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This supplementary article is organized as follows. In Section C, we present some
examples on the estimation of the contrast function to better understand Assumption (C2),
(A4), (A5) and (A6). Section D contains proofs of Lemma 3.1, Theorem 3.1, Theorem 3.2,
Theorem 3.4 and additional simulation results. We omit the proof of Theorem 3.3 since it

is very similar to that of Theorem 3.1. Additional simulation results are given in Section

E.

C DMore on the technical conditions

In this section, we present some examples on the estimation of the contrast function to

better understand Assumption (C2), (A4), (A5), (A6) and (AT7).

C.1 Detailed discussion on (C2)

We consider the case where the structure parameter « in (C1) equals 1. As commented in

Section B, this assumption holds when 7(X) has a bounded density near 0.

Example 1 (B-spline methods) Assume p =1 and X has a bounded probability density
function on a closed interval. Forj = 0,1, let BJI() be the B-spline regression estimators of
the conditional mean functions h;(-) based on the sub-dataset {(X;,Y:)}iez,a,—j. Define the
estimated contrast function 77(-) = hyz(-) — fALO,I(-). Then similar to Equation (8) in Zhou
et al. (1998), we can show E|7z(X) — 7(X)|> = O(|Z|=*/®) when 7(-) is twice continuously
differentiable and the number of interior knots K satisfies K = C|Z|'/® for some C > 0.
Condition (C2) is thus satisfied.



Example 2 (Kernel ridge regression) For j = 0,1, let ﬁjz() be the kernel ridge re-

gression estimator of hj(-) by minimizing,

s . 1 :
hjz = arg min {m DA = )Y = h(Xi)Y + A||h||§[} ,

heH ieT

where A > 0 s a reqularization parameter, H is a reproducing kernel Hilbert space with
a reproducing kernel K(-,-) and || - |4 is the corresponding Hilbert norm. It follows from

Mercer’s theorem that
K(z, I/) = Z Mj¢j($)¢j($,),
j=1

for some nonnegative and nonincreasing sequence { i, 321, and some orthogonal basis func-
tions {¢;(-)}32,. Assume hg, hy € H, sup, E[{Y*(a) —ha(X)}*|X = 2] = O(1) fora =0,1.
Assume for some k > 2, there exists a constant p < oo such that E{qﬁ?k(X)} < p* for any
integer j > 1. Further assume one of the following three conditions is satisfied:

(i) u; = 0,Yj > r for some integer r that satisfies r = o(|Z|'/*), and X = r/|Z|;

(ii) pj = O(j~2),Vj > 1 for some v > 3/2, and \ = |Z|72/0+2);

(iii) p; = O(exp(—¢cj?)),Vj > 1 for some constant ¢ > 0, and X\ = |Z|~*.

Then, we have Elh;7(X) — hij(X)|?> = o(|Z|"*/4) (see Corollaries 2-4 in Zhang et al.,
2013). Set 77(x) = izz,l(m) — hzo(a). It follows from Cauchy-Schwarz inequality that
E|77(X) — 7(X)|? = o(|Z|73/*). Notice that the convergence rates are independent of the
dimension p. Condition (C2) therefore holds.

C.2 Discussion on (A4)-(A6)

We assume covariates follow an elliptical distribution with mean zero and covariance matrix
. Further assume there exists some constant co > 1 such that ¢y’ < Apin(X) < Anax(2) <

¢o. Then, X has the following stochastic representation:

X L2y, (S.1)



where U is spherically distributed. For 1 < j < p, we denoted by UY) the j-th element of
U. Assume U™ has a positive probability density function that is bounded away from 0
and 00 on (—Upax, Umax) TOT SOME Upay < 00 Where (—Umax, Umax) is the support of UML),

Assume 7(X) = apS* X + by for some sketching matrix S* € R'? with ||[S*||o < s and
|S*|l2 = 1 and some ag,by € R with ag # 0. Then the optimal choice of the projected
dimension ¢ would be 1. In the following, we focus on the case where ¢ = 1 and show
(A4)-(A6) hold.

More generally, one may consider the following model:
7(X) =y(S*WX, @ X, ... 5Hw X)),

for some sketching matrices S*(, §*?) . §*@) ¢ R™P gsome integer ¢y > 1 and some
function ¢ (-). The choice of ¢ then involves a trade-off. For ¢ < qo, the contrast function
might not be well approximated. However, the convergence rate of the estimated contrast

function slows as ¢ increases.

C.2.1 Validity of (A4)

The random vector U (see (S.1)) has a spherical distribution. For any sketching matrix

S € RYP it follows from Theorem 2.4 of Fang et al. (1990) that
SE2U L || Ss2|L,um.
This together with (S.1) implies that
SX 2 ||SV2|,um. (S.2)

For any S € S, we have ||S|]s = 1. Hence, c¢; /% < [|SZV2|| < ¢i/*. Tt follows from (S.2)
that there exists some constant ¢, > 1 such that the probability density function gg(-) of
SX satisfies

it <qs(u) < e, Yu € (=) SEY?|gtmax, [|SEY?||2tmax) and S € S. (S.3)

We focus on the cubic B-spline methods discussed in Section 3.3.2. Let Q° denote the



matrix

SONEEX)NT(5X) S NIEKIND(SK) 3N (SXINE(SX)
€T €T ez
SN ExIN (X)) Y NI SN (X)) - S MO (SX)NE)(5X)
ieT i€L €L
ZNfS)(S K+4(SX> ZN (SX) K+4(SX ' ZNKH SX) K+4<SX)
i€T i€T i€l

Assume the interior knots are placed at equally-spaced quantiles of SX. Since |Z| > n/2,
similar to Equation (13) in Zhou (2009) and Theorem 2 in de Boor (1973), we can show

there exists some constant c,, > 1 such that
(2. K)'n < cCHT)K ™' < Apin(BEQ®) € Ao (BEQ®) < ¢ |Z| K™ < 2¢,, K 'n, VS € S(S.4)

under the condition in (S.3). The B-spline bases are uniformly bounded. Therefore, we
have

max  sup Var{ N\ (SX)NS(SX)} < max  sup B{N (SX)ND) (SX))?

1<k1,ko<K+4 gcs 1<ky,ko<K+4 gcs

-0 ( max sup{EN<S ($X)} ) O(K™1).(S.5)

1<k<K

Assume K = Cn'/5 for some constant C' > 0, and B = O(n"®) for some xp > 0. It follows
from Bernstein’s inequality (see Lemma 2.2.9, van der Vaart and Wellner, 1996) that the

following event occurs with probability tending to 1,

max
be{l,...,B}
1<k ,ko<K+4

ST (M (SX)NE (5X) — ENED(S,X)INEY (S, X))‘ O(n*/*\/log n)(S.6)
€L

Notice that N,f”)(SbX)N,f”)(SbX) = 0 when |k; — k| > 4, Q% — EQ® is a band matrix.
Under the event defined in (S.6), we have |Q% — EQ%|, = O(n?°y/logn) and ||Q% —
EQ% |l = O(n*°y/logn). As a result, we have

max [|Q% — BQ™[|]; < max_ \/H@S”— EQ%[1[|Q% — EQ% | = O(n*+/logn).

be{l,...,B} be{l, ...,



with probability tending to 1. This together with (S.4) yields

‘ )\min S > _* 4/5 S7
be{r{l,.l.r.}B} (@) 2 &, (8.7)

for some constant ¢, > 0. By (S.4), (S.6) and (S.7), we have

max H(@S”) — (BQ™) |2
< |, max H(@S”) 21Q% — EQ¥ [o[|(EQ™) ![|l2 = O(n=**/logn).  (S.8)

Consider the pseudo-outcome defined in (12). The estimated propensity score function
#Z(-) and conditional mean functions hZ, k¥ will converge to some 7*(-), hi(-) and hi(-)
respectively. Under certain regularity conditions, we can show the following event holds

with probability tending to 1,

‘| = O0(n=%%y/logn), (S.9)

max ‘ L
i€l

where

Similar to (S.6), we have by Bernstein’s inequality that

= O(n**\/logn),

max

(50) (S, X7 — ENSD (S, X )7
be{l,...,B} Z{Nk (S Xi)7)" — EN (S0 X3) 7]}

1<k<K+4 €T

with probability tendlng to 1. By the doubly-robustness property, we have E(7;|X;) =
7(X;) and hence EN N(SX)rr = N(S (SX)7(X). Therefore,

max_ S N (S X)) — BN (8X0)7 (X)}‘ = 0(n**\/logn) | — 1.(S.10)
1€<§c£i€+z}1 i€

Forany 1 < k< K+4,1<b<B, N,gsb)(-) has bounded support of length O(K~!) =
O(n=1/?). Tt follows from (S.3) that

su max EN(S SX O(n=1/5). S.11
sup, max E|N((5X)] = O(n"") (s.11)



Similar to (S.6), we have by Bernstein’s inequality that

x> (N (SX0)] = BN (S,X0) [} = O/ log ),
1<k<K4 i€

with probability tending to 1. This together with (S.11) yields

NGD (S XV — O(n/
bef?,?fg}z:' 2 (S X)) = O(n*?),
1<k<K+44 €1

with probability tending to 1. By (S.9) and (S.10), we have

(Sb) AT _ (Sb) ] ) < (Sb) ]
x| AN (SX)F — EN(SX)T(X)} < | max (Z'Nk (Ssz)|>
1<k<K+4 | €L 1<k<K+4 \i€Z

xomax |7 — | 4| max (S AN (S,X0)7 - BN (S.X) (X0} = O log ),
i€ c{1,..., .
1<k<K+4 €I

with probability tending to 1. As a result, we have

K+4 2
(Sb) AT _ (Sy) _
bel{qllg}fB} Z <Z{Nk (S Xi)7 — ENy (SbX)T(X)}> O (\/nlogn> , (S.12)

k=1 \i€Z
with probability tending to 1. In view of (S.2), since [|S*|la = 1, Amax(2) < ¢ and

| UM | oo < Umax, the contrast function 7(-) is uniformly bounded. Similar to (S.11), we can

HEN(SX)7(X), - ENggoa(SX)7(X)}H = OWEn~%) = O(n=1/19),

where the big-O term is uniform in S € S. This together with (S.7), (S.8) and (S.12) yields

e | €55 — €5, (S.13)
< max @) — (B@H) DILIZIEN (SX)(X), BNy (SX)r(X)Hl

+ max [[(Q%) Moy | Y (Z{Nk(Sin)ﬁI—ENk(SbX)T(X)}) = O(n~319/log n),

k=1 1€l



with probability tending to 1, where

T
& _ (g5 (z NS S NKM(sbxi)ff) |
ieT ieT
&% = (BQ™) MZH{ENL(S$yX)7(X), -+, ENgyu7(X)}.
By Cauchy-Schwarz inequality, we have

max E|TI (SpX) — 7 (SbX)|2

1<b<B
K+4 K44 K+4 2
= max E|7%(5,.X) SONSSX)ED + > N (S, X)6 = Y NV (S X)E0
- k=1 k=1 k=1
K+4 2 K+4 2
< 2meBIr(5X) - 3 NS +2man Bl Y NP SXE - &)

N J/ N J/
' v~

]Il H2

It follows from (S.4) and (S.13) that

I, < 2 max (§55% — £9)T{B(Q%/|Z|)}E — &%)

1<b<B
< 2 max A {E(Q% /[ Z])}IERS — €515 = O(n~**log ).

1<b<

Besides, since X is elliptically distributed, we have
E(S*X|SX) = (S2ST) 1 (5*28T)(SX), (S.14)
for any sketching matrix S € R'?. Thus,
E{7(X)|SX} = ao(SEST)"H(S*LST)(SX) + be. (S.15)

This implies that 7°1,--- 798 have uniformly bounded second-order derivatives. As a
result, we have I = O(n™*/?) (see the proof of Equation (5) in Zhou, 2009). Therefore,
(A4) holds with ry = 4/5. The condition ro > (2 + 7)/(2 + 27) in Theorem 3.4 holds as
long as v > 2/3.



C.2.2 Validity of (A5)

Below, we show Assumption (9) holds. In view of (S.15), we have for any S € R that

E|7(X) — E{7(X)|SX}]* = a2E|S* X — (SRST)1(S*8ST)(SX)|? (S.16)
2 * *\ T (S*EST)2 (S*ZST)2 _ 2 * *\T (S*EST>2
= a0<SZ(S) -2 ST + Sy o7 )—aO(SE(S) _W>

By Cauchy-Schwarz inequality, we have

(S*ZST)Q

Sygr +588 = 257nsh,

This together with (S.16) yields that
E|7(X) — B{r(X)|SX}* < a5(S" — $)B(S" = )" < aphmax(D)[|S™ = S| < aocol|S™ = S]3-
Assumption (9) is thus satisfied.

C.2.3 Validity of (A6)

In view of (S.15), we have

V(dZE) =V (dZP) = E(aogS™X +bo)[I(apS*X > —by) — I{ag(S*SST)(SLST)H(SX) > —by}]
= —E{ao(S*8ST)(SEST)H(SX) + by} [{ao(S*BST)(SEST)H(SX) > —by}
— qoE{S*X — (S*E8T)(STST) HSX)H {ap(S*LST)(STST) " HSX) > —by}
+ B(agS*X + bo)[I(agS* X > —by) = E(agS* X + bo)[I(agS*X > —by)
— E{ag(S*2ST)(SEST) " HSX) + bo} [ {ao(S*2ST)(SEST)H(SX) > —by}
= Jao| (552 {EWUY — o) I(UY > rg) — E(pUY — 1) I(pU") > r9)},

'

¥(p)

where U is the first element of U defined in (S.1), p = 1/(S*SST)(SEST)-1(SES*T) /(S*£S*T)
and 7o = —by/{|ao|(S*XS*T)/2}. The third equality is due to (S.15), and the last equality
follows from Theorem 2.5 (i) of Fang et al. (1990).

Case 1: 1o = 0. Then we have ¥(p) = (1 — p)Emax(U®Y,0). Since Emax(UMV,0) > ¢



for some constant ¢ > 0, for any g, > 0 that satisfies V(d2') — V(dZ") < &o, we have

€0

1-p< 0 < .
= Faol (ST SSTY2 = agles !

By (S.14), we have E{7(X)|SX} L CUD for some C that is uniformly bounded away
from 0. Since U has a bounded probability density function near 0, (A6) thus holds with
v =1

Case 2: 1o > 0, Pr(UY > rg) = 0. It follows that Pr(pU®" —ry < 0) = 1,Vp < 1. Thus
(A6) holds for any v > 0.

Case 3: o < 0, Pr(UM < ry) = 0. It follows that Pr(pU®" —rq > 0) = 1,Vp < 1. Thus
(A6) holds for any v > 0.

Case 4: 1o # 0, Pr(|UD| > |ro|) > 0. Let f{"(-) denote the probability density of UM,

With some calculations, we have

dv +eo
% = —/T0 ufy (u)du.

P

The derivation of ¥(-) is nonpositive for all 0 < p < 1. Since Pr(|JU®Y| > |ry|) > 0, there
exists some py > 0 such that [d®(p)/dp|,=p,| > 0 and As a result, we have ¥(p) > ¥(py)
for all 0 < p < po. In addition, |d¥(p)/dp| is monotonically increasing as a function of p.

For py < p <1, it follows from Taylor’s theorem that

d®(p)
dp

U(p) = (L—=p).

p=p0
Therefore, for any sufficiently small gy such that V(dZ') — V (dZ") < o, we have

€0
(S*ES*T)UQ|d®(p)/dp’p=po’ '

l—=p<
|aol

As a result, for any sufficiently small g > 0 and any sketching matrix S such that
V(dZ) — V(d?") < ep, we have 1 — p < Ge0/{|ao|(S*£S*T)'/2} for some constant &, > 0.
By (S.14), it is immediate to see that (A6) holds with v = 1 since UM has a bounded
probability density function.



C.3 Additional discussion on (A5)

In Section C.2.2, we show (9) in (A5) is satisfied when X follows an elliptical distribution
and the contrast function is linear. More generally, (A5) holds as long as 7(X) = ¢(S*X)

for some Lipschitz continuous function ¢(-), some S* € S*, and ¥ = EXXT satisfies

Amax(2) = O(1). Notice that

El7(X) — E{r(X)[SX}* = El(S"X) — 9 (SX) + ¥(SX) — E{(S"X)|SX}*
< 2B[W(S"X) — (SX)]* + 2E[E[{y(S"X) — ¥ (SX)}HSX]]* < 4E[)(S"X) — 9 (SX)|*

q
= O(E|S*X - SX|32) =0 (Z(sw — S*NTEXXT)(SY — s*<f>)> ,
j=1
where the first inequality is due to Cauchy-Schwarz inequality, the second inequality is due

to Jensen’s inequality and the second equality follows by the Lipschitz continuity of ().
Since A\pax(EXXT) = O(1), it is immediate to see that (9) holds.

C.4 Additional discussion on (A6)

In Section C.2.3, we assume X follows an elliptical distribution and the contrast function is
linear. If we are willing to assume X ~ N(0,X) for some ¥ that satisfies c; ' < Apin(3) <
Amax(2) < ¢o for some ¢y > 1, then we can show (A6) holds when 7(-) takes some other

nonlinear forms as well.

Example 3 (Quadratic contrast function) Assume 7(x) = ao(S*x)? — by for some
S* € RY™P such that ||S*|la = 1 and ag,by > 0. Notice that for any sketching matriz
S €8S CR™, SX is independent of S*X — (S*L.ST)(SEST)"1SX. Hence,

E{T(X)|SX} = agB{S*X — (§*28T)(S2ST) 18X + (S*LST)(SEST) 1S X|SX}? — by
= aoB{S*X — (S*2ST)(SBST)LSX}? + ao|(S*2ST)(STST)HSX) 2 — by
= ao{S*TS*T — (5*8ST)(STST) ST )} + ao| (S*ST)(STST)H(SX)|* — by, (S.17)

10



Notice that S*X — (S*L.ST)(SLST)~1(SX) is independent of SX. Thus, we have

V(dg") = {ao B(S"X)* — bo M [E{r(X)|SX} > 0]

[ag E{(S*28T)(SBST)THS X))} — bolI[E{7(X)[SX} > 0]
agB{S* X — (S*2S8T)(STST) " H(SX)VI[E{r(X)|SX} > 0]
200 E{S*X — (S*2ST)(SLST)H(SX)H(S*2ST)(SLST) M (SX)M[E{T(X)|SX} > 0]

—- -

ao E[E{7(X)|SX}H{E(T(X)|SX) > 0}].

Let rg = \/bo/(apS*3S*T) and p = \/(S*X8)(SLST)-1(S2S*T)/(S*LS*T). Then we have

V(dZH = V(dZ") = agBr(X)I{r(X) > 0} — ag E[E{7(X)|SX }[{E(r(X)|SX) > 0}]
= a(S"BS ) {B(Z* — 1) I(|Z] > r9) — B(1 — p* + p2% —rg) (1 — p* + p°2% > 17)} .

¥(p)

Case 1: 1o < 1. For any p such that 1 — p* > r2, we have
U(p) = B(Z* —r)I(|Z] > ro) — (L —13) > E(Z* —r5) — (1 —rg) > 0.

For any p such that 1 — p* < r3, we have

dv(p) +00 , 22 B Vrote?=1/p ) z2
——= =2 (1—a%)exp | —— |dzx=2p (x® —1)exp | —— | d6S.18)
dp \rE+p?2—1/p 2 0 2

Since ro < 1, we have \/13 + p*> — 1 < p and hence d¥(p)/dp is negative. Therefore, for
any p such that 1 — p* > r2/2, we have ¥(p) > W(\/1—13/2). For any p such that

1 —p* < 1r2/2, we have

ro/+/2—12 2
dqj—(p)g—%/l—rg/Q/ 0(1—x2)exp <_x_) dr.
dp 0 2

Therefore, for any sufficiently small g > 0 such that V(doslit) — V(dgpt) < g9, we have

1—-p< fo 2,/1—12/2 v 2#31 2 2\ g R

11



Case 2: rq > 1. Since ro > 1, we have \/rg + p?2—1/p > 1. Hence, the integral

0

2

(1 - 2?)exp <—%) dx (S.19)

decreases as \/r2 + p> — 1/p increases for any \/12 + p*> —1/p > 1. Notice that (S.19) is
equal to 0 when setting \/r2 + p*> — 1/p = oo. In view of (S.18), d¥(p)/dp is negative for
any 0 < p < 1. As a result, we have VU(p) > W(1/2) for any p such that 0 < p < 1/2. For
any p such that 1/2 < p < 1, we have

AU \/T3+p2—1/p 2 \/T2-3/4 2
() < —/ ’ (1 —2%)exp T de < —/ ’ (1 —2?)exp T dx.
dp 0 2 0 2

Therefore, for any sufficiently small eg > 0 such that V(dZ') — V(dZ") < ey, we have

\/r2=3/4 2 !
o 2 T
l—p<s ——2 1— .
= (S E5T) {/0 (L= exp ( 2 ) e

As a result, for any ro > 0 and sufficiently small &g > 0 such that V(d2')—V (dZ") < o,
we have 1 — p < ¢,eq for some constant ¢, > 0. By (S.17), E{T(X)|SX} L Cop?Z? +C1(S)
for some constant Cy > 0, some function C1(-), and Z ~ N(0,1). For any p that satisfies
1 —p < ¢éeg for some sufficiently small €9 > 0, the density function of E{T(X)|SX} is
uniformly bounded. (A6) thus holds.

Example 4 (Trigonometric contrast function) Assume (x) = agsin(byS*x) for some
S* € RY™? and ag,by € R such that ||S*|la = 1, ag # 0, by > 0. For any sketching matriz
S €8 CR™, SX is independent of S*X — (S*LST)(SEST)~1SX. Since

sin(bpS*X) = sinf[by(S*EST)(SBST)ISX + bp{S* X — (S*LST)(SEST) 1S XY
= sin{b(S*EST)(S8ST) 1S X} cos[bp{S*X — (S*BST)(SLST)LSXY
+ cos{bp(S*EST)(SBST) 1S X} sin[by{S*X — (S*LST)(SLST)LSXY,

we have E{sin(byS*X)|SX} = sin{by(S*EST)(SXST)" 1S X} Ecos(bokZ) where k2 = S*¥.5*T —
(S*EST)(SEST) =Y SES*T) and Z follows a standard normal distribution. Using integra-

12



tion by parts, we have

E bokZ, b & 2
8%2()%) = —byEZ sin(bokZ) = —\/;]_W /_OO T exp (—%) sin(borx)dx
bo 332) . > bgfi > ( 372) 2
= exp | —— | sin(bgxrzx — exp [ —— | cos(bygrx) = —b:kE cos(bgrZ).
exp (= )sinthone)| = B [ exp (<7 ) cotbua) = ~Hsoos(tun)

Therefore, Ecos(byrZ) = C exp(—b3k?/2) for some constant C' > 0. Since Ecos(bokZ) = 1
when k = 0, we have Ecos(bykZ) = exp(—b3r?/2).
Let p = |S*SST(SRST)V2(S*2.8*T) =12, To summarize, we've shown

E{1(X)|SX} = agexp{—b25* 2S5 (1 — p*)} sin{by(S*LST)(SEST)"1SX}.  (S.20)

Since V(dZ) 2 |ao| max(sgn(ag) sin(boV/S*SS*TZ, 0) where Z ~ N(0,1), we have V(dZ) >
2¢, for some e, > 0. Set eg = &,. For any S such that V(dgfff) — V(dgpt) < &9, we have

V(d¥") > eo. It follows from (S.20) that
V(dZ") = |ag| exp{—b2S* TS (1 — p*)} max(sgn(ao) sin{bo(S*LS*T)/2pZ},0).

For any such S, we have |ag| max(sgn(ag) sin{bo(S*L.S*)/2pZ},0) > ey and hence p satis-
fies p > & for some & > 0. Notice that for any such S, we have E{T(X)|SX} < Ky sin(keZ)

with k1 and ko uniformly bounded away from 0. For any sufficiently small t > 0, we have

Pr(|E{7(X)|SX}| <t) < Z Pr(|Z — krn| < arcsin(t/k1)/k2) = O(t).

k=0,4£1,42...,

Assumption (A6) is thus satisfied.

D Proofs
D.1 Proof of Lemma 3.1

We first show (i)=-(ii). Assume (i) holds. We have Pr(7(X) > 0
)

)=1orPr(r(X) <0) =
When Pr(7(X) > 0) = 1, it follows from Conditions (A1)-(A3) t

hat

V(d™) = V(1) = Er(X)I(7(X) > 0) — Er(X) = E{—r(X)I(7(X) < 0)} =0.  (S.1)

13



Similarly, when Pr(7(X) < 0) = 1, we have V(d°") = V(0). This verifies that V (d?") <
max(V(0),V(1)). Besides, since d°?* maximizes V, we have V(d?*) > max(V(0),V(1)).
(ii) therefore follows.

We now show (ii)=(i). Assume V(d?*) = V(1). Then it follows from (S.1) that
E{—7(X)I(7(X) <0)} =0.

Observe that —7(X)I(7(X) < 0) is nonnegative and integrable. Therefore, we have
T(X)I(7(X) < 0) = 0, almost surely. This implies that Pr(7(X) < 0) = 1. Similarly,
when V (d?*) = V(0), we can show Pr(7(X) > 0) = 1. This completes the proof.

D.2 Proof of Theorem 3.1

It follows from Bonferroni’s inequality that

/B R /B o
\/ﬁv I (dI2) ) N Za/2> —|—Pr< \/ﬁv IQ(dII) ) N Za/2>

max(67, (dz, ), b, max(6z, (dz, ), b,

2Pr ( vnVDz(dr) ) > Za/2> ,

max(&z(cip), On

Pr(fcv > Zas2) < Pr <

where Z is a random subset of {1,..., N} of size n. Hence, it suffices to show

pr (VVDzlde)
max(oz(dze), 0p)

e

Under Hy, we have V(d°?") = V(1). This implies for any treatment regime d, we have
V(d) < V(1) and hence EVBI(CZIc) < 0. Therefore, it suffices to show

. (ﬁ{VDI(cZIC) — EVDz(dz)} N zm) .

max(&z(dp), on)

(8.2)

vo] 2

Given Z and {O;};cze, the estimated treatment regime dre is fixed. Let

02(dz.) = Var { <7r(/)1<) - 1_;&)) V{1l —dr(X)} | T, {Oi}@} |

14



For a given ¢ > 0, define the event A = {oy(dze) > €6, }. In the following, we show

VDz(dz.) — EVDz(dze
lim sup Pr v {VDz(dz-) - VD (dze)} > Zajp | A| < g, (S.3)
n max(&z(dzc), 5n) 2
VDz(dz.) — EVDz(dze 2
lim sup Pr ViV Z<dZA) - VDz(dz-)} > Zajo | A°| < i— (S.4)
n max(oz(dze), 0p) 22

Combining (S.3) together with (S.4), we obtain

T BB (o )
lim sup Pr (ﬁ{VDI(dﬂ) EVDz(dz-)} > za/2> < max (g 8—) )

n max(&z(a?zc), 5n> 2 ’ Zi/g

Since € can be arbitrarily small, this proves (S.2).

Proof of (S.3). Define

= (a1 00 =B (TG g ) V0 0

Notice that

Vi{VDz(dz:) ~EVDz(dz)} _ v/a{VDz(dr:) — EVDz(dr)} _ Vg

o1(dre) Vi€ =)/ (n—1)

Y

max(67(dze), 0,
where {7 = ", ; &/|Z|. Therefore, we have
Vn{VDz(dz:) — EVDz(dz:)}

max(67(dze), 6,)

N /e
V(i & —n8)/(n—1)
U n—1
—— Za/2
V1-U2/n n
where U is the self-normalized sum /néz/+/>.,.; &/n, and
V(n—1)/nzq

cla,n) = :
\/1 +(n—1)22 ,/n?

Pr

> Za/2

7, {Oz’}z’GIC> (S.5)

IA

> Zoz/?}za {Oz‘}z‘ezc)

< Pr

1, {Oi}iGIC) .

7, {Oi}igc) =Pr (U > &(a, n)

Under (A3) and the condition E|Y|*> = O(1), it follows from Theorem 7.4 in Pefia et al.

15



(2008) that

. _ (c(a.n _
Pr (U > &(o, n)|Z, {O;}ieze) = @(c(a,n)) + O (ﬁﬁ(@)) : (S.6)

On the set og(dze) > &6, it follows from (S.6) that

Pr (U > &(o, n)|Z,{O;}ieze, A) = ®(c(a,n)) + O(1) (%) :

By (S.5), this further implies

Pr (\/ﬁ{\//ﬁz(dﬁ) — EVDz(dz-)}

max(&z(dzc), on)

> Za)2 I, {Oi}ielca A) < (I)<C<Oé, n)) + 5=

for some constant ¢ > 0. Take the conditional expectation of Z, {O; };eze given the event A

on both sides of (S.7), we obtain

. (ﬁ{ﬁz<dzc> — EVDy(dz.)}
max(oz(dze), 0p)

- c
> Za/2|./4> S @(C(O[,TL)) + m

Since c(a,n) — 249, under the condition that 6, > n~'/% we obtain (S.3).

Proof of (S.4). It follows from Chebyshev’s inequality that

. (ﬁ{ﬁl@zﬂ) — EVDy(dz.)}
max(oz(dze), 0p)

> Za/2|17 {Oi}iGIC>

VDy(dz) — EVDy(dr.
" (ﬁ{ oldz) BV} . i, {oi}iezc>

VDz(dz.) — EVDz(dz.)}? 2(dz-
< E (”{VDI( ) 62V 2(dz:)} Iz, {Oi}iezc> _ %ldz) ?2).
Zoz/? n Za/? n

Under the event A°, we have

0'(2)<6ch) < 52

22/25721 B 23/2’
and hence
{/:5 Cz c) — E\//:B CZ c ?
Pr vin{VDx( IA) 5 2(dz:)} > Za/2|I7 {Oitiere, A < i_ (58)
max(oz(dze), 0p) Za/2
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Take the conditional expectation of Z,{O;};czc given the event A® on both sides of (S.8),
we obtain (S.4).

Assume

Vi { (=5 - 1o ) Y~ 5 (X0} | {0 | = 0,660

for j = 1,2. Similar to the proof of (S.4), we can show that

. 2
Pr(ﬁ{vwdﬂ) EVDz(dr)} >za/2) < £

max(&I(aAlIc), on) 22,

2
Zoz/2

for any € > 0. Since € can be arbitrarily small, we have

- (ﬁ{\/fﬁz@?zc) ~ EVDy(dr-)}

max(67(dze), 0,

> za/2> — 0.

By Bonferroni’s inequality, we obtain
PI‘(T\CV > Za/g) — 0.
The proof is hence completed.

D.3 Proof of Theorem 3.2

We first show under Assumptions (C1) and (C2),

~

V(dz) = V(d™) + op(n %), (S.9)
for an arbitrary subset Z of {1, ..., N} of size n. For a given ¢ > 0, it follows from Condition
(C2) and Markov’s inequality that

EEY|72(X) — 7(X)I* _ El#(X) — 7(X)|?
Xia B 2 —(247)/(2+27) z _ T
Pr (B2 [7(X) = (X" > en ) S e ey = e G

— 0,

where the expectation EX is taken with respect to X independent of the training samples

{O;}iz1,..v and 7y, Z,. Since € can be arbitrarily small, we have

B[z, (X) = (X = 0, (n~ /2020 (8.10)

17



for j = 1,2. In view of (S.10), Under (C1) and (C2), (S.9) follows from an application of
Theorem 8 in Luedtke and van der Laan (2016).

We now show Pr(T\CV > z4/2) — 1 when h, > n~'/2. By definition, we have

\/ﬁvﬁﬂ (6212) \/EVBI2(C§I1) ) > 2 y }
) a/2

=12 max(&zl (CZIQ), (5n)7 HlaX(‘}Iz(CZZl)> On

_— < JAVD(dz) > Zm)’

max(6z(dze), 0

Pr(fcv > Zqy2) = Pr {max (

for a random subset Z of {1,..., N} of size n. Hence, it suffices to show

pr [ ViVDzldz) N
max(oz(dze), 0p)

or equivalently

(f{ VDz(dr) + EVDr(dz)} | VnEVDr(dz) )ﬁo (5-11)
5 )T

max(67(dze), 0, N max(az(dzc) J

It follows from (S.9) that

EVBI(CZIC) = V(dAIc) — V(l) = V(CZZC) _ V(dopt> + V(dOpt) _ V(l) = h, + Op<n71/2).

—-1/2

Under the assumption h, > n~/2, for sufficiently large n, we have h, + o(n='/?) > h,, /2.

Therefore, we have

<\/_{ VD7 (dze

max (o7

+EVDI(dIC)} VREVDz(dz) . )
dIc),(Sn) o max(az(dzc) On) o/
+ EVDz(dze)} RV
dre ), 0n) -~ max(dz(dze), )

~ |~— |

<\/_{ VD7 (dze

max (o7

- ZQ/Q) + O(l)
Therefore, it suffices to show

<\/_{ VDi(dz) + EVDs(dz)} . viha/2 zm) .
max(67(dze), 0, -~ max(6z(dze), dy)
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By the dominated convergence theorem, it suffices to show

Vnhy
2

Pr (ﬁ{EVBI(d}c) — VDz(dze)} > — za2 max(67(dze), 6,) | {Oi}iga,z) = 0,(1(8.12)

Given {O;}ieze and Z, the estimated treatment regime dre is fixed. Thus, conditional

on {O; }ieze and Z, it follows from the law of large numbers that,

1 2 P 2 1 ‘ P
nZ@. = E¢? and nZ@%o, (S.13)

ieT ieT
where ¢; is defined in the proof of Theorem 1. By (S.13), we have that conditional on
{O;}ieze and Z,

67(dze) 5 oo(dze). (S.14)

Under (A3) and the condition E[Y']* = O(1), we have

i s 5{( st o) =5y 25

{E‘(W&> - 11W(’;1()>Y3}2/30(1). (S.15)

Combining this together with (S.14) and the conditions h,, > n~2, §, — 0, we obtain

IN

that

A h
— Zoyo max(0z(dze), 0n) > \/Z -

h
Pr(@n

[{OhernT) B 1
In view of (S.12), it suffices to show

\/_h

Pr (\/ﬁ{—Vﬁz(dﬂ) + EVD7(dz:)} > | {O: }ieze, z) = 0,(1).

However, this is immediate to see since

(f {~VDz(dze) + EVDz(dge)} > Yr f fon

16n{—VDz(dz:) + EVDz(dz.)}? 1602 (dz-
< E< (EVDeldr) - EVDrldr)} |{oz-}z-gc,z):%=o<l>,

n

| {Oihier-, z)
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where the first inequality is due to the Chebyshev’s inequality and the last equality is due
to (S.15) and the condition h,, > n~'/2.

We now show the power of our test statistic in the regular cases where Pr(7(X) = 0) = 0.
We begin by providing an upper bound for EX|dze(X) — d*?*(X)|. Since Pr(r(X) = 0) = 0,
it follows from Assumption (C1) that

Pr(|7(X)| <t) =0(") V0 <t < . (S.16)
Observe that
EX|dze(X) — d?'(X)| = E¥|dze(X) — dP"(X)|I(|7(X)| < t) (S.17)

+ BN (X) — dP X I(|7(X)| > 8) 2 1 + L.

For any t < ¢, it follows from (S.16) that I; = O(t”). Note that for any a,b € R, we have

I(a>0)=1I(b>0) when |a — b| > |a|. Therefore, we have

L€ BNIC0 = 20| > 0001 > 6 < e P g0y
< B (X) — 2 (OPI(r(X)] > 1) < 5BV r(X) — (X,
where the second inequality is due to Markov’s inequality.
Set t = (E¥|7(X) — %IC(X)|2)1/(2+7), we obtain
I+ 1, = (EX|7'(X) . 7A_IC(X>|2)W/(2+7) =0, (n—v/(2+27)> ’
where the last equality is due to (S.10). By (S.17), this implies
EX|dze(X) — d(X)| = 0, (n™/@F2)) = o,(1). (S.18)

Therefore, the estimated treatment regime is consistent to d°?* in the regular cases.
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As a result, it follows from Holder’s inequality that

2
EX,A,Y

(S.19)

A 1-A . o
(s~ o) Ve () = ()}

: {E ;0 10)” 3/2}2/3 (50— )

3/2 2/3 1/3
G-} - o

where the last equality is due to (A3), the condition E|Y|* = O(1) and (S.18).

Similarly, we can show
A 1-A
X,AY _
. {E (v 1500)
A 1—-A
< X,AY _
=B {E (73~ 1=wm) "
O

- E’(wéf)‘li;&))y

This implies LHS of (S.19) is uniformly integrable. Hence, it follows from (S.19) that

2

= o(1). (S.20)

(2~ T ) e 00— 00}

Similarly, we can show V (dze) — V/(d°P) is uniformly integrable and hence by (S.9),

‘EV(UZIC) - EV(d"pt)‘ — \E?BI@ZIC) — EVD2(d™)| = o(n=17?). (S.21)

Combing (S.21) with Cauchy-Schwarz inequality, we obtain that
. _ 2
B |va{VDz(dz-) — VDz(d)}
Py 7 T~ - - —_— 2
< 2E ‘\/E{VDI(ch) — EVDz(dze) — VDz(d"") + EVDZ(dOPt)}‘

TS Varl) 5 Y cov(m ) +o(1)(5.22)

ieT i#]

+ on ‘E\//Bz(dzc) — EVD(d)
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where

A 1 4 .
w= (S - Toar ) Ve (X0 — )

Notice that conditional on CZIC, n; and n; are independent for ¢, 7 € Z,7 # j. This implies
—Zcov iy Mj) ZECOV 771,77J|d1'c> =0.
7] #J
In view of (S.20) and (S.22), we obtain

E |vn{VDz(dz.) — VDz(d)} ‘ Z\/ar ) = 9Var(m) + o(1) < 2B + o(1) = o1).

ZEI
By Chebyshev’s inequality, this implies

Iv/n{VDz(dz:) — VDz(d)}| 5 0,

and hence

V/n{VDz, (dz:) — VDz, (d")}| - 0, (S.23)

for j =1,2.

Similarly, we can show

1 A 1-4)\°, . , 1 A 1—A4AN° ., opt o P
_Z(E_l—m) V{1l — dze(X3)} _ﬁg(w_i_l—m) Y1 —d"(Xi)}| =0,

which together with (S.23) implies that

63 (dz;) — 53, ()| S 0,

for j = 1,2. This immediately implies that

)1/2

1/2
) L) (S.24)

61, (dzs) — 61,(d)

< (‘&Zj(czzf) — b (d7)

-

63, (dz) + oz, (@)

57 (dze) — 67, (d)
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Similar to (S.14), we can show

&7,(d) — 00| 5 0.

(S.25)

This together with (S.24) and the condition liminf, oy > 0 implies that there exists some

constant ¢ > 0 such that
Pr(Uje1267,(dze) > @) = 1, Pr(Ujmi 267, (d%) > €) — 1.
Since d,, — 0, we have
Pr (max(&zj(dz;-), 5,) = o7 (dﬂ)) 1,

for j = 1,2. This further implies

Y

Pr(fcv > Zas2) = Pr {max (

5’11 (dAI2 ) 5’12 (dfl )

Besides, under (A3) and the condition E|Y?| = O(1), we have

Var (ViVDg, (7)) = "SSE(W&HZ&))QW

A 1-A P 2
|Y|3) — 0(1).

(X)) 1-—n(X)

V/nVDr, (dz,) ﬁﬁb(dﬂ)) > za/z} +o(1).

(S.26)

(S.27)

By Chebyshev’s inequality, we obtain \/ﬁ{\//ﬁzj (d°Pt) — EVBIJ. (dP")} = O,(1). By assump-

tion, we have \/ﬁEVBIj (d°P*) = \/nh, = O(1). Therefore, we obtain

ViVDyz, (d7) = 0,(1),

for y =1,2.
It follows from (S.23), (S.24), (S.26) and (S.28) that

|V {(VDy, (@) - VDy, (dz;)}
(dIC)

\/ﬁ\//ﬁzj(&zje) \/_ VDg, (d")
o7, (dz:) 5z, (dort)
o1, (dze) — 67, (d")
61, (dze) 6z, (doPt)

+ Vi |VDz, (™) = 0,(1),

23

(S.28)

(S.29)



for j =1, 2.
Besides, it follows from (S.25), and the conditions liminf, o9 > 0, \/nh,, = O(1) that
h h
Vi _ il g

oz (@) oy

This together with (S.29) implies that

VaVDg(dr)  /n{VDy (d) — EVDg,(d™)}  \/ih, I

oz, (dze) o1, (d) 70

(S.30)

For any random variables Vi, V5, V3, V4, we have

|ma‘X(‘/I7‘/2) _max(‘/é7‘/4)| = |maX(O,‘/2—‘/1) _maX(Oa‘/ﬁl_‘/E’))_’_‘/I _‘/3|
< Vi — Vil + | max(0, Vo — Vi) — max(0, Vs — V3)| < |Vi — Va| + |Va — Vi — Vi + V|
< AV - Vil + Ve Vil.

Therefore, it follows from (S.29) that

5'11 (dopt) oy 6’12 (dopt) o))

— max (\/EVBL (6212) \/EVBE (6211)>

&Il (dIQ ) ’ 6-12 (szl )

. (ﬁ{vﬁﬂdo”t) — EVDy, (d)} | Vith, v/n{VDg,(d"") — EVD,(d™)} ﬁm)

£o.

For any € > 0, this together with (S.27) gives

Pr [ max \/ﬁ{ﬁzl(dopt) - EVBIl(dOpt)} \/ﬁ{ﬁb (dopt) - EVBIQ (dOPt)}
o1, (dort) ’ b, (dovt)

P .
> Za/2 — €= \/f ) < Pr(Tev > zaj2) +0(1), (S.31)
0

and

Pr [ max Vn{VDg, (d°) — EVDg, (d°)} /n{VDg,(d”") — EVDg,(d"")}
a-Il (dopt) ’ 6-22 ( dopt)

hy, ~
> Zaj2 +E€— \/j ) > Pr(Tey > Za/z) +o(1). (S.32)
0
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Since {O; }iez, and {O;}ez, are independent, we have,

Pr (max (ﬁ{ﬁzl (dort) — Eﬁzl(dom)}’ \/ﬁ{vﬁb (dovt) — EVBIQ (dopt)})

oz, (doP") o1, (d")

> Zq)2 +€—

_opy (ﬁ{@l(d% ~ EVDy, (@)} /o h")

— > 2o/ +E—
o, (dort) “a2 o)

~ > Zo/2 +E—
O-I(dopt) z /2 o0

_py? (ﬁ{\//ﬁz(dm) — EVD7(d)} ﬁm)

for a simple random sample Z of size n.

Assume for now, we have for any |e| <1,

Pr (ﬁ@a (") ~ EVDz, (d)} \/ﬁhn)

> 2, —
o, (dort) Pajr € o

~- 0 (za/Q te— ﬁh") +o(1), (S.33)

where the little-o term is uniform in e. In view of (S.31) and (S.32), we have

- = hn = hn
PI‘(TCV > Za/g) <29 (Za/g +e— \/ﬁ ) — 2 <Za/2 +e— \/ﬁ > + 0(1),

0o 00

and

0o 0o

- = hn = hn
PI"(TCV > Za/g) > 20 <Za/2 — & — \/ﬁ ) — CI)2 <Za/2 — & — \/ﬁ > + 0(1),
for any 0 < e < 1. Let ¢ — 0, we obtain

N - h - h
PI‘(TCV >Za/2):2q) (Za/g— \/ﬁ n) —(132 (Za/g— \/f n) +O(1)
0

0o

This gives the asymptotic power function of Tcy. Therefore, it remains to show (S.33).

Similar to (S.5), we can show LHS of (S.33) is equal to

Pr(V > ¢(a,n,e, hy)),
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where V is the self-normalized sum /nz, /{>",c7, ¢7/n} where

A; 1 — A, (1 opt{ AL A 1-A ot
6= (s~ Ty ) T - @m0y - B (5 - A R - ),

5 = Ziel’l CE/WH and

clo,n, e, hy) = —= (n = D/nzajz £+ Vitha/00)
\/1 + (1 — 1)(2ay2 + € + v/ihy [00) /12

Under the condition liminf, og > 0, v/nh, = O(1), é(o, n, €, hy,) is equivalent to z, /2 +€ +
v/nhy,/og. Moreover, it follows from Theorem 7.4 in Pefia et al. (2008) that

Pr(V > e(a,n, e, hy) | Th) = ®(¢(a, n, €, hy)) + O(1) (f%aé’) 7

where the O(1) term is bounded by an absolute constant. Therefore, we have
Pr(V > &(a,n, e, hy)) = ®(E(a,n,e, hy)) + o(1) = ®(za/2 + £ + V/nhy, /o) + o(1).
This proves (S.33). The proof is hence completed.

D.4 Proof of Theorem 3.4
D.4.1 Consistency of the test

Recall that b = V(d2') — V(1). We first show
Pr (fSRP > Za/2> — 1,
when h* > max(v/log B/v/n,n~"/?\/logn). By definition, it suffices to show that

— ASI2
. ( ViVDr, (dr,)

A

> Za/2 | — 1.
max(or, (2),6,) )

Similar to the proof of Theorem 3.2, it suffices to show that with probability tending to 1,

VD(dy™) > max(n™"/?\/log B,n""/*\/logn). (S.34)

According to Algorithm 2, we generate Si,.5,,...,Sp according as Sy. Let {I;k) -
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be a partition of Z; for j = 1,2, and let Ij(k)_ be the subset of Z; excluding I;k). For any
k=1,...,K, it follows from Lemma A.2 in Chernozhukov et al. (2014) that for every ¢t > 0,

we have
B o= 35, 35,
Pr {rlr)ljf( n (VDIék)<dI§k)) — VD(dIE’“))) ‘
> 2E

_ . . 12
n (VDlék)<dZZk)) — VD(d;EM)) ‘ +1 ’ {Sb}bB:p {Oi}iezék)} < exp (— )

3no?
C
+ LnE {m%x
3 b=1

3

A =4 g

m(X) 1-n(X)

1— cZng), (X)

3
’{Sb}bB:h {Oi}iezék)’ } )

for some universal constant Cy > 0, where

"QZE{(W& - ) v

Under (A3) and the condition E|Y]* = O(1), we have

(e VS {E

This implies

1—d% (X
Ié’“)’( )

2
’{Sb}bB:b {O"}z‘ezg’“)* } .

o? =0(1), (S.35)

where the big-O term is independent of {S,}2 , and {O;}. <z In addition,
14

B A 1-A 7, S 3 5
Bomax| oy = T ogy| VP L dgo- (0] TS A0 g
A 1-4 P

Bl 10| Y=o,

where the big-O term is independent of {S,}£ , and {O;} . Therefore, we obtain

e~

Pr {m%x

b=1

n (Vngk)(digk)) —~ VD(d:Zk))) ‘ > 2B

n <V515k>(£§§k>) - VD(di;gk))) ’ + t}

< exp (—C’ltz/n) + C;é .36)
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for some constant C,Cy > 0.

Moreover, it follows from (S.35) and Lemma A3 in Chernozhukov et al. (2014) that

5 .
E{IilzalX (VDI(k)(d ) ) — VD(dZ(’k)_)) | {Sb}lj?:la{oi}ielék)—}

< Cs(o+/nlog B+ VEM?2log B) < Cy(v/nlog B + VEM?2log B), (S.37)

where C} is some universal constant and

(2 -2 ) v i, 00

T 1—7Ti

B
M = max max
iezF) b=1

Under (A3) and the condition E[Y']? = O(1), we have
A, 1-A4)N\ P n | (A 1= A
(5 =214
T 1-— v i=1 T 1— T
5y 2/3
(é B 1—A,-) v } < o2l
i 1-— Uy
for some constant C5 > 0. Combining this together with (S.37), we obtain
B A
b {ufx | (VB0 (85, ) ~ V(@) )| 1S} 00D -
< Cs(n'?log B +n'/?\/log B) < 2C¢n*/?+/log B,

for some constant Cs > 0, since log B = o(n'/?). Therefore, we obtain

EM? < Emax

=1

3}2/3

IN

=1

B
E max
b=1

(VDI<k)(d o) — VD(cZZ(’k)_))' < 2Csn!/?\/log B.

Combining this together with (S.36), we obtain

<VDI(k) (d (k) ) VD(CZZ()M—)> ‘ Z 406711/2\/ log B + t}

2
< exp (_ C;Lt ) N % (S.38)

Condition (A5) requires B — oo. Take t = n'/2\/log B in (S.38), we obtain that with
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probability tending to 1,

B
max
b=1

for some constant C; > 0. Define

(VD (d? ) - VD(ngk) ))’§C7n1/2\/10g3}.

Since K is fixed, by Bonferroni’s inequality, we obtain

K
Pr <A82)> > Z Pr {rlrfgxl)(
k=1 N

Below, we show

(2) K B
Ay = < maxmax

k=1 b=1

n (Vﬁzﬁ(dﬁgk)) - VD(cZi;(’k))> ‘ < C7n'?/log B} — 1(S.39)

BPr{d"(Sy,5%) < ean™/?} — o0, (S.40)

for some sequence ¢, — 0, where S* in defined in Condition (A5). Notice that ¢, s are

fixed. By (9), it suffices to show

q
Pr (Z 1S4 — 50|12 < s2qc,’;n_1) — 00, (S.41)
=1

for some sequence ¢, — 0. By definition, [|S*W|; =1, [[S*D||g < s5,Vj =1,...,q. Let M;
be the support of S*¥). According to Algorithm 2, we have

q
DI — 5O = + Z Riviawn
j=1

q

_ S*(J

Notice that

Pr (ﬂ{M; C Mj}) = ﬁ ]%. (S.42)

j=1
Under the event defined in (S.42), we have

q 2

q
Z 1SU) — §+0)||2 = 9 _ ¢*)
Jj=1 j=1

i (S.43)
||2 j

2
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The random vector g;/||g;||2 follows a uniform distribution on the unit sphere. By Equation

(4.11) in Fang et al. (1990), we have

2 q

| 4 9 _(0,0,...,0,1)T (S.44)
2 ; il ~——~— 1’ ’

S— 2

Hz

Counsider the variable transformation:

gj — {COS(@l), Sin(@1) COS(@Q), . H Sln COS s—1 H Sln

195112

for 0 <0, <7m,Vl<i<s—2and0<0O,_; <27 Notice that

k—1
Hsin(@)cos(@) <|Cos(@)|:’sin<g—@j> S’g_@j , ViI<k<s-—1,
i=1
and
s—1 s—=1| k s—1
Hsin(@i) -1 < Z Hsin( Hsm i1)| < |sin(©y) — 1|
i k=1 |i=1 k=1
s—1 s—1
:ZI)COS<——@]C>—1‘—QZSIH <f__> QZsm ;’g—@k‘

Since s is bounded, it follows from Equation (4.15) in Fang et al. (1990) that the density

function of ©1,0s,...,0, 1 around 7/2 are bounded from below. In addition, these s — 1
random variables are independent. By (S.44), we have

( {HH%HQ M?)fsﬁ’ }> <{Hugg||2 S\F}>

s—1 * * q(S—l)/2
ZPrq<ﬂ’g—@ <@>zé**(c—") :
i1 v n

for some constant ¢, > 0. This together with (S.43) and (S.42) yields that

d ) D12 qszc* C C*q(s /2
Pr SU) — g2 < n) > .
;H HZ n (p\/—) a(s—1)

Therefore, it is immediate to see (S.41) holds with proper choice of ¢ when the number of

3

N
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sketching matrix B satisfies B > (py/n)?~Y. Thus, (S.40) is also satisfied.

For any x > 0, we have 1 — x < exp(—z). Given (S.40), we have

B

Pr (Igi{l d" (S, S*) > cnn_1/2> = {Pr (d"(So, 5*) > cnn_1/2)}
= [1—{Pr(d"(Sp,5) < cnn*1/2)}}B < exp {—BPr (d"(Sy,5%) < e,n?)} = 0.
This implies that with probability tending to 1, we have
Pr {151281{1 EX }st(SbX) — 7'5*(5*)()}2 < ci/n} — 1. (S.45)
Notice that ¢, — 0, we obtain that
Pr {rglzBl?EX |75 (S, X) — TS*(S*X)‘Z =0 (nl)} — 1. (S.46)

Besides, for any sketching matrix S, we have

IVD(d%) — VD(dZ")| = [Er(X){I(75(S*X) > 0) — I(5(SX) > 0)}]
< |ETS(S*X) (757 (S*X) > 0) — Er¥(SX)I(r%(SX) > 0)]
< |Emax(7%(S*X),0) — Emax(7%(SX),0)| < E|max(7° (S*X),0) — max(7°(5X),0)|

< E|r¥(S*X) — 75(SX)| < VE|T5(S*X) — 75 (SX).

In view of (S.46), this implies Pr(A®) — 1 where

A® = {r?%f VD(dZ) — VD(dZ) = o(n*W)} . (S.47)
For any k = 1,...,K, the number of observations in I8V~ i.e, |I{¥~| satisfies [IS” 7| >

(K —1)n/K > n/2. Thus, it follows from Condition (A4) that

2

B
Pr {max EX
b=1

- (SX) = 75 (5, X)

=0(n™" logn)} — 1,

for any 1 < k < K. Since K is fixed, it follows Bonferroni’s inequality that

2
%%bk)_ (S, X) — 75 (S, X)

=O(n"" log n)} — 1. (S.48)
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Notice that for any sketching matrix S, we have

VD(dZ) = VD(dy, ) = EXrS(5X) {I(TS<SX)>O)—I<T o (SX) > )}

< EX7S(SX)I (

o (SX) = 75(5X) ‘ > \TS(SX)D

2

< EY|i (5X) =7 (SX)‘ < \/EX

75 - (SX)—79(5SX)| ,

where the first inequality is due to the fact that for any a,b € R, if I(a > 0) # I(b > 0),
then we have |a — b| > |a|, and the second inequality is due to Markov’s inequality.

Under the event defined in (S.48), we have Pr(A®) — 1 where

B
max max
=1 b=

R
r
I
/—/H
=5
~

VD(dZ') — VD(@M_)‘ = O(n""/2\/log n)} : (S.49)

Let b = argmax? | S, \//Bzuc)( 7o )/K. We have S; = Sz,. With some calculation,
2

we can show that

K (VD(d‘;’Z) - VD(dgfzt)) (S.50)
K
S o K B o ~
> (VD(d I ) - VD(dSpf)) — Kmax max VD(dZ') - VD(digk))'
k=1 N
I
K K - .
= 2; <VDI(’“) (k) ) — VD(dg{t)) - ; (Vngk)(dI?) ) — VDI(M (d (6)- )) - K,
B N 5 o K B R
= I}BFZ (VDIék)(d;;()k)) - VD<dS€t)) Kriljf( nax VDI(@(digk)f) - VDzék)(dZ(’m)‘ - KL
k=1
B X A
> I})l:alxz (VD(d;Ek)_) —VD(dg&f)) — QKI}Claf{IilaX VDI(k)(d (k) ) VDI(k)<d (k) ) _KII

J/

'

Iz

K
B opty opt\Y _ _ X B
2 i (VD) — VD) Ky —2KTy — Kl

VD(dZ') — vD(cf;gk))' :

Since Pr(A[()Q) N Aﬁz) N AéQ)) — 1, with probability tending to 1, we have

V(dZ ) — V(%) = 0(\/log B/v/n +n~"/*\/logn). (5.51)
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Under the given conditions, we have that VD(dZ') > n~"/2\/log n + v/log B/+/n. This
together with (S.51) implies that

Viog B 1
Pr (\/D(dgfj) > n "% /logn + 1\(;?3 > > Pr (VD(dgf;t) > 5\/D(czgfff)) — 1. (S.52)
2 n 2

In addition, similar to (S.49), we can show that

= O(n"/2\/logn)}

b=1

Pr {niax ‘VD(dg’;t) — VD(d)

and hence

Pr (|VD(Z!) — VD(d52?)

= O(n™""%/logn +n~"?y/log B)) — 1.
This together with (S.52) implies (S.34).
D.4.2 Asymptotic power function

We now derive the asymptotic distribution of our proposed test in the regular cases where

Pr(7(X)=0) = 0. By (7), we have
Er(X){I(r(X)>0) - I(r°(S*X) > 0)},

where S* is defined in (S.45). Notice that 7(X){I(7(X) > 0) — (757 (S*X) > 0)} > 0, for
any realization of X. Thus, we have 7(X){I(7(X) > 0) — I(7%(S*X) > 0)} = 0, almost

surely. In the regular cases, this further implies
I(7(X) > 0)=I(r%(S*X) > 0), (S.53)

almost surely.
Notice that n=*/2\/log B — 0, n""logn — 0. By Condition (A6), the following event
holds with probability tending to 1,

Pr(0 < |792(S5,X)| < t) = O(t?), Y0 <t <. (S.54)

Since ro > (2+7)/(2+ 27), similar to Theorem 8 in Luedtke and van der Laan (2016),
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we can show that

Pr(AY) — 1, (S.55)
where
AP = {|vDag) - D) = o2}
Similarly, we have
Pr {r}jléf( VD(dg) ) — VD(dSZQ )’ = 0(n1/2)} — 1. (S.56)

Combining (S.55) with (S.51), we obtain that with probability tending to 1,

951,

XU (S7X) > 0) = dg* (X))} < en,
for some sequence ¢, — 0. In view of (S.53), we have
Fr(XO{I(r(X) > 0) — d* (X)} <,

with probability tending to 1. Since 7(X){I(7(X) > 0)—I(7°%(Sz, X) > 0)} is nonnegative

for any realization of X, we obtain
X opt 45T,
EX | (X))Jd™(X) — dz,*(X)| < en,
or equivalently,
EX|r(X)[|dg!(X) — dz,* (X)] < e, (S.57)
with probability tending to 1. Under the event defined in (S.57), we have
EX|r(X)1(|r(X)] > e/ ) |d®! (X) = dy* (X)| < &,

and hence

X2 (X) — dgp? (X)|(J7(X)| > )/ 1+7) < &7/0+), (5.58)
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By (A5), 7(X) also satisfies the margin condition. In the regular cases, we have Pr(|7(X)| <
e/ ) = O(e1/ ). Therefore,

BX|d2(X) — dp (X)[I(|r(X)] < /) = O0(e/0+).
This together with (S.58) yields
BN g (X) — dg? (X)] = O(e/ ), (3.59)
with probability tending to 1. To summarize, we’ve shown
Pr (BX ’dsl? (X) - dgﬁt(X)‘ =o(1)) > 1. (S.60)
Similarly we can show
Pr (BX ’dszl (X) - d”s’it(X)‘ =o(1)) > 1. (S.61)
Assume for now, we’ve shown
<VD(d 7Y — VD(dZ) = o(n *1/2)> S, (5.62)

for j = 1,2. Using similar arguments in the proof of Theorem 3.2, it follows from (S.60)-
(S.62) and the conditions \/nh, = /nVD(d®) = O(1), liminf, o2 > 0 that Tsgp is

equivalent to

. (ﬁVDL(d%”f) \/ﬁVDzz(dg’it)> |

o7, (dg) T oz,(dg)
The limiting distribution therefore follows from the central limit theorem for the self-
normalized sums.

It remains to show (S.62). By (S.55), it suffices to show that with probability tending
to 1,

VD(dg) ) = VD(dg!) + o(n”"/?), (S.63)
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for some S* € §*. Define by to be the smallest element in [1,..., B] such that
EX |70 (Sp, X) — 757 (S X)|* < & /n.

Under the event defined in the LHS of (S.45), by is well defined. Similar to (S.46)-(S.47),
we can show that with probability tending to 1,

VD(dg') = VD(dZ") +o(n~"?). (S.64)
In addition, similar to (S.56), we have

K
Pr < max
k=1

VD(dg') — VD(d. )’ - o<n1/2)} S

-

This together with (S.64) yields

VD(d™, ) = KVD(d%') + o(n~Y/?), (S.65)

-

[M] =

k=1
with probability tending to 1.
Under the event in (S.65), we have

3 (VD(djﬁg)) - VD<dg€t)) (S.66)

k=1
< 35 35 K 23S
> > (VD(dzgsn - VD(dI;))) — Kmiax \VD(dg?) — VD(d g9, )
k=1 )
I
B o~ = - ==, 58
> max VD(d™,, ) —VD(d ) | — KI3 — 2K,
b=1 £ I, I,

> Ky — 2Kl = O (\/log B/\/ﬁ> = O(y/logn/v/n),

where the last equality is due to the condition that B = O(n*2) for some kg > 0. Similar

to (S.59), we can show that with probability tending to 1,

K
max EX
k=1

Pn (X) - dgfzf(X)' ~0 (logm ”) , (S.67)

Iék)_ nko

where ko = 7/(2 + 27).
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Define ¢, = (nlogn)/?, we have that
Al' 1 —Az 1 1 —A1
— Y; < P Y]
<7T(Xz') 1—7T(Xv:)) Z >¢n} - Z rﬂ( (X1) 1—7T(X1)> '

5 asn}
1 Ay 1— A 3
= ”d)_zEKw(m B 1—7r<X1>>Y1

= 0(1>7
where the first inequality is due to Bonferroni’s inequality, the second inequality is due

Pr {m%x

=1

to Markov’s inequality, the last equality is due to (A3) and the condition E|Y]* = O(1).

Hence, we obtain Pr (As) — 1, where

— - Y| <o, b,
A {1?35( (w(X» - w(Xﬁ) = }

Let Z; = [(1 = A)) {1 =7 (Xi)} — Ai/m (X)L (J[(1 = Ai) {1 =7 (Xi) } — Ai/m(X0)]Yi| <
én). Tt follows from Bernstein’s inequality that conditional on {S,}Z , and {O;}. ezt for
any tp > 0,

3

B 0! 0!

max Pr > (Z {dsm (X;) — dZ(X))} - EZ; {dsm (Xi) — dsﬁt(Xz‘)}) > tok
- icz{®
2 J
th /2
S exp <_ (k) b:k/ )
’1-2 |0-13,k + Mb,ktb,k/3
where

O'Iik = Var (Z{dAigk)(X> — dgﬁt(X)} ’ Sb, {Oi}iEI§k>) ,
My = max |Zi{d§v§k)f(Xi) —dZN(X;)} — EZ@'{C?ZEW(XD — dZH X))}

Similar to (S.19), we can show
o < B (283, (X) = dC0P | 500}, )

A 1—A ) o
< E { (W(X) T X)> YH{d, (X) = dE (X)) | S, {Oi}iez;w}




for some constant ¢ > 0.
Besides, by the definition of Z;, we have | My x| < max; |Z;| + Emax; | Z;| < 2¢,,. There-

fore, we obtain that conditional on {Sy}{’, and {O;},_,0-,
2

B 7 0 * 7 0
max Pr > (Zi{dz(’k)_(Sin) —dZN(S*X,)} — EZi{d‘ng)_(Xi) - dsﬁt(Xi)}) > tyk
iez{®
thi/2

R 1/3
B0 ()= a2 00|} /K4 20,03

<exp | —
en(K — 1) (EX

Let

1/6
tp = 4 max [{EX czz’k),(X) - dgﬁt(X)’} Ven(K — 1)(log B) /K, 4¢,(log B) /3] .

We have that

R 1/3
ts /2 > 8log B x en(K — 1) (EX dj;k),(X) —dZ(X) ) /K,
2

tyo/2 > 4log B X 2¢,ty/3.

Therefore,
tg’k/Q > 2log B.
en(K — 1)EX dj§k>_ (X) — df;’lt(X)‘ JK 4 20nty /3
Therefore, we have that conditional on {Sy};~, and {O;}, ez

b=1

B 7 O 7 0
maxPr | Zi{d;‘gm,(Xi) —dZ(X,)} —EZi{di’gk),(Xi) —dsﬁt(Xi)}) P

iezsH)

1
<exp(—2logB) = 5
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It follows from Bonferroni’s inequality that conditional on {Sy}#, and {O;}.

eZ(k) )
B _
e (US| S (2 (00— a2 00 — B, (X) — a0} )| > s
b=1| |iez{®
/ \
B O (%)
< Bufbeped | S (24, (%) — (X)) - BALE, (X) - a2 (0)})| > s
- icZ{®
\ 2 y,
1
< — .
=3 — 0

Since the probability bound 1/B is independent of {Sy}# , and {O;}. The above

ez

inequality also holds marginally. Note that K is fixed. By Bonferroni’s inequality, we
obtain that Pr(AY) — 1, where

B K
- ﬂ ﬂ Z (Z {ds<k) (Xi) — dg' (X))} — EZz‘{di?k)—(Xi) - dosgt(Xz)}) <ty
b=1k=1 ieIék) 2

It follows from Markov’s inequality and the definition of ¢, that

‘EZ{dsﬁk)( ) — dZ(X)} — VD(dSb )+ VD(@dZ)

e oy
< E‘( fm 1—wf>€>>x {K R )Y’w"}
< &% (56~ ety | =0

Since Pr(Aéz)) — 1, we obtain Pr(A%) — 1, where
B K
=9 2 (Z {3 (X0) — dg! (X0} = VD(dh,) + VD(dgfzf)> <ty + o(v/)
b=1 k=

iezsH

Under the event defined in Aj, we have that Z; = [(1—A;)/{1—7(X;) }—A; /7 (X)]Y; L (][(1—
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AN/l —m(X;)} — A;/m(X;)]Y; and hence

~ o n | == 3 IS o
> Zi{digk),(xi) —dZ(X;)} = 7 {VDI@ <d§;;k)> ~ VD (dsﬁt)} .
z‘eIék)

Therefore, with probability tending to 1, we have that for any b = 1,...,B and k =
1,... K,

A e (45 ) = Vg (42) = VD (3 ) + VD (a2} < s o)
2 2 2 2

and hence,

K
ny. {VBZ@ <d§§k)) — VD, (d2) = VD (ciigk)) +VD (dg’it)}
k=1

< KZ tor + o(1)v/n,
%

for b=1,...,B. Define the above event to be Aff). When it holds, we have

K
SLeeY 75 N 0] 75 0
ny :{VDIék) (dIéf,z)_) ~ VD (dg) = VD <dz§3)_) +VD (ds’f)}
k=1

It follows from (S.67) and the condition B = O(n"8) that we have with probability tending

<Kty +o(v/n).

to 1,

k o /6 onlogn
mkax|tl;’k|/\/_:0(n /6 log 0/6+1/2n>~|—0< NG :

Notice that the above expression is o(1). Therefore, we obtain that with probability tending
to 1,

K
D 59 I 0] 55 0
n kz {VDISM (dlgf)) — VD (d) — VD (dIéI,S)) + VD (dZ) }‘ = o(y/n). (S.68)
=1
Recall that by is the smallest element in [1,..., B] such that

EX |70 (S5, X) — 75 (5 X)|* < ¢ /n.
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Similar to (S.68), we can show that with probability tending to 1,

K

S .= o 58 o
nz {VDIW ( ’gg) ) ~ VD, (dg) — VD (dI;gg)_) +VD (ds’?f)} = o(v/n).

=1

In view of (S.68), we have with probability tending to 1 that
nz {VDI<k) < - ) ~ VD, (diﬁ) ~VD (djgg)_) +VD (CZZ;)_)} = o(v/n).
By definition, we have
K
nZVDI<k) ( S(k) ) <nd VD (djgg)_) .
k=1
Therefore, we obtain that with probability tending to 1,
0o () <0 3ovo (25 ) 4ot
which together with (S.65) implies that with probability tending to 1, we have
nKVD (dZ') < nZVD ( Sf,f) ) + o(v/n). (S.69)
Under the events defined in (S.56) and (S.69), we have that,
VD (@) < VD (a2 ) + o(v/).
Since VD (dg’lt) > VD (dg’Z >, this implies that with probability tending to 1,
VD (@) = VD (2! ) + o(v/n).
Now, it follows from (S.55) that
Pr {VD (d%) = VD <d512> + o(ﬁ)} S,
and hence
Pr {VD (d%) = VD <d512> + o(ﬁ)} S,
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Similarly, we can show that
Pr{VD () = VD (&) + o(vm) } = 1.

This proves (S.62). The proof is thus completed.
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E Additional simulation results

E.1 Dependent covariates

Table S.1: Rejection probabilities (%) of the sparse random projection-based test, dense random
projection-based test, penalized least square-based test, step-wise selection-based test and the supremum-
type test based on the desparsified Lasso estimator, with standard errors in parenthesis (%), under Scenarios
1 and 2 where X ~ N(0,{0.5=71}, ;1 ).

Scenario 1 VD=0 VD = 30% VD = 50% VD = 70%

a level a level a level a level
P 0.01 0.05 0.01 0.05 0.01 0.05 0.01 0.05

50 0.2(0.2) 0.2(0.2) 9.4(13)  18(1.7) 39.4(22) 50.8(22) 63.4(2.2) 73.2(2)

Fdr (

Tshp 100 0(0) 0(0) 7(1.1)  16.2(1.6) 37.2(2.2) 51.2(2.2) 64(2.1)  74.2(2)
Far 50 0(0) 0(0) 0(0) 0.2(0.2) 0(0) 0.4(0.3)  0.2(0.2)  1.4(0.5)
RP 100 0(0) 0(0) 0(0) 0(0) 0(0) 0(0) 0(0) 0.8(0.4)

7 50 0(0) 0(0) 0(0) 0(0) 0(0) 0(0) 0(0) 0(0)

PLS 100 0(0) 0(0) 0(0) 0(0) 0(0) 0(0) 0(0) 0(0)
7 50 0(0) 0(0) 0.4(0.3)  1(0.4)  2.4(0.7)  5.4(1) 5.6(1)  12.2(1.5)
Vs 100 0(0) 0(0) 0. 2( 2)  0.6(0.3) 1.2(0.5) 3.2(0.8) 4.2(0.9) 9.4(1.3)
- 50  4.8(1)  14.6(1.6)  4.8(1)  14.2(1.6)  5.4(1)  14.6(1.6)  5.6(1)  15.2(1.6)
Tor 100 5.2(1) 20.6(1.8) 6.6(1.1) 20.4(1.8)  7(1.1) 21(1.8)  7.6(1.2) 20.2(1.8)

Scenario 2 VD =0 VD = 30% VD = 50% VD = 70%
« level a level « level a level
P 0.01 0.05 0.01 0.05 0.01 0.05 0.01 0.05

Fr 50 1(04) 5.4
SRP. 100 0.8(0.4) 5.8

(1) 32.8(21) 46(2.2)  61(22)  7L4(2)  67(2.1) 76.8(1.9)

(1
T 50 1(0.4) 5.68

(1

)

) 262(2)  37(2.2) 54.8(22) 64.2(2.1) 61.6(2.2) 71.2(2)
) 1(0.4) 56(1)  1.4(0. 7(1.1)  1.8(0.6)  6(1.1)
) 0.8(0.4) 6.6(1.1)  0.8(0. 6.4(1.1)  0.8(0.4) 5(1)
)
1
1

~

100 0.8(0.4) 5.6

0
50 1(04) 4.8 2(0.6) 6(1.1)  1.6(0. 7(1.1)  1.6(0.6)  7.4(1.2)
0

Ters 100 1.6(0.6) 6.8(1.1) 1.8(0.6) 7.2(1.2)  2.6(0. 6(1.1)  24(0.7)  7(1.1)
- 50 1.8(0.6) 6.8(1.1)  1(0.4)  7.2(1.2)  0.8(0. 6.6(1.1)  1.2(0.5)  6.2(1.1)
Tvs 100 0.8(0.4)  5(1) 1.4(0.5)  5.6(1)  1.0(0. 42(0.9)  0.2(0.2)  4.6(0.9)
7 50 0.8(0.4)  48(1)  4.2(0.9) 128(1.5)  5.2(1)  14.8(1.6)  5.4(1)  14.4(1.6)

br 100 0.8(0.4) 4.4(0.9) 4.2(0.9) 152(1.6) 58(1) 17.8(1.7) 7.2(1.2) 18.2(1.7)

In this section, we examine the performance of the proposed test under the setting where
covariates are dependent. Reported in Table S.1 and S.2 are the rejection probabilities of
TSRP, T}%};, Trrs, Tvs and Tp;, where X ~ N(0,{0.51=91};,_; ). Similar to the results
reported in Table 1 and Table S.2, our proposed test in much more powerful than other
competing tests under Scenarios 1 and 2 where the OITR is sparse and nonlinear. In
Scenario 3 where the OITR is sparse and linear, the rejection probabilities of our test are
slightly smaller than when compared to T PLS, T\D 7, and fys, but are much larger than those
of T\}‘%}. In the last scenario, the rejection probabilities of fD 7, are much smaller than other

test statistics. Our proposed test achieves the greatest power in nearly all settings.
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Table S.2: Rejection probabilities (%) of the sparse random projection-based test, dense random
projection-based test, penalized least square-based test, step-wise selection-based test and the supremum-
type test based on the desparsified Lasso estimator, with standard errors in parenthesis (%), under Scenarios
3 and 4 where X ~ N(0,{0.571}; ;—y ).

Scenario 3 VD = 30% VD = 50% VD = 70%

a level «a level a level
P 0.01 0.05 0.01 0.05 0.01 0.05

i 50 79.8(1.8)  94(1.1)  95.4(0.9) 99.4(0.3) 98.2(0.6) 99.8(0.2)
Tskr 100 74(2) 92(12)  94.4(1) 98.8(0.5) 97.6(0.7) 99.6(0.3)
i 50 31.8(2.1) 60(22) 488(22) 77.2(1.9) 55.2(2.2) 84.2(1.6)
Tip 100 12.8(1.5) 34.6(2.1) 27.8(2) 54.6(22) 29.8(2) 63.8(2.1)
- 50 92(1.2) 98.2(0.6) 97.8(0.7)  100(0)  99(0.4)  100(0)
Trrs 100 92.4(12) 98.8(0.5) 98(0.6)  100(0)  99(0.4)  100(0)
- 50 86.2(1.5) 97.6(0.7) 98.2(0.6) 99.8(0.2) 99.2(0.4)  100(0)
Tvs 100 81(1.8)  96.2(0.9)  96(0.9)  99.8(0.2) 98.4(0.6) 99.8(0.2)
- 50 97.4(0.7)  100(0)  99.8(0.2)  100(0)  100(0)  100(0)
Tor 100 98.4(0.6)  100(0)  99.6(0.3)  100(0)  99.6(0.3)  100(0)
Scenario 4 VD = 30% VD = 50% VD = 70%
« level « level « level
p 0.01 0.05 0.01 0.05 0.01 0.05

i 50 66.2(2.1) 89.4(1.4) 87.8(1.5) 98.4(0.6) 94(1.1)  99.2(0.4)
Tskr 100 50.6(2.2) 85.8(1.6) 87.4(1.5) 98.4(0.6) 94.6(1) 99.6(0.3)
i 50  44.8(2.2) 75.8(1.9) 60.4(2.2) 84.4(1.6) 68.4(2.1) 90(1.3)
Tip 100 42.4(2.2) 744(2) 57.6(2.2) 82.6(1.7) 62.4(2.2) 87.6(1.5)
Far 50 54.6(2.2) 80.2(1.8) 67.4(2.1) 86.4(15) 724(2)  92(1.2)
PLS 100 71.6(2) 89.8(1.4) 64(2.1) 88.4(1.4) 71.6(2)  89.8(1.4)
i 50 61(2.2)  84(1.6)  73.4(2) 934(1.1) 76.2(1.9) 92.2(1.2)
Vs 100 50.6(2.2) 80.4(1.8) 65.2(2.1) 89.6(1.4) 66.8(2.1) 89.2(1.4)
i 50 3(0.8)  11.6(1.4) 4.2(0.9)  14(1.6)  4.6(0.9)  12(1.5)
Tor 100 3.6(0.8) 118(L4)  4(0.9) 12.8(L5) 3.6(0.8) 13.8(15)

E.2 Choice of ¢

In this section, we examine the finite sample performance of the proposed test with different

choices of the projected dimension q. We use the same model described in Section 4.1, i.e,
YV =14+ (XM - X@)/2 4+ Ar(X) +e,

where X ~ N(0,1,), A ~ Binom(1,0.5) and e ~ N(0,0.5%). We set ¢ = 50 and N = 600.

Consider the following three scenarios. In the first scenario, we set

) = 6{<X<1>\J/F§X<2>)2 - <X<3>;§X(4>)2} (Z?:\;EX(j)>27
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for some 0 > 0. In the last two scenarios, we set

YD CANS D () 2
vm V5 ’

for some 6 > 0 and some positive integer m. More specifically, we set m = 15 in Scenario 2

T(X)I(5<

and m = 30 in Scenario 3. Notice that the total number of variables involved in the OITR
under Scenarios 1, 2 and 3 equals 4, 15 and 30, respectively.

As in Section 4.1, the parameter ¢ controls the degree of overall qualitative treatment
effects. When 6 = 0, the null hypothesis holds. Otherwise, the alternative holds. In each
scenario, we consider four cases by setting VD(d") = 0,0.3,0.5 and 0.7. In all three
scenarios, the settings for VD(d?") = 0 are the same. Hence, in Scenarios 2 and 3, we only
report the simulation results for VD(d?*) = 0.3,0.5 and 0.7.

We further consider four settings, corresponding to four choices of ¢. In the first three
settings, we set ¢ = 1,2 and 3, respectively. In the last setting, we adaptively choose ¢
when sampling Sz,. Specifically, for b =1,..., B, we first sample ¢ uniformly from the set
{1,...,@Q}, then sample s according as the random variable sy = 24 Binom(p—2,2/(p—2)),
and finally sample S, according to Step 3 of Algorithm 2. We then output the sparse
sketching matrix that maximizes the estimated value difference function. For completeness,
we summarize the whole procedure for generating sparse sketching matrix in Algorithm 3.
Here, in Step 2(i) of Algorithm 3, we set Q = 3. In all four settings, we set B = 5 x 10°
and estimate the projected contrast function as described in Section 3.3.2 and Section 4.1.

Results are reported in Table S.3 and S.4. It can be seen that the type-I error rates of
all the four test statistics are well controlled. The powers of our tests vary across different
choices of ¢. In Scenario 1 where the OITR involves 4 variables, the test with ¢ = 1 is
much powerful than those with ¢ = 2 and 3. In Scenarios 2 and 3 where more than 15
variables are involved in the OITR, the rejection probabilities of the tests with ¢ = 2 and
3 are much larger than those with ¢ = 1.

In addition, the proposed adaptive method performs no worse than any fixed choice of
q. In Scenarios 2 and 3, the test with adaptively chosen ¢ achieves the greatest power in

nearly all cases. In Scenario 1, when VD = 0.3 and 0.5, the adaptive test has comparable

45



performance with the test with ¢ = 2. When VD=0.7, it achieves greater power when
compared to the tests with ¢ = 2 and 3.

Algorithm 3. Generate data-dependent sparse random sketching matrix with adaptively
chosen q.

1. Input observations {O; }iez, integers B, and K > 2.
2. Generate i.i.d matrices Sp,.Ss, ..., Sp according as Sy whose distribution is
described as follows.
(i) Uniformly sample ¢ from the set {1,...,Q}.
(ii) Sample s according as the random variable 2 + Binom(p — 2,2/(p — 2)).
(iii) For j =1,...,q,
(iii.1) Independently select a simple random sample M; of size s from {1,...,p};
(iii.2) Independently generate a Gaussian random vector g; ~ N(0, [,);
(iii.3) Set Sgpe = 0 and Sy, = g;/9;1l2-
3. Randomly divide Z into K subsets {ZF}X_| of equal sizes. Let Z®)~ = Z N (Z0)e.
4 Forb=1,....B,
(i) For k=1,... K,
(i.1) Obtain the estimator 724, anﬁl\d;ﬁk)_ (z) = I{75,_ (Spx) > O};
(i.2) Evaluate the value difference VD7, (cggl(’k)_)
(ii) Obtain the cross-validated estimator @va => VD (d;?k)_) /K.

. —5
5. Output S;, where b = arg max/’ VDCbV.

Table S.3: Rejection probabilities (%) of the sparse random projection-based test with different choices
of ¢, with standard errors in parenthesis, under Scenario 1.

VD =0 VD = 30% VD = 50% VD = 70%
a level 0.01 0.05 0.01 0.05 0.01 0.05 0.01 0.05
g=1  04(0.3) 48(1) 16.4(1.7) 33.8(2.1) 316(21) 57(2.2) 45.6(22) 72.2(2)
g=2  08(04) 28(0.7) 9(1.3)  23(1.9)  22(1.9) 44.8(22) 29.6(2) 57.6(2.2)
g=3 06(03) 5(1)  7.8(1.2) 19.2(1.8) 15.2(1.6) 36.2(2.1) 24.4(1.9) 47.4(2.2)
adaptive ¢ 0.2(0.2) 3.6(0.8) 8.8(1.3) 21.6(1.8) 23.8(1.9) 43(2.2) 35.4(2.1) 62.2(2.2)
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Table S.4: Rejection probabilities (%) of the sparse random projection-based test with different choices
of ¢, with standard errors in parenthesis, under Scenarios 2 and 3.

VD = 30% VD = 50% VD = 70%
a level 0.01 0.05 0.01 0.05 0.01 0.05
Scenario 2
g=1  11.2(14) 258(2) 19.4(1.8) 45.6(2.2)  26(2)  53.4(2.2)
¢=2 15.6(1.6) 29.4(2) 23.8(1.9) 51.8(2.2) 30.6(2.1) 59(2.2)
g=3  146(1.6) 34.2(2.1) 21.8(1.8) 47.2(2.2) 30 4(2.1)  56.4(2.2)
adaptive ¢ 14.6(1.6) 35.6(2.1) 20.6(1.8) 50.6(2.2) 31(2.1) 60.2(2.2)
Scenario 3
a level 0.01 0.05 0.01 0.05 0.01 0.05
q=1 54(1)  16.8(1.7) 9.4(1.3)  26.2(2)  9.6(1.3)  27.6(2)
g=2 6(1.1)  25.8(2) 12.6(1.5) 33.6(2.1) 15.2(1.6) 36.2(2.1)

q=3 8.2(1.2) 21.4(1.8) 12.2(1.5) 37.8(22) 15.4(1.6) 40.2(2.2)
adaptive ¢ 8.2(1.2)  26.6(2) 13.2(1.5) 33.8(2.1) 17(1.7)  36.6(2.2)
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