:

> 5} < 26Xp{ - 6"; min (iK 1)} (108)
e (&

We also use a martingale generalization of [37, Proposition 5.16], whose proof is we

P2y x - E(x)

omit.

Lemma 1.6. Suppose (F;)i>o is a filtration, X1, Xa, ..., X, is a uniformly K -subezponential
sequence of random variables adapted to (F;)i>o such that almost surely E{X;|F;_1} =
0. Then for any € > 0:

P{‘%i& 26}§26Xp{—6:§(min (%1)} (109)
=1

The following is a rough bound on the LASSO error.

Lemma 1.7 (Rough bound on LASSO error). For LASSO estimate - with regular-
1zation A\, the following bound holds:

3 el|?
107 — 6ol < CE + 2601 -
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Proof of Lemma[L]. We first bound the size of oL. By optimality of oL

1 1
Ml < —1lell? + Mll6olly — —[ly — X042
16%]], < 2n||€||2+ 100]|2 inly 15

1
< —1lell2 + M6l
=13 + Aol

We now use triangle inequality and the bound above to get the claim:

185 — Boll < [I6%]]1 + (160l

< lell* + 2(16o]1:

2n\,
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