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Supplement A contains technical lemmas and the proofs of all theoretical results in

the main paper. Supplement B provides further simulation results.

A  Proofs

Proof of Proposition 1 Simply note that, for ¢ € (y,, y.),
Plgg-rppy <) = Plggorqny <t) for U £ U(0,1) (because F is continuous)

1
= fo Lkt wy< ey du

1
= f Lju<rc, (peyydu
0

thus proving the desired result. []

Proof of Proposition 2 For part (i) we have clearly, by (7), || < s(T)E|Y] if 7 €
(0,1/2], and |& | < r(T)E[Y | if 7 € [1/2,1). So E|Y| < oo implies |&;| < oo. Furthermore,
it is a clear consequence of the dominated convergence theorem that the function 7 — &,
is continuous on both of the intervals (0,1/2) and (1/2,1). Since r(1/2) = s(1/2) = 1,
we conclude by the dominated convergence theorem again that the function 7 — &, is
continuous at 7 = 1/2, and as such is continuous on the whole interval (0,1). Note also

(from Equation (5)) that 7 — r(7) is increasing on (1/2,1) and 7 — s(7) is decreasing
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on (0,1/2), and this implies that the function 7 — &, is increasing on both the intervals
(0,1/2) and (1/2,1), and therefore is also increasing on the whole interval (0,1) by its
continuity at 7 = 1/2. Finally, the fact that the extremile function maps (0,1) onto
the range of F' is an immediate consequence of its continuity together with the limits

hmrlO 57' =Y and limTTl g’r = Yu-

(i) The necessary condition is trivial. For the sufficient condition, suppose &y, = &y
for all 7 € (0,1). For every integer s > 1 and all independent copies Y!,... Y of Y, we
have E[min(Y!,...,Y*)] = &.,(s), where 7(s) = 1 — (1/2)"/. Likewise, for s independent
copies Y1, ..., Y® of Y, we have E[min()wfl, . ,)N/s)] = &y (- Then by assumption

~

E[min(Y!,...,Y*)] = E[min(Y',...,¥*)] for s=1,2,...

This implies Fy = Fy as established by Chan (1967).
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(iii) Following (7), we have &y = {J; t)dt. Also, J.(1—t) = J;_,(t). The assertion
0

follows then immediately from the locatlon and scale equivariance of quantiles

a+bF,! if b>0
F3\(r) = v (1) (A1)
a+bFyN1—7) if b<0.

(iv) Using a change of variables in the first equality in formula (7) in conjunction with

the facts that J.(1 —t) = J;_,(t) and ¢1_; = 2u — ¢, we easily get

1 1
= f Jlf‘r(t)qt dt = 2,u - f JT(t)qt dt = 2:“’ - g‘r
0

0

for either cases 7 < 1/2 and 7 > 1/2.

(v) The comonotonic additivity follows immediately from (7) in conjunction with the fact

that F;if/(t) = F; () + F};l(t) for comonotonic variables Y and Y.  []

Lemma A.1 For any s < 1, we have

(log 2) LOO 27 dt = T(1 — s)(log 2)* =: G(s).



Proof This is a straightforward consequence of the use of the change of variables u =

tlog2. [

Lemma A.2 (i) For anyt > 0 it holds that
1-—1=7)t) P 527 a5 711
(ii) For any T close enough to 1, we have
0< (1= =70 Loarcan1y < (V2)

(#ii) For anyt > 0 it holds that

(1—7)" [(1 T T 24} S (t [1 + 1052] - tQIO§2) as 71 1.

(iv) For any c € (0,1), there is a constant C > 0 such that for any T close enough to 1,

we have
=) 1= 1=t =27 Ty en -1y < C(V2) ™

Proof Convergence (i) is immediate since r(7) = log(1/2)/log(T) is equivalent to (1 —
) tlog2 as 7 1 1. Statement (ii) is shown by recalling that log(l — x) < —x for all
x € [0, 1), implying in particular

1

RPN log(7) < (1- 7-)*1 and Ya > 1, Vte (0,(1 — 7-)*1)’ (1—(1— T)t)(l—r)—lloga <at

Combining these two inequalities entails, for 7 close enough to 1 and t € (0, (1 — 7)71),
Vae (1,2), (1—(1—m)t) D < (1= (1 —n)p)d= lose < ot (A.2)

as required. Convergence (iii) follows from a straightforward Taylor expansion. To prove

statement (iv), we first recall that a consequence of the mean value theorem is

max(z,y)

Vr,y e R, [¢ —e| < |y —xle



Pick then a € (v/2,2) and use (A.2) to obtain that eventually as 7 1 1 and for any
te(0,(1—71)7"):

1-—7)" 1 =1 =) =27 < (1 =) (r(r) — 1) log(1 — (1 — 7)t) + tlog 2| a™"
(A.3)

Now, the Taylor expansion r(7) = (1 —7)"(log 2) — (log 2)/2 +o(1) entails, together with

the triangle inequality, that eventually as 7 1 1 and for all t € (0, (1 —7)71):

| log(1 — (1 = 7)1)]

(1—7)""(r(r) = Dlog(l — (1 —7)t) + tlog2| < (1 +log?2)

1—7
llog(1 — (1 —7)t) + (1 — 7)t|
+ (log2) (e :

The mean value theorem and Taylor’s theorem entail, for any ¢ € (0, 1):

log(1 — 1 log(1 — 1
log(l=o)l _ 1o flos(1 =) ] _ |
O<z<c x 1—-c O<x<c x? 2(1 - 0)2

implying therefore that there is a constant C; > 0 with
(1 — T)il |(7’(7’) — 1) log(l — (1 — T)t) + thg 2| ]I{0<t<c(1,.,.)—1} < Clt(l + f})H{t>0}.

Recall now that since a > /2, there is a constant Cy > 0 with t(1+t)a~* < Cy(v/2)~* for
all ¢ > 0, and report the above inequality into (A.3) to complete the proof. []

Proof of Proposition 3 To prove (i), set § = inf{t € (0,1)|¢ > 0}. Then § € [0, 1)
since we work in the heavy-tailed case. If 6 > 0, then for a sufficiently large 7 > 1/2, and

because g5 < 0 and ¢ is nondecreasing, we have

(T)(V(T)—l fs Cgdi=0 (7’(7)5T(r)—1> |
qr 0 qr

Recall that (1) = log(1/2)/log(t) ~ (1—7)'log2 as 7 1 1, and use Proposition 1.3.6(v)
in Bingham et al. (1987, p.16) to get for any € € (0, 1):
r(7)en(n-1
dr
As such

§r ()t 1g, dt
Gr

=0((1- 7) 7207 exp(—(1 — 7) " (log(2) x log(1/2))/2)) = o(1). (A.4)

§r(r)tr™~1q, dt

. =o0(l). (A.5)




This is of course also trivially true if § = 0. Furthermore, the condition F' € DA(®.) is

equivalent to

lim 1 —(sx)—1 _

520 (1_g-1

(see, e.g., de Haan and Ferreira (2006), Corollary 1.2.10). Therefore, it follows by Propo-

27 forall x>0 (A.6)

sition B.1.10 of de Haan and Ferreira (2006) that there is so > 0, which we may take to
be larger than (1 — §)~!, such that

Vs >0, Vo >0, s,s0 > sy = KL < max(z(17/2 1), (A7)
q1—s—1
Write then
5 1-sgt 1
& = f r(T)t’"(T)’lqt dt + f T(T)t"(T)’lqt dt + f 1 T(T)tr(ﬂ’lqt dt.
0 0 1-s4
The second term above is controlled just like in (A.5), yielding
1
& _ J r(T)tT(T)’lﬂdt + o(1). (A.8)
qr l—sa1 qr

Use then the change of variables t = 1 — (1 — 7)/w to obtain that the integral on the

right-hand side of (A.8) is equivalent to

r(T)—1
(1=7)s0

1—1)s w Qi[(1-7)-1]1 W2

A combination of Lemma A.2(i) and (ii), (A.6), (A.7) and of the dominated convergence

theorem shows that

Joo (1 B 1 — T)r(r)—l QL—[(1=r) L] d_w . J*oo 2—1/wwfyd_w . - T X
(1-7)s0 w Q- WP Jo w? '

Report this into (A.8) and use the change of variables t = 1/w together with Lemma A.1

to get the required result.

The proof of (ii) uses the fact that, for v < 0, '€ DA(V,) is equivalent to (de Haan and
Ferreira (2006), Corollary 1.2.10)

Yy, =sup{y : Fy) <1} <o and lim 226D oy forall 2> 0

5720 Yy — Q1—s-1

and is entirely similar to the proof of (i).



Finally, the proof of (iii) is based on the fact that if '€ DA(A), then

lim q1—(sz)—1
520 (g1

=1 forall z>0

when y, = oo, and
lim Yu — q1—(sx)—1
57200 Yy — G151

=1 forall z>0

when y,, < o0 (see, e.g., de Haan and Ferreira (2006), Lemma 1.2.9). The same arguments

used to prove (i) yield once again the desired result, and so we omit the details.  []

Proof of Theorem 1 Write first

n . - 1
e oo (2) -5 ()
i=1 n n

Since K, is continuously differentiable on (0, 1) with derivative J;, we have

L
& =

SRS

i—1 i
Vietl,...,n}, 3t;, € s = |5 Cim = Jr(lin)-
e (e Ste [ = )

Define then J,,(t) = ¢;,, for t € [(i—1)/n,i/n]. Note that J,, and J; are uniformly bounded

on [0, 1]. Besides, if E|Y'|" < co then ¢ necessarily satisfies, for some M > 0,
| < Mt=Y5(1—t)"V" te(0,1), (A.9)

see Remark 1 in Shorack and Wellner (1986, p.663). Finally, note that the function
t— t(1 —t)J.(t) is clearly bounded on (0, 1).

(i) Here the constant s in (A.9) satisfies 1/k < 1. The result then follows directly from
Theorem 3 in Shorack and Wellner (1986, p.665).

(ii) Since now (A.9) holds with 1/k < 2, the result follows immediately from Theorem 1(ii)
of Shorack and Wellner (1986, p.664).

(iii) If J. is Lipschitz of order § > 1 on (0,1), then the Berry-Esséen rate O(n=/?) fol-
lows from Theorem C of Serfling (1980, p.287). This is clearly true when r(7) > 3 or
equivalently 7 > (1)/3 in the right tail, and s(7) > 3 or equivalently 7 < 1 — (3)"/? in the

left tail. [J



Proof of Theorem 2 It is not hard to check the stated convergence by applying Theorem
4.2 of Shorack (2000, p.442). [

Recall the second-order condition

1 - r1

lim {(h L :L"V} =22 for all z > 0. (A.10)
t—0 A(t) | qi¢ p

Proof of Proposition 4 As in the proof of Proposition 3, set 6 = inf{t € (0,1)|¢ >

0} € (0,1). Apply then Theorem 2.3.9 in de Haan and Ferreira (2006) to get that there is

so > 0, which we may take to be larger than (1 —¢)~!, such that

1 —(sz)~ F—1 _

S, 8T = Sp = ‘ (Ch o) _ x”) — g Z ‘ < max(z2 g7ty (A
AO(S) q1—s-1 p

Here Ay is a function that is equivalent to A in a neighborhood of infinity. By (A.4) in

the proof of Proposition 3, it is then clear that there is C' > 0 with

5_7— — ! T(’r)—lﬁ _ B 1
. Lsol r(r)t qut +o0 (exp( C(l—r1) )) ) (A.12)

Use then the change of variables t = 1 — (1 — 7)/w to obtain that the integral on the

right-hand side above is

r(T)—1
(1—7)r(7) JOO (1 _1- T) v (—ql[(lf)_lw]_l — uﬂ) dw
(1-m)s0 w Qi-[(a-r)-11 w?

+ (1—1)r(r) F . (1— 1_T)T(7)_1wvd—w = [,(7) + Ly(7). (A.13)

2
(1-7)s w w

A combination of Lemma A.2(i) and (ii), condition (A.10), (A.11) and the dominated

convergence theorem entails that

Ii(7) = (log2) foo 271/ww7wp —ldw x A(1—=7) Y +o(A((1—7)1) as 711

0 pw?

Using the change of variables ¢t = 1/w and Lemma A.1 it is easy to see that this entails

Li(r) = A((1 = 7)7)Ci(v, p) + o(A((L = 7)71)). (A.14)



We now work on I5(7): use the change of variables z = 1/w to get that

b(r) _ (407 T
(1 —27)7“(7) - L (1= (1 =m2y e
A use of Lemma A.1 and of the bound 277277 = O(27%) as z — o entails
12 7—) (1_7—)_1861 r(t)—1 — _
log2)————— = I'(1 —7)(log2)” + (log2 1—-(1- —27F 7d
(g2 20— = T =)(og2) (g2 [ [1-(1=7)2) |+ dz

+ of(exp(=C(1—7)")). (A.15)
Meanwhile, Lemma A.1, Lemma A .2(iii) and (iv) and the dominated convergence theorem
yield

(1—7)~ st
(log 2) J i [(1 —(1—7)z)" = Q’Z] 2z dz
0

* log 2 log 2
= (1 —=7)(log 2)] 277 (z [1 + 0§ ] — 22%> 27 7dz+o(l —71)
0

= (1-7) {[1 + 1052] Gly—1)— logzg(y—z)} +o(l—7).

Using the Taylor expansion (1) = (1 — 7)7!(log2) — (log2)/2 + o(1), it is then clear
from (A.15) that
L(1)=G(y) + (1 —71)Ca(y) +o(1 — 7). (A.16)

Combine finally (A.12), (A.13), (A.14), (A.16) and the regular variation of |A| (see The-
orem 2.3.3 in de Haan and Ferreira, 2006) to complete the proof.  []

Proof of Theorem 3 Putting k¥ = n(l —7,) and d,, = (1 — 7,,)/(1 — 7}.), we have

FQ,* q
Ji (fﬂt ) (B ) e @ -0

logd, \ & log dy, \ ¢rr & &
vk G(y)— SAKA
ogd, |7 ] &

Note that ¢./& — 1/G () by Proposition 3 and vk (G () — G (7)) = Op(1) by the delta-
method; combining this with Theorem 4.3.8 in de Haan and Ferreira (2006), it follows that

the sum of the first two terms above converges in distribution to Z. Besides, Proposition 4



entails

5 T
qT,’L

—0(A((L=7)™))+0(1-7) =0(A((1—7)"")) +0 (1)

n

G(v)—

due to the regular variation of |A| with negative index. It only remains to use the as-
sumptions that 4/n(1 — 7,)A((1—7,)" 1) = O(1) and log d,, — o0 to obtain that the third

term of the above decomposition converges to 0, which completes the proof. []

Lemma A.3 Suppose k = k(n) — o is a positive sequence with n/k — oo. Then:

(i) We have

log2 nlogn
Jl_k/n(l/n)zo(exp [— g X k:g ])

(ii) For any ¢ € (0,1), we have

n
sup {t_(nlogQ)/(Qk)Jl_k/n(t)} =0 (_) '

0<t<d k

Proof To show (i), note that

o) = e (| S + 1 oen)

_ %log 2(1 + o(1)) x exp <—nlogn log 2(1 + 0(1)))

( < log 2 y nlogn))
= ofexp| —
2 k

as required. To prove (ii), write

_ log 2 n log 2
¢ (niog /) (1)} = D log 2(1+o(1 —1- _ log(t) ) .
0255{ 1-yn(t)} = - log 2(1+0(1)) SUp_exp g —k/m) & 2 og(t)

Now —(log2)/log(1l — k/n) — (nlog?2)/(2k) — +oo, and on (0,0), log(t) < log(d) < 0, so
that eventually

log 2 n log 2 log 2 n log 2
—-1-— - = log(t) | < -1- - = log(d
gs<1£5 xp ([ log(1—k/n) k 2 ] og( )) P ([ log(1—k/n) Kk 2 0g(9)

and the upper bound in this inequality converges to 0, proving (ii). []




Lemma A.4 Suppose:
e the second-order reqular variation condition (A.10) holds, with v < 1/2;
o k=k(n)— oo, n/k — oo and Vk A(n/k) = O(1) as n — .

Then there is a positive sequence (uy), such that u, — 0, nu,/k — o, 1/u, is an integer

for any n, and the following all hold:

(i) We have

uqukk/(nun) 1 and u;f’A(nu"/k)
Qi—k/n A(n/k)

(i) There exist € € (0,1/2 — ), a sequence of Brownian motions (W,) and a function

Ag which is asymptotically equivalent to A, such that:

k Af s/(nun) — —ks/(nu
JE (fh k) ~ 1k m) s (s)
U, q1—k/(nuy)

k
S CHCICD ) FR e

uniformly in s € (0,1].

Proof Apply Proposition B.1.10 in de Haan and Ferreira (2006, p.369) to construct by
induction an increasing sequence (z,) tending to infinity such that for any positive integer
p:

= di-1/(tz)

q1—1/t

)

Vit > 0, Yz € (0,1), tx}xp@max(

_JA(tr) I
PN < — /2_
YA D 2"

Use now Theorem 2.4.8 in de Haan and Ferreira (2006, p.52) to construct, for a suitably
small fixed € € (0,1/2—7y), and for any positive integer p, a sequence of Brownian motions
(me) and a positive sequence of random variables (Zmp) such that ZW = op(1) asn — oo,

satisfying:

S’y+1/2+€

q1—op s/n ~ -, -1 ~
Vork D=2rksn ) _ s T W (8) — VorkA, (i) 512 < Znyp
q1—2rk/n ’ 2Pk p ’

for all s € (0,1]. Here Ay is a suitable function equivalent to A at infinity. An inspection

of the proof of Theorem 2.4.8 in de Haan and Ferreira (2006) shows that the interval of

10



possible choices of € and the choice of Ay only depend on the behaviour of Y in its right
tail, and as such these quantities can indeed be fixed independently of p. Since for any

~

Py Znp = op(l) as n — 0o, we may construct an increasing sequence of integers (INV,) such

N 1 1+e 1
Vp = 1, Vn = ]\/vp7 P Zmp > (ﬁ) < 2_p

Apply finally Theorem 2.3.9 in de Haan and Ferreira (2006, p.48) to construct by induction

that

an increasing sequence (t,) tending to infinity such that for any positive integer p:

R (C_Ils/t B 87) B S,ys’f’ — 1‘ _ (i)lﬁ.
Ao(t) \q1—-1e p 2p

Define now two sequences (u,) and (u,) as follows:

_ L.
U = 5, if 2P max(z,,t,) <

Vt >0, Vse (0,1), t = t, = s7Tr+e

1
% < ortl max(zp41,tp+1) and U, = > if N, <n < Npi1.
Note that (@, ) is indeed well-defined since n/k — oo, that @, — 0, @, — 0 and nu,/k —

by construction, and that both 1/@, and 1/, are sequences of integers.

Set finally w,, = max(u,, u,). Then, as announced, (u,) is a positive sequence such that
U, — 0, nu,/k — oo and 1/u, is an integer for any n. Furthermore, if n and p are such
that u, = 1/2P, then u, < 1/2” and as such nu,/k = nu,/k > z,, by construction of @,.

We then get:
max ( unp% - 1D < (%)m — i, (A.17)

This shows that the sequence (u,) satisfies (i). Define further W,, = I/IN/nﬁp and Z,, = Zn’p

—y q1—k/(nuy,) 1

u
" q1—k/n

Y

if and only if u, = 1/2P. Then (W,) is a sequence of Brownian motions; besides, by

construction, if u,, = 1/2P then @, < 1/2P, which entails n > N, and thus

- 1 1+e 1
P (u,,:EZn > un) =P Zmp > (5) < % = Up.

Since u,, — 0 this shows that u°Z, = op(1), or equivalently that Z, = op(ug). And by

construction, for any s € (0, 1],

k q —ks/(nu k n -1
Al — <—q1 he/(nun) s”) — s T Wa(s) — 4/ — Ao (nu ) s’”s

Un \ Q1—k/(nun) Up, k p
< Z, = op(uy). (A.18)

8'y+1/2+a

11



Finally, if n is such that u,, = 1/2?, then %, < 1/2? and as such nu,/k > nu,/k > t,, by

construction of @,. Therefore, for any s € (0, 1],
_ 1+e
1 <q1ks/(nun) . 8_7) _ 3_78 P 1‘ < (i) _ ui{i_a
AO (nun/k) q1—k/(nun) P 2p
which we rewrite as
|k (ql—ks/(nun) _ 3_7> _ EAO (nun) s‘VS_p -1
Un \ Q1—k/(nun) U, k p

Rt = Vet () =

Sv—i-p—&-e

Sw—i-p—&-s

for any s € (0, 1]. Use the fact that Ay is asymptotically equivalent to A to get
/ﬁ <Q1—ks/(nun) B 57) B /ﬁAO (nun> 5775—0 —1 ol ﬁA (nun)
(A.19)

uniformly in s € (0,1]. Combine (A.18) and (A.19) to obtain (ii). This ends the proof.
]

S’y+p+5

Proof of Theorem 4 Choose n so large that 1/2 < 7, < (n — 1)/n. Denote by k the
quantity n(1 — 7,), so that 7, = 1 — k/n. Our first main goal is to prove the desired
convergence for the estimator éfn = Ef_k Jn- Observe that

R i i—1 o (i
gf = Z {K’T <_) - KT ( )}Y;,n = Yn,n + Z K’T (_> [Y;,n - Yi-‘rl,n]-
i n n n

i=1

Since, for any ¢ € (0,1), K,(t) is a decreasing function of 7 € (1/2,1), we obtain that &
is a sample-wise nondecreasing function of 7 € (1/2,1), and as such

A~

& g < EE < E g

Writing then, for n large enough:

n(l—7,) E—l = vk —gfik/n—l
" é.Tn Slfk:/n

L
< vk <§1—Lk]/n B 1) E1—(k)/n VR (51—[kj/n B 1) 7

§1-|k|/n §1—k/n §1—k/n

12



it comes as a straightforward consequence of Proposition 4 that

~y ~y
ni=m (&2 —1) < v St (1 + o(1)) + o(1).
&r §1-1k)/n

A similar lower bound holds, and so it suffices to consider the convergence of 51{,6 Jn D)

the case when k& = n(l — 7,) is a sequence of integers with & — oo, n/k — oo and

VEA(n/k) = O(1).

By Proposition 3(i),

E{Zk/n B 1 g{ik/n - Slfk/n
\/E<——1>_m_7 <\/E )(1+o(1)).

§1—k/n )(log 2)7 q1—k/n

It is then enough to show the following convergence:

o0

1 - J—
\/EJ J1- k() B @ g 4 ~v(log 2)7+1/2 J e s W (s)ds (A.20)
0 q1—k/n 0

where W is a standard Brownian motion. The idea for this is to control the process ¢; — ¢,
separately in the left tail of Y, in the center of the distribution of Y, and then in the right
tail of the distribution of Y. More precisely, we break the integral in the left-hand side
of (A.20) as follows:

~

1 —_
N f Tan®8=dt = Lyt T+ ot T+ Lo
0 1-k/n

~

1/n G —q
with I,; = \/EJ Ty ()24t
0 QIfk/n

~

6 R
In,2 = \/% Jl—k/n(t)Qt i

dt,
1/n d1—k/n
1-6 a —q
In,3 = \/EJ Jlfk/n(t) : tdt>
6 A1—k/n
1=k/(nun) 0, —
In,4 - \/E Jl—k/n(t) Qt qtdt,
1-6 q1—k/n
' G — 4
and I,5 = Vk Ji_im(t) 24t (A.21)
1—k/(nun) q1—k/n
where § € (0,1/2) is chosen such that
1 2 (03
Vi=1—-9, 0< < - A.22
Fla) S A1t 422

13



(this is possible by the von Mises condition (14) in the main paper) and (u,,) is constructed

by applying Lemma A.4. We study each term separately.

Control of I, ;: Note that

1/n 1
J S ()G dt| < Jlk/n(l/n)f |G| dt = Op(J1—g/m(1/n)),
0 0

by the law of large numbers. Furthermore

1/n 1
[ st < 5 sutiim [ ada = sy,
0 0

Because k/n — 0 and ¢;_j/, — o, the following crude bound then applies:

Ta| = 0p (/1 Jizkyn(1/n))

Apply now Lemma A.3(i) to get

- log2 nlogn - 1 nlog2
|In,1|—oﬂm<\/ﬁexp(— 5 X % ))—OP(GXP<[2—k 5 ]logn))

which, since n/k — oo, translates into

| Lna| = op(1). (A.23)

Control of I, 5: Use the approximation of Theorem 6.2.1 in Csorgé and Horvath (1993)
(see also Proposition 2.4.9 in de Haan and Ferreira, 2006) to obtain that for any ¢ e

(0,1/2), there is a sequence of Brownian bridges (B,) with

e B0 (T

uniformly in ¢ € [1/n, (n — 1)/n]. Report this into I,, 5 to get

\/> J J1km(t) Ba( \[ j Tyt *6t*s+l/2(1_t)fs+l/2dt
n2 - .
i/n  9i—k/n f(a:) 1/n  Q1—k/n fla)

Recall that any Brownian bridge B is such that B(t) < W (t) — tW (1) with W being a

standard Brownian motion. Because

wp O

O<t<1—6 t1/2—

< oo almost surely (A.25)
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(for instance as a consequence of the law of the iterated logarithm, see Theorem 1.9 and

Corollary 1.10 in Chapter IT of Revuz and Yor, 1999), we obtain in particular that

sup [Ba ()l = Op(1). (A.26)

0<t<1—6 /2=

As such, and noting that 1/f(¢:) = ¢;, the derivative of t — ¢;, we obtain

J1—k/n
|]n2| o \/>J 1— k/ t_€+1/2q£ dat |
1/n Q1—k/n

Set now ¢ = (log2)/4 > 0 and apply Lemma A.3(ii) to get
yen/k 9
|1,2| = op ( n J tq, dt) :
k A—k/m Jij/n

5 1 5
J tqdt = dqs — iy J q dt.

1/n 1/n

Notice that

Since E|Y'| < oo, the integral on the right-hand side is clearly bounded as n — oo, and it
is a simple consequence of the Markov inequality that n~ g, must also stay bounded as

n — o0. Consequently

n 5cn/k n
_ v _ Y cenfk
nal = oe (\/291—k/n) oF (\/;5 ) .

Since n/k — oo and § € (0, 1), this gives

| In 2| = op(1). (A.27)

Control of I, 3: Use the previous Brownian bridge approximation together with (A.26),

and note that the function ¢ +—s t—=t1/2(1—¢)=*t1/2/f(g,) is obviously bounded on [4, 1 — 4]

= 6J1 k/n
L,s] = Op j Siown®) 1)
d1—k/n

Now the function J;_j/, has unit integral, so that

k 1
|In,3| = OP ( — X ) .
n q1—k/n

15

to get




1/2

Finally, because the function ¢ +— t7/?q;_;—1 is regularly varying at infinity with index

v —1/2 <0, it follows by Proposition B.1.9.1 in de Haan and Ferreira (2006, p.366) that
|1,,.5] = op(1). (A.28)

Control of I, 4: Use again the Brownian bridge approximation together with the bound-

—e+1/2

edness of the function t +— ¢ on a neighborhood of 1 to write

1—=k/(nun) Jio k/n( )Bn(t)
\[L Gt [(a) :

1—-k/(nuyn) J k/n(t) fs(l_t)fs+1/2
<\/>£ Qi—k/n fa) dt) ' (4.29)

We control the two terms on the right-hand side separately. Recalling that the covariance

function of a Brownian bridge at times s and ¢ is min(s,t) — st (see p.37 of Revuz and

Yor, 1999), we get that the first term has variance

=R/ ) 1 (£) By (t)
<\/7L q1—k/n f(Qt) dt)

1-k/(nun) pl—k/(nun) min(s t) — st
- - J1—tn(8)J1—pjn(t) —F————— ds dt.
[ch k/n] L-& L—s ) f(as)f(ar)

Using (A.22), the fact that s — ¢, and s — (1 — s)~! are increasing functions, the

inequality min(s,t) — st < s(1 —¢) and the fact that the function J; s, has unit integral,

we then have:

1=k/(nun) T (4) B (¢ 4 1—k/(nun) 2y
1— q1—k/n f(CIt) Y 1-6 Y

As the term whose variance we bound is a centered random variable, we finally obtain

\[f Kfnun) g (8 )Bn(t)dt — op(1). (A.30)

q1—k/n f(C]t)

The control of the remainder term in I, 4 follows the same ideas:

1—k/(nuy) J —€(1 — ¢ —e+1/2 2 }/24—6
\[J () A= TR ) 2Ty (A.31)
1— G1—k/n fa) v ke
Combining (A.29), (A.30) and (A.31), we obtain
|I,.4] = op(1). (A.32)
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Control of I, 5: Use the change of variables ¢t = 1 — ks/(nu,) and then Lemma A.4(ii)

to obtain that there exist € € (0,1/2 — ) and a sequence of Brownian motions (W,,) such

that:
fos = e [ i1 b (Bt ko) g
N \/%%L SJl—k/n(l — ks /(nu,))ys 7T W (s)ds
"o (u}/lQ—e Q1q1k/:;:n) { f_nA (nzn) } fol gjlk/n(l — ks/(nun))s_“f_f’_fd8>
o (et [ b)) a3

To control the first term above, we use first the change of variables s = tu,, and the self-
similarity of the standard Brownian motion w.r.t. scaling to get, if W denotes a generic

Brownian motion,

1 Qijoun) [ F
L Dk n) J —Ji_sn(1 — ks/(nuy))ys ™7 W (s)ds
0

VUn  qi-k/n n
d G kjouny ) [V k
= {u;”—”} J —Ji—km(l — kt/n)yt™ " W (t)dt.
q1—k/n 0 n
Using Lemma A 4(i) and the definition of the function J;_j,, this entails

1 @1 k/tnun)

VUn  Q1—k/n

1/un
4 'ylogQJ (1 — kt/n) == (e (1 + o(1)).
0

Note that, pointwise, the integrand in the right-hand side above converges to 277 W (t);

1
f %Jl_k/n(l — ks/(nuy,))ys 7 W, (s)ds
0

let us then consider

0

1/un
Sy = f (1 — kt/n) M=l ()dt and T, = f 21T W (t)dt.
0 0

Remark that T, is indeed well-defined with probability 1, in virtue of the combination
of (A.25), the inequality v < 1/2 and the self-similarity of the Brownian motion w.r.t.
time-inversion. Write then, thanks to the equality E|W (t)| = VtE|W (1)| = 1/2t/,

2 (¥ —k/n)—
E|S, — Ta| < \E f ‘(l—kt/n)r(l I L e VIO
0
g * —ty—y—1/2
27 ]I{t>1/un}dt.
™ Jo
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Since v < 1/2, we may use a conjunction of Lemma A.2(i) and (ii) and the dominated
convergence theorem to get E|S,, — T,,| — 0. In particular, S,, = T, + op(1) and therefore

1 q1-k/(nun) r k - d f’o I

— "l =Tl = ks/(nuy))ys T W, (s)ds = ylog2 | 27T W (t)dt.

) [0 = k) W s o2 | g
(A.34)

The second term in (A.33) is controlled by using the change of variables s = tu,, and then

by using Lemma A .4(i):

1 1 k/tnun) k nu,, Lk e
e —A( - ) (1= ks (a))s s

Q1—k/n Uy,
l/uTL
= oL [ AL (g () [ kg
{un Q1—k/n }{u" A(n/k) {\/E (k:>} , ank/n( kt/n)t t

1/un
-0 ( f (1 — ket /m)r—H/m twadt> .
0

Using Lemma A.2(i) and (ii) and the dominated convergence theorem, we get

1 Q1—k/(nuy) k Nty ! k —N—p—e N
u}z/%g d1—k/n unA( k ) 0 nJl_k/n(l — ks/(nun))s ds = O(1). (A.35)

The third term in (A.33) is again controlled by using the change of variables s = tu,, and
then by using Lemma A .4(i):

1 it J a1 = )V
w7 g Jo

1/un k
_ {u;v—qlk/(nun) } f Ji (1 — Kt /)t 72 qt

Q1—k/n 0 n

1/un
-0 (J (1— kt/n)r(lk/")1t—”_1/2_6dt> .

0
Use again Lemma A.2(i) and (ii) and apply the dominated convergence theorem to obtain

1 A1—k/(nun,

w2 qioim

) L 1 %Jl_k/nu — ks/(nuy))s Y2 2ds = O(1). (A.36)

Combining (A.33), (A.34), (A.35) and (A.36) yields
0

Lis 5 ~log 2f 27T (t)dt.

0
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The change of variables s = tlog 2 and the self-similarity of W w.r.t. scaling now clearly

entail
o8]

I,5 < v(log 2)7“/2 J e 55 T W (s)ds. (A.37)
0

It only remains to combine (A.21), (A.23), (A.27), (A.28), (A.32) and (A.37) to prove (A.20)

and therefore complete the proof of the stated convergence for éfn

We now prove that this convergence implies that of ETLRM as well as that of Eﬁf . Noting

that J,, has integral 1, we have

()5 [ ()

Since J., is an increasing function for n large enough, this entails

o<t (18l () ()2

Because (1 — 7,)J5, (1) — log(2), this implies

3|>—‘

In other words,

As a consequence,

gy— =+/n(l—m ATLLM— 0 0
n(l—7,) (a 1) = (1 n)<€m 1> (14 0(1)) +0o(1)

and it is enough to prove the convergence of EgM . Define then JP(t) = J,, ([nt]/n), and

notice that
- 1 i !
LM ste ~
=—>Y J. (—|Y,= JEP ()@, dt.
ng nZ n <n) ) L Tn ( )Qt
Then clearly

SIC=T [ o) - o) i .

Tn
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We next let to € (0,1) be such that g, > 1 (this is possible, since Y has a heavy right
tail), and we rewrite the above bound as

1 — in to ~
—V”(§> () — T, (016 dt
Tn 0

ﬁf | 2P (t) = T, ()] @] dt. (A38)

n(l—1,)
&r

cLM  FL
é-rn - grn

~

To control the integrals in this upper bound, we note that for n large enough, by the

mean value theorem,

| J2P(t) — J, (8)] < (M — t) Jo <M) < %J;n <M> for all t € (0,1). (A.39)

n n n

Observe also that
to 1
| 1al de < | i@l de=0-)
0 0

by the law of large numbers, therefore yielding

D ey -or (T, (2.

Recalling that J. (t) = r(7,)[r(r,) — 1Jt"™ =2 and r(7,) = (1 —7,,) "1 1og(2)(1 + o(1)), we

easily obtain, thanks to the convergence [ntg]/n — ty < 1, that

1- n t 1o

_TJ;TL (M) —5 ((1 L) 1 g(2)/2) o
n

It follows that

LS ) f IR (t) = J,, ()] @] dt = op(1). (A.40)

Besides, we have, on the 1nterval (to, 1) and for n large enough,

Ly (M) L1, (M) L2oe2 1 5 (A.41)

n n [nto] n to n(l—m,)

Here, the upper bound

o r(tn)—1

was used, together with the convergence

<1 + L)T(m)l — exp <(1 7. log(2) log [1 + it] (1+ 0(1))) 1

nto Nnig
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which is valid since n(1 — 7,,) — 0. Applying (A.39) and (A.41), we get, for n large

enough
1—7,) (' . - ~
e I A f ( )| | di
Tn to

2log 2

1
S o X&n\/n(l—Tn)LoJT"(

Observe now that g, 5 qr, (this is a consequence of, for instance, Theorem 6.2.1 in

t)|q| dt.

Csorgé and Horvath, 1993). It follows that, with arbitrarily large probability as n — oo,
one has g;, > 1/2, and therefore

Vol —m) —Tp) f ¢ ~ 2log2 f
JEP(t t dt < -
‘ n( )Hqt| tO m n

t)qy dt.

Writing

1 ~ to
f T (0adt = & — f I, ()7 dt,
t

0 0
it follows that

Vil —7,) ~ 1 [P ~
J ‘Jstep n(t)HQt| dt = op (1+§—J Tn(t)|qt|dt) )

Finally, using the law of large numbers again, we get

to ()1 [ (1-7)~ log(2)/2
J T (O3] dt < r(n) e f il dt = Op (1= 7)1 O o (1),
0

0

Consequently

\/if | TP (t) = Jr, (D] |G| dt = op(1). (A.42)

Combining (A.38), (A.40) and (A.42) results in

n(l=7) |~
&

n(l—m,) (g%n — 1) =+/n(l—m,) (i — ) + op(1)

which, by using the convergence of ETLn , concludes the proof. []

L

— 0.

In particular,
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Proof of Theorem 5 Write

]\f[* . M _ A7 e,
o () =0 n (15) e () e (12 ).

The convergence log[(1 — 7,)/(1 — 7,)] — o0 yields

n(l =) AN 1 .
log[(1 — 7,,)/(1 — 72)] log <§m> Op (log[(l .y T,Q)]) p(1), (A.43)

ad (ri);(?z ] %8 ([1:—2]7 §_>

=bwyﬁiﬁﬂmn@>@;>1%(i)+m(ﬁiiriﬂ)

_ Vill—m) o e e
=0 <log[(1 — 370 =gt T A =) O+ L= 4 AL =) )I])
B n(l—7,) o oy

‘Oﬁ%m—mmrwm“ A ">W>

=o(1). (A.44)

Convergence (A.43) is a consequence of our Theorem 4. Convergence (A.44) follows from
a combination of Proposition 4, Theorem 2.3.9 in de Haan and Ferreira (2006) and from
the regular variation of |A|. Combining these elements and using the Delta-method leads

to the desired conclusion. []

Proof of Proposition 5 We have for 7 < 1/2 that &, = So t)q: dt, where J.(-) is a
decreasing positive function satisfying the normalization condition So J-(t)dt = 1. Then,

according to Acerbi (2002, Theorem 2.5), —&, provides a coherent risk measure.  []

Proof of Proposition 6 Since F' € DA(®,) with v < 1, it follows from Theorem 11 in
Bellini et al. (2014) together with asymptotic inversion that

er~( =1 as 71
Hence & /e, ~ (v 1 = 1)7T(1 — y){log2}” as 7 — 1, in view of Proposition 3 (i). On the
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other hand, it follows from Hua and Joe (2011) that

EY|Y >q] 1
qr 1_’7

as 7T — 1.

Hence, in view of Proposition 3 (i), &/E[Y|Y > ¢;] ~ (1 —4)T(1 — v){log2}" =
I'(2 — v){log2}” as 7 — 1. This completes the proof. []

B Additional simulations

When empirical extremiles are used to estimate the same quantity as empirical quantiles,
our simulation experiments provide Monte-Carlo evidence that the extremile estimators
are the most efficient in case of usual short and light-tailed distributions. This benefit in
terms of efficiency comes at the price of non-robustness against heavy-tailed distributions.
Yet, by considering trimmed extremiles, we recover smaller mean squared errors with

respect to sample quantiles that estimate the same quantity.

B.1 Ordinary extremiles

For continuous distributions, extremiles are identical to quantiles but with different or-
ders. Indeed, &, = ¢, implies @ = «, = F(§;). Therefore, an empirical extremile ST
and quantile g,. estimate the same quantity &, = ... To evaluate finite-sample per-
formance of these two estimators we have undertaken some simple Monte Carlo experi-
ments. The simulation experiments all employ the levels 7 = 0.1, 0.3,..., 0.9. We have
considered 2,000 replications for samples of size n = 100, 200, . .., 3000, simulated from
various scenarios: Normal(0, 1), Exponential(1), Uniform(0, 1), Beta(2, 2), Chi-square(3),
Log-normal(0, 0.5), Weibull(1,7), and Gamma(a = 3, s = 1) whose density function is
F'(y:a,s) = y* ‘e ¥/ (s°T(a)), y > 0. The evolution of the ratio MSE(£L)/MSE(G,. )
between the Mean Squared Errors with respect to the sample size n, displayed in Fig-
ure 1, provides Monte-Carlo evidence that the empirical extremile estimator ETL is efficient

relative to the empirical quantile for all these usual short and light-tailed distributions.
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Figure 1: Some simulation evidence — Ordinary extremiles. The evolution of the ratio

MSE(gf)/MSE(@aT) against the sample size n, at the levels T = 0.1,0.3,0.5,0.7 and 0.9.

B.2 Trimmed extremiles

We have undertaken some simulation experiments to evaluate the performance of the
empirical trimmed extremile E,(kn, k!) in comparison with the sample quantile g, when
they estimate the same quantity &.(k,,k)) = g.. We have considered the Burr(4,1),
Pareto(4) and Student(3) distributions, whose heavy tails are likely to affect the ordinary
sample extremile ETL Here, the Burr(k,c) and Pareto(a) distribution functions are, re-
spectively, F(y) =1— (1 +y°)7%, y >0, and F(y) = 1 —y~, y > 1. The Monte Carlo
ratios MSE(&; (k. k!))/MSE(q,), shown in Figure 2, were computed over 2,000 replica-

tions for n = 100, 200, ...,3000. The simulation experiments all employ the extremile
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levels 7 = 0.1, 0.3,..., 0.9, and the corresponding quantile levels o = F(&,(ky,, k.,)) so
that & (kn, k) = qo. We chose k!, = [(5/100) - n/[n%!]] in the left panels of the figure,
and k! = [(10/100) - n/[n°!]] in the right panels. Note that &/ corresponds to [5% -n] for
n < 1024 and to [2.5% - n] for n = 1024. We also chose k,, = k!, only for the symmetric
Student distribution, otherwise k,, = 0. Our tentative conclusion from this exercise is
that the accuracy of the trimmed extremile estimator is quite respectable with respect to

the robust sample quantile, since the MSE ratios are overall smaller than one.

Burr(4, 1) Burr

VWS A IS

06 A~ —— ‘—\_JW/\_\_,./
A —— ——N N o~ R
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0.4 -
0 1000 2000 3000 0 1000 2000 3000
) Pareto(4) Pareto
€ 1.0-
© .
S M_/\/\,/\/\/ \/\/\,\/\/\/\/\—N variable
=
Ll 0.1
& os-
= — 0.3
;i; 0.6- —/\M W\/ 0.5
E —M/\N\__\/‘
o W 0.7
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% 1 ' ' ' ) ' ' '
= 0 1000 2000 3000 O 1000 2000 3000
Student(3) Student
1.0-
>, v’.
0.8- ~
Tt "\‘J IN N ot AVA\/-V
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0 1000 2000 3000 O 1000 2000 3000
Sample size n

Figure 2: Trimmed extremiles — From top to bottom, the Burr(4,1), Pareto(4) and
Student(3) distributions. From left to right, k! = [(5%) - n/[n°!]] and Kk, = [(10%) -

n/[n™]].
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