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A Technical details

Proof of Theorem 3.3. From (3.4), (3.6) we obtain the representation

m=32U([mr], [ms], |mt]) = m™?(|mt| — |ms])(|ms] — [mrj)(émfiu - é{;’;gﬂ)

[ms] |t

_ —Lmﬂm‘g Lms) | sz TF(X;, F,0) - % LZJ TF(X;, F.0)
i=|mr|+1 t=|ms|+1
N (lmt] — |ms £§/Lzmsj — [mr]) (Rimris1.ims) — Rimsjstpmtl) -



By Assumption 3.1 we have

[ms] |t

LmtJ — LmSJ IJT_'(X“ F, 9) _ M I]-_(Xi,F, 9)
m¥/ i=|mr]+1 mel? i=[ms]|+1

2o 5l (1= 5) (W(s) = W) = (s =) (W) = W(s)}

(T757t)€A3

(T,S,t) EA3

= 2/*{B(s,t) + B(r,s) — B(r,1)}

(ryst)eAz

where we use the definition of the process B in (3.11) and the fact

t] — 2
sup M_(t_s)‘ <2 _o).
(s,t)EA2 m m
Finally, Assumption 3.2 yields
(Lmt] — |ms])(lms] — [mr])
32 (Rimrj+1,ims) = Rims)+1,1me)) = 0p(1)

uniformly with respect to (r,s,t) € Ag so that the proof of Theorem 3.3 is finished by
Slutsky’s Theorem. m
Proof of Corollary 3.5. Define
Dy (k) =m™ rflééc U (m + j,m + k) U(m + j,m + k)| (A1)
J:

Using the fact, that the detection scheme {D,,(|mt])}icpo,r) is piecewise constant (with

respect to t) and the monotonicity of the threshold function we obtain the representation

Im Din(k) _ sup Dn(lmt]) sup sup m=2[UT ([ms], [mt])S5"U([ms], [mt])]
k=1 w(k/m) o w(t) te[1,T+1] s€[1,4] w(t—1) .

By Remark 3.4 and the continuous mapping theorem we have

Tm  Dm(k) D B(s,t)" B(s,t)
max ——— — Sup Sup ]
k=1 w(k/m) e sefyg  w(t—1)



where the process B is defined in (3.11). The result now follows from Remark 3.4, the fact,
that w has a lower bound and that ¥, is a consistent estimate of the matrix 3. r, wWhich

implies (observing the definition of D in (A.1))

i DB o D(k) |
PR )~ I iy | S

<125 = 25 lop sup sup [m ¥ 2U(ms), [mt])[?
te[1,T+1] s€[1,t]

= op(1)
Here ||-||,, denotes the operator norm and we have used the estimate ||, =274, = 0p(1),
which is a consequence of the Continuous Mapping Theorem. O]

Proof of Theorem 3.8. By the definition of the statistic D in (2.9), we obtain

T Du(k) U (L), m(T + 1)S 40 ([me], m(T + 1)
0wl /m) = w() . (A

where |mc| denotes the (unknown) location of the change. We can apply expansion (3.4)

to Xq,... >X[ch and XLmCJ-l-l? ce 7XLmTj and obtain

m U (|me), m(T + 1)) = Lme) (m(T +1) — |me)) (HWJ ™ T“’)

m3/2 [me]+1
meJ
m(T +1) —
D I S g PO )
1=1
meJ m(T+1)
N S e,
i=|mec|+1
[me] (m(T + 1) — [mc]) (FO) (F@)
+ m3/2 <9F W = 9F(2) + Rl meJ Rme +1 m(T+1)> )

where 0p = 0(F®) (¢ = 1,2). Using Assumption 3.6 we obtain the joint convergence of

1 [((m(T+1) = [me)) S TF(X, FO,L0p0)) D, (T+1—c)\/SpaWi(e)
Y me) ST TF(XG FO), ) e/Spo (WQ(T+1)—W2(C))
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and

lme|m(T + 1) 1 ro) (F®)
m3/2 (Rl Lmec] Rl_mcj+1,m(T+1

) 0.
As 0pa) # Ope this directly implies m=3/2|U(|mc]|, m(T + 1))| —5 o0 , and the assertion

follows from (A.2) and the assumption that f)m is a consistent estimate for > .q). O

Proof of Theorem 3.10. Recalling the definition of U and U in (3.6) and (3.7), respec-

tively, we obtain for the normalizing process V in (3.19) the representation

[ms]

m~*V(|ms], | =m" Zj lms| —7) (6’3 - QJLTISJ) ((9] — 9}??)

LmtJ
bt ST (] = PG = )P (g = 058) (B — 0525)
j=lms|+1

Lms]

= m—4 Z U(j, lms])UT (4, [ms])
|mt]

YY) U(lms],j, lmt])UT (Lms], j, [mt])

ms]+1

U(|mr], LmSJ)UT(LmTJ, |ms|)dr

J

= m_3

t

[D(Lmsj |mr], LmtJ)@T(LmSJ, |mr], |mt])dr

+

NN

By Theorem 3.3 we have

{m_3/2®m( LmTJa Lmsj, LmtJ)}(T,s,t)EA3 % E}T/Q{B(S’ t) + B(T’ 8) B B(T t)}(r,s,t)EAa

(A.3)

in the space (*°(As3,RP), where the process B is defined in (3.11). Consequently, the



Continuous Mapping Theorem yields in the space £*°(A; N [1,T + 1]2, RP x RP*P)

m=3/2 . U(|ms], [mt]) D 5/ B(s, 1)
{(7n4-VQmﬂ,MwD >hwﬁﬁ2:${(2%“0%@0+A&@¢»2¥2)Lmﬁﬁ2’
(A4)

where Ny, Ny are defined in (3.22). Now the assertion of Theorem 3.10 follows by a further
application of the Continuous Mapping Theorem using that Z};ﬂ (Nl(s) + Na(s, 15))2};/2 is
positive definite for s > 0 with probability one. O

Proof of Theorem 3.11. By definition of the self-normalized statistic DN in (3.20), we

obtain

max —=

k=0 w(k/m) w(T) ’
(A.5)

ro DS [UT([me) (T + 1)V (me m(T + D)U([me) (T + 1)

where |mc| denotes the (unknown) location of the change. The discussion in the proof of

Theorem 3.8 shows
m 32U (| me), m(T + 1)) = oo .

The proof will be completed by inspecting the random variable V=!(|mc]|, m(T+1)) in the
lower bound in (A.5). Repeating again the arguments from the proof of Theorem 3.3 we

can rewrite
m™* - V(|me|,m(T +1)) =m™? /Oc U(|mr], [ms)UT(|mr], |ms])dr

+ m3/ U(|ms], |mr], [mt YU (|ms], [mr], |[mt])dr .

(A.6)



Using Assumption 3.6 and employing the arguments from the proof of Theorem 3.3 we

obtain weak convergence of

{U([mr], [ms])}o<r<s<e N {BW(r, s) Yo<r<sze
{U(Lms], [mr], [mt])}ecocr<i<rn {BO(r,t) + B (s,r) — B®(s,)}escrat<rin

Y

where we use the extra definition
BO(s,t) = tW(s) — sWy(t) (=1,2

and W, and W, are defined in Assumption 3.6. By the Continuous Mapping Theorem and

the representation in (A.6) this implies

_ D 1/2 1 1/2 1/2 2 1/2
m~ - V(|me|,m(T + 1)) = £172 (N2 + =2 (NP (e, T+ 1)) 542

where the processes Nl(l) and N2(2) are distributed like N; and Nj in (3.22) but with respect
to the processes B and B, respectively. O

Proof of Proposition 4.2. For the sake of readability, we will give the proof only for the
case d = 2. The arguments presented here can be easily extended to higher dimension. In
view of the representation in (4.12), we may also assume without loss of generality that

p=E[X;]=0.

Part (a) of the proposition is a consequence of the discussion after Corollary 3.5 pro-

vided that Assumptions 3.1 and 3.2 can be established. For this purpose we introduce the

notation
X2, — E[X?,]
Zy =TF (X, F,V) = | X;1 X1 — E[X;1X, 0]
Xt2,2 — E[Xfﬂ



and note that the time series {Z;},c7 can be represented as a physical system, that is

giler, .. ) — E[X12,1]
Zt = gl(Et,...)gg(Et,...) _E[X171X172] = G(gt,et_l,...) s (A?)
g3(et, ... ) — E[XT)]

where g; denotes the i-th component of the function g in (4.1). In view of definition (4.2)

introduce the notation
/ /
X, =9g(€, -1, ,E1,E0,E—1y--+) -

The corresponding physical dependence coefficients 552 in (4.2) are then given by

% = ||\ = (X102 + (X2 — (X12)2)2 + (i X — X0, X002
< IIXE = (X102 + 122 = (X2l + 1X0a Xz = X, X/l
< 3 max {||IX2 = (X% I1X2 = (X72)%lle 1 X0a Koz = X[u X alle}

where we used the inequality va +b < a + Vb for a,b > 0. Now Hélder’s inequality

yields for an appropriate constant C'
IX2 = (X102 2 < 11 Xea + X llall Xen = X[ lls < C - 61

+ | X7 (Xen — X1 4)
< X[ | X2 = Xl + (1 X2l ][ Xer = X, < C- 012

| X1 X0 — Xt{’lX;,QHQ < ||Xt,1 (Xt,2 — Xé,z)

I I

Combining these results gives »_.°, 07, < C - @511) < oo and Theorem 3 from Wu (2005)
implies the weak convergence

[ms] [ms]

\/Lﬁ N IF(X, F,V)= \/% N7 = /W (s)

in the space £>°([0, T+ 1], R?) as m — 0o, where X is the long-run variance matrix defined

in (3.3). Therefore Assumption 3.1 is satisfied.
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To finish part (a) it remains to show that Assumption 3.2 holds. Due to (4.14) this is a

consequence of

sup

1 J
LS -
1<i<j<n V] — 1+ 114=

for £ = 1,2,3. Since the arguments are exactly the same, we will only elaborate the case

E[Xt’g] = Op(n1/4) (AS)

¢ = 1. For this purpose let

S; = ZXm — E[X;4] ,
=1

and note that the left-hand side of (A.8) can be rewritten as

1
— S| = max{ max max —=(Sj — ;) ,

max Imax
1<j<n 1<k<n— ]\/_

1<j<n 1<k<n—j ﬁ |Sj+k

-1
e amax (80— 5))}

Thus it suffices to show that both terms inside the (outer) maximum are of order op(n'/4) .

For the sake of brevity, we will only prove that

1 _ 1/4
252 1k \/_(SjJrk — ) = oe(n') (A.9)

and the other term can be treated in the same way. Assertion (A.9) follows obviously from

the two estimates

SJM — S

max max =op(1) , A.10

1<j<n 1<k<(n—j)A[log?(n \/_n1/4 P( ) ( )
S -5

max max SR 2T — op(1) . (A.11)

1<5<n [log?(n) |<k<n—j /knl/4
Since the function g is bounded, one directly obtains that there exists a constant C' such

that | X;1 —E[X,,]| < C. This gives

Sivr— S, VEC
max max ———— | < max max
1<G<n 1<k<(n—j)Allog?(n)]  /knl/4 1<j<n 1<k<(n—j)Alog2(n)| N4

=o(1)



and so (A.10) is shown. To establish (A.11) we will use Corollary 1 from Wu and Zhou
(2011), which implies, that (on a richer probability space) there exists a process {S;}7,

and a Gaussian process {G;}7,, such that

(S1,...,5) 2 (S1y...,50) and max |S; — G :Op(n1/4(logn)3/2) :

1<i<n
Additionally, (again on a richer probability space) there exists another Gaussian process

{G;}7, such that

Gy, G) 2 (Ghyo,Gy) and max |Gy — G| = Op(n/*(logn)*/?)

1<i<n

where the process G is given by

@ - {0,

with ii.d. Gaussian distributed random variables Yi,...,Y, ~ N(0,(I'(g))1,1)) with I'(g)
defined in (4.4). Therefore we obtain

max max | =Sk Gim=Gj
1<j<n [log?(n) |<k<n—j knl/4  1<i<n(log?(n)|<k<n—j +/knl/4
< max max Sivk = 55 = Gy + G < 2 max 185 =G5l = op(1)
T 1<G<n [log?(n) | <k<n—j Vknl/4 = T1<j<n log?(n)nt/4
and by the same arguments
G — Gy Gisr— Gy
max max 2tk max max SR T = op(1) .
1<<n [log?(n)| <k<n—j  Vknl/4  1<i<n log(n)|<k<n—j /knl/4

Now Theorem 1 in Shao (1995) gives

. Gjwr —Gj
lim max max R
n—00 1<j<n |log?(n) | <k<n—j \/E'n,l/‘1

with probability 1, which completes the proof of Part (a).



For a proof of part (b) of Proposition 4.2 let F(Y), ¥4y and F®)| ¥ denote the distri-
bution function and corresponding long-run variances in equation (3.18) before and after

the change point, respectively. Note that h = A - g and consider the time series
- g(gt, Et—1y- - - ) if t< L’ITLCJ ,
A_l . h(‘€t7 Et—1y-- ) if ¢ Z mej s

which is strictly stationary with distribution function (). Using similar arguments as in

the proof of part (a), one easily verifies that

Lms |

1 ~
- (X, O D I
{ vin ;I Ao F 7V>}se[0,T+1] VEramWi(s)}seory - (A.12)

Next, observe that there exists a matrix A® € R3*3, such that for all symmetric matrices

M € R?**2, the following identity holds
vech(A- M -A") = AW . vech(M) .
Further, using (4.9) one observes
A-TFX,FO V) AT = AX,X, AT — A V(FM). AT = TF(X,, F®, V)

whenever ¢ > |mc|, which yields

AVTF (X, FO V) =TF (X, FP, V) for t> |mc]| . (A.13)
Similar arguments give

AV L) (AT =B . (A.14)

Now consider the mapping

(

([0, T + 1], R3) — £([0, ¢], R?) x £>°([¢, T + 1], R3) ,

Dy {f(s)}SG[Ovc]
{f(8)}seror1) = 7
{A(”)(f(S) — f(c))}se[c,TJrl]
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then the Continuous Mapping, (A.12) and (A.13) yield

{j—m Sl T E (X, FOLV) }SGM N {1 /ZF(1)W(S)}S€[070]
{% znggn G IFAX0 FO V)Y o {AO/Spm (W(s) = W(e)} Lors

2 {\/ EF(I)W(S)}SE[O,C]
{V/Ere (W(s) - W(c)) }se[c,T+1}

where the identity in distribution follows from the fact that both components are indepen-

dent and the identity

(AV/Spw) (AW Zp(l))T = A0 (AT = Spe .

For the verification of Assumption 3.6 it suffices to show that both, the phase before and
after the change point satisfy Assumption 3.2. This can be done using similar arguments

as in the proof of part (a) of Proposition 4.2 and the details are omitted. ]

Proof of Theorem 4.4. For a proof of Theorem 4.4 we will require six Lemmas, that are
stated below. Lemmas A.1, A.2, A.3, A.5, A.8 are partially adapted from Lemma 2 and the
proof of Theorem 4 in Wu (2005b) but extended to hold uniformly in sample size. Lemma
A.7 controls the error of the quantile estimators in case of small samples, where the tail

assumptions on the distribution function comes into play.

Lemma A.1 Under the assumptions of Theorem 4.4 for all 0 < r < 1 and 9 > 1, there

exists a constant C,9, such that

N rlog(n) < -0
PLidii, sip 1) = 1> O 5
j—i|>n"

11



Proof. We have the following upper bounds

g I
P( max sup |F/(z) — F(z)| > CT,ﬂLg(”))

1<i<j<n 4cR nr/?
lj—i|>n"
- rlog(n)
< Y P{sw |[F(z) - Fx)| > Cry¥—rr—
. zeR n
1<i<j<n
[7—i[>n"

. log(j —i+1)
< ]P’(sup |F/ () — F(x)| > C)9—F—— :

lj—i|=n"
Now choose 7 > 0 sufficiently large to fulfill 2 — 7 < —9). Applying Lemma 2 from Wu

(2005b), we obtain that C,.» can be chosen, such that the last term is (up to a constant)
bounded by

Z |,] — i+ 1|7‘r < Z n-"T < anrT < nfﬁ )

1<i<j<n 1<i<j<n
|j—i|>n" |7—i|>n"

]

The following inequality is a (direct) consequence of inequality 14.0.9 from Shorack and

Wellner (1986).

Lemma A.2 Under the assumptions of Theorem 4.4, let L := sup f(z) > 0. It holds for

1
all0<agm,s>0,n€Nthat

IP’( sup |FV'(x) — F(z) — (F'(y) — F(y))| > Sm) < C—IGXP(—@S%( : )> )

lz—y|<a v
where ¢ and ¢y are positive constants (only depending on F') and 1 is defined by

(x+1)log(x+1) —x
2

P(x) =2

forx>0.

Proof. Denote by Uy, ..., U, asample of i.i.d. ~ U([0,1]) random variables and note that
by Lipschitz continuity |z — y| < @ implies |F(z) — F(y)| < Lg - a. Using also that F' is

12



surjective and continuous by assumption, we obtain by quantile transformation

A ~

sup | Fy' () — F(x) — (F{'(y) — F(y))]

le—y|<a
1 n
= swp LY S0} - Flo) - 10X )+ FO)|
lz—y|<a i=1
1 n
2 sup LS THE(U) < 0}~ Flo) ~ HE(W0) <5} + Fly)
a—yl<a 101 g
1 n
= s 2| SIS P} - P~ HU.< PO+ FO)
rTyisa i=1
1 n
< s ST < F@) - F) - 10 < PO+ FO)
|F(z)—F(y)|I<LF-a n i=1
1 n
= sup —ZI{Uin}—w—I{Uigy}ij‘.
z,y€[0,1] =1
le—y|<Lp-a

The claim now follows from inequality 14.0.9 in Shorack and Wellner (1986) for the uniform

empirical process. O

Lemma A.3 Under the assumptions of Theorem 4.4 for all 0 < r < 1 and 9 > 1, there

exists a constant C,.g, such that for all positive sequences {an tnen with

rlogn

=o(1) and a,=o(1) (A.15)

n’a,,

it holds that

1<i<y< T
S i g

P( max sup |F(2) - F(a) - (F/(y) — F(y)| > Cro M) st

provided that n is sufficiently large.

Proof. First consider m = m,, > n". For n sufficiently large we have a, < 1/(2Lr) and so

13



choosing @ = a,, and s = C,. 9+/log(m)/Lp in Lemma A.2 we obtain that

P( s A = Fo) = () = )| > cr,ﬂ—“vj"mg<m>)

c 9 Cry [log(m)
< — — .
<o exp ( ey log(m)d}( . \/ ma.

Using that v is non-increasing the last expression can be bounded by

€1 c2 . r Cyy [rlog(n)

— — ol o : A.16

L oxp (  atog(nheryy (G2 B (A.16)
Next note that by the assumption on a, we obtain

lim ¢(Cr72 /Tlog(n)> .
n—00 Lp n’ay,

Thus for n sufficiently large and with an adapted constant ¢, the term in (A.16) is bounded
by

—626’3197“ —62037191”-‘1‘7"

Cq - 2 c1n ) cn _9—
—exp| — G log(ncr»ﬂr) = = <nv%,
Ay, Ay, n"a,,

where we chose C,» sufficiently large in the last estimate and used that (n"a,)™' = o(1)

by assumption (A.15). Since the sequence { X}z is i.i.d. we can now finish the proof

anr log(n))

nr/2

P( max  sup  |E(x) — F(2) — (F(y) — Fy)| > Cro
EIadSt le-yl<an

. . anr Tog(n)
< > TP’( sup | (x) — F(x) — (FI(y) — F(y))| > crﬁr—/z()
1<i<j<n lz—yl<an n
[7—i|>n"

£ £ j \/anlog(j—i—l—l)
< & #( o 1R - P~ () - Pl > 0, )

|7 —i|>n"

S Z n 2 <n? .

1<i<j<n
l7—i|>n"

14



Remark A.4 For the remainder of the chapter we can choose fixed ¥ > 1 and denote by
C,1 and C, 5 the corresponding constants from Lemma A.1 and A.3, respectively. Further

define the sequence

bur = Crs\/rlog(n)/n"/? . (A.17)

where C, 3 is a constant such that C,3 > 2(C,1 +1)/f(¢s). Now let 'i.o.” be a shortcut
for ’infinitely often” and note that Lemma A.1 and A.3 together with the Borel-Cantelli
Lemma imply
. rlog(n) .
P max sup |F!(z) — F(z)| > C,1~—F>— i0.) =0

1<i<j<n 4eR nr/2
l7—i|>n"

and
P( max  swp  |EV(x) — F(x) — (F/(y) — F())| > Cra

1<i<y<
‘]—_Zf'i;;} lz—y|<bn,r

which we require for the proof of the next Lemma.

Lemma A.5 Under the assumptions of Theorem 4.4 it holds for all r € (0,1) that

limsupb. L max Bl — <1
mSup b, max |[dsl; — a5l <
[i—i|>n"

with probability one.

Proof. The claim is equivalent to

1<i<j<n
lj—i|>n"

IP( max |[gs]] — qa| > bn, i.o.) =0. (A.18)

By definition of the empirical quantile maxi<i<j<n |[¢3]] — 5| > bn, means that at least one
li—i|>n"
of the considered e.d.f.s first exceeds the level 5 outside of the interval [gs — by, ¢5 + bpr ).

Thus using also monotonicity of the e.d.f.s statement (A.18) follows if we can establish

15



1<i<j<n
|[j—i|>n"

(i) ]P’( min  FV(qs + bp,) — B <0 1.o.> =0,

. i _ _ . _
(ii) P(1§1<%};nﬂ (g8 —bny) —B>0 1.0.) 0.

lj—il>n"
Let us start with (i). By a Taylor expansion we obtain

. - .
 Jnin Fi(gs+ bny) — B

li—i|=>n"

= min |F(gs+bn,) — B~ F'(gp) + B+ F(qs + )
1<i<j<n

|i—i|>n"

— F(qs + buy) + F(q5) — Flqp)

> F(Qﬁ + bn,r) - B —  nax |EJ(Q5) - /8| — max

1<i<j<n

sup  |FY(x) — F(z) — (F{(y) — F(y))]

1<i<j<n i1 <p,
—il>n" TR
b?L,T . ! Fj
2 b f(g5) + =5~ nf f'(x) — max |F(gs) - B
lj—i|>n"
— max su Fi(z) — F(z) — (F/ - F .
e sup (@) = F(o) = (F )~ F()]

li—i|=n"

This yields

}P’(Kggjgan (g +bn,)—B<0 1.0.)

|7 —i|>n"

S (B y B
SPQ&;?;WSEM‘W) Pl = (F0) = PO+, e 17 o) =
j—i|>n" = j—il|>n"

2

bTLT‘ . .
> by fgs) + 7 ;Ielﬂg f(2) 1.0.)
2

A~ . b b
< J — > n,r n,r . ’ Lo
_]I”(Kr?g?in\ﬂ(%) Bl = 5 flas) + =~ inf f'(w) 10)

lj—i|>n"

- 2
|7 —i|>n"

. . b b?
m J — _ J _ n,r n,ro. / .

By definition of b,, . in (A.17) we have b, f(g3)/2 > (C,.1+1)4/rlog(n)/n"/? and so Remark

A4 yields that the last two probabilities are zero. To achieve (ii), we proceed similar and

16



obtain

max Ej(qg —bpy) — B

1<i<j<n
j=il=n"
= mmax F(gs—bns) = - F/(ag) + B+ £ (45 — bur) = Fg5 — bur) + F/ (45) — F(ap)
lj—i|>n"
< - — 2 _
< Fgs = bay) = B+ max [F(gs) —
|[7—i|>n"

+ max su Fi(z) — F(x) — (F? - F
s s |F () = F@) = ()~ F)
lj—i|>n" ’
b2 .
< _ / _nr J _
< —/(@5)bny +sup f(2) 5 +1§Igl<|aj§nlﬂ () — B
j—i|>n"

+ El(z) — F(z) — (F/(y) - F
T lgrgl’%éws;ﬁgml V(x) = F(z) = (F(y) — F(y))]
]—Z =N

This leads to

il a0
P(lg?g)ian(qﬁ bny) —B>0 1.0.)
lj—i>n"
b2 y

< _ / _nr J _
_IP’( F(g8)bny +sup f(2) 5=+ max [F(g5) = f|

i —i|>n"
iy pi '
+max | sup |F(@) = F() = () = F) | 20 )
|7 —i[>n" :
N 2
J — . / n,r .
= P<1§1<8?§n [F7 (as) — Bl = f(as)bn.r ilelgf (x) 5 1.o.>
lj—i|>n"
. . .
e

1STSTSN |3y |<bn,r

+ ]P’( max  sup

|7 —i|>n"

Using again the definition of b, , and Remark A.4 the two probabilities are zero, which
O

finishes the proof of Lemma A.5.
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Remark A.6 Note that Lemma A.5 in particular implies that (for all 0 < r < 1) and

co <1

cor/2 ~17 —
(dnax [[gs]; = qs| = or(1)
lj—ilzn"

n

which we require later on.

Lemma A.7 Under the assumptions of Theorem 4.4 it holds for all0 <r < 1/2—1/A

1 - L
e (=4 D[] — a5] = 0(1) (A.19)
lj—il<n”

Proof. Due to miny ; X; < [q};]i < max} , X; for all 4,5 € {1,...,n}, we observe that the
term on the left-hand side of (A.19) is bounded by

nr’1/2(| I?EiIXXt —qs| + |rg1:i{1Xt — qgo < 2n" 12 I?Zalx | X +0(1) .
Now for ¢ > 0 we can employ the independence and obtain

IP’(nT_l/2 mfalx|Xt| > 5) =1- IP’(n"_l/2 m_%lx\XA < 5) =1- IP’(\X1| < n1/2_7"5>

=1- (1 —IP<|X1| > n1/2—rs>> :

By the assumption (4.16) on the tails of the distribution of | X;| this is now bounded by
- (1 - 5_’\n_’\(1/2_r)> = o(1),
where we used that by assumption A\(1/2 —r) > 1. O

Lemma A.8 Under the assumptions of Theorem 4.4 it holds for all 2/9 <r < 1

- max (=i D[ GE) — Flas) — (PG — Flas))| = ay(1)
lj—i|>n"
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Proof. Fix € > 0 and choose 0 such that 2/3 < § < 3r 4+ 1/2 , then it holds that

1
]P’(— max (j—i+1)

n 1<i<j<n

) - ) - (PG - Fa) > )

j—i|>n"
<P(Jm max (-i+) éf'([mzﬁ)—ﬂf'(qﬁ)—(F([qmz)—F(qﬁ))!>e) (A.20)

n®>|j—i|>n"

1 .
-I—IP)(% 1§r£1<8;}én(j —i+1)

lj—i[>n’

B il = Flan) = (UG~ Flan)| > )

We will treat the two summands on the right-hand side separately.

First summand of (A.20): Using § — 1/2 < 3/4r, we can choose a constant 0 < ¢y < 1
sufficiently large, such that § —1/2 < (¢g/4+1/2)r. Further choose a,, = n=%"/2. The first
summand of (A.20) is then bounded by

A s

OV EI ([Gs]?) — FP (qg) — (F([%H) - F(qﬁ))‘ > 5)

P max n
1<i<j<n
|—i|>n"

~ -

F(o) = Fo) — F0) + F)| > =55 ) (A21)

<P max sup
il znr [TYIS o

+ (o NG~ 0l > )
g—il>n
By Remark A.6 the second summand of the right-hand side of (A.21) converges to zero. For
the first summand of (A.21) note that using § — 1/2 < (¢o/4 + 1/2)r, we obtain (provided
that n is sufficiently large)

£ rlog(n) a1 log(n)

nd—1/2 = T2 cor/atrj2 T T2 nr/2

and so the first summand of (A.21) converges to zero by Lemma A.3.
Second summand of (A.20): Due to 6 > 2/3, we can choose a constant 0 < ¢y < 1

sufficiently large, such that 1/2 < §/2 + cyd/4. Next define a, 5 = n=°%? and obtain the
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bound

1 o
P(% e (7= i+1)
lj—i[>n

F/(gs))) — F(as) — (F(gsl]) — F <%>>\ ~ g)

<P| max sup
1<i<j<n |4, 1<q

> 5

\j—i|zn5| y|<an,

(A.22)
+P( max |5} — g5 > 5) |

1<i<j<n
li—i|>nd

Employing again Remark (A.6) the second summand of (A.22) converges to zero. For the
first summand of (A.22), note that we have (for sufficiently large n)

£ /6log(n) o Q50 log(n)

nl/2 = Y027 cosjarsjz 02 no/2

and so Lemma A.3 finishes the proof. O]

Now we are able to proceed to the actual proof of Theorem 4.4.

Proof of Theorem 4.4:

Since [ is fixed, it is easy to see that the claim is equivalent to

Z= e (=i )| fa) (68— 05) = 0+ Flap)| =oet) . (A9

1<i<j<n

Further note that (since F' is continuous) |F/([gs]]) — 8| < (j — 4 + 1)~ almost surely,
which yields

1 o L
S (= i+ DIE(Gsl]) — 81 = 0x(1)
and so it remains to prove
1 o o A .
—= max (j—i+1)|fgs)([dsl] — as) — F7 ([gs}]) + F(a5)| = oe(1) - (A.24)

V/n 1<i<j<n
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Now due to A > 18/5, we can choose r; with 2/9 <r; < 1/2—-1/X < 1/2. By Lemma A.7
and F/([q5])), F/(qs) € [0, 1] we only have to verify

1

max (j—i+1
n 1<i<j<n

>\f<qﬁ><[qmz gs) — FA((@)) + EJ@)\ — ox(1)
—il>an

Now employing Lemma A.8, the statement above follows if we can establish
1

max
n 1<i<j<n

(J—i+ 1)’f(615)([dﬁ]3 —qs) — F([gs]]) + F(%)‘ = op(1) (A.25)
lj—i|zn"1

By means of a Taylor expansion the term on the left-hand side is (up to a constant almost
surely) bounded by

1 ' )
— max (j—i+ 1)sup|f(2)|([gs] — :
\/ﬁlﬁgig;,}@ Jsup [ f( ) ([dsli — as)

where the factor sup, g | f'(2)| is bounded by assumption. Now since 2/9 <y < 1/2, it is

easy to see, that we can choose 0 < ¢y < 1 (sufficiently large), such that

1
2_00 S T1Co + ]_/2 .
Thus we can select § that fulfills

< — <6< 1/2 .
1 g = <rico+1/

We consider the cases n™ < |i — j| < n° and n® < |i — j| separately. For the first one we
obtain

1 . . A - 2
182, G —i+DI([ds) —as)” <

§—1/2 (117 2

< max 0" (sl — gs)
nr1<|j—il<n’ nr1<|j—i|<n’

< cori ~ ]_ 2 007‘1/2 ~ ]_ 2 —

< max  n® (Gl —gs)” = max - (" ([gs); - as))” = 0(1)
n1<]j=il<n n"1<]j=i|<n
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where we used Remark A.6 for the last estimate. For the other case we obtain similarly

1 o ; 2 2
el _ A1 < nl/? _

T e (=it DI(gel —as) < max 0 ([~ g5)

nd<|j—il<n nd<|j—il<n
nt 1) 2 _ cod/2 2 _
< max (gl —gs)” = max - (n((gsl; = g5))” = 02 (1) ,
nd<|j—il<n n?<|j—il<n
where we again employed Remark A.6. ]

B Additional simulation results

In this section we provide some additional simulation results to allow a more detailed
analysis of the presented detection schemes. We will focus on changes in the mean as

presented in Section 5.1 and study the following aspects:
Section B.1: The influence of the actual change point locations on the power.

Section B.2: Other choices of the factor 7', that controls the monitoring window length.

B.1 Influence of change point locations

In this section we report simulation results for the situation considered in Figure 2 except
for the change point locations, for which we consider rather early and late locations. Figure
8 displays the power of the non self-normalized procedures for the different choices of the
model and the threshold considered in Section 5.1, where the change occurs already at
observation Xi99 and a historical training data ending at X;q9. This can be considered as
a situation of an early change and the displayed plots can be explained as follows. In all
combinations, the detection scheme based on D still has a slightly larger power compared
to the methods based on P and Q, while P slightly outperforms Q Compared to Figure
2 the differences with respect to the different schemes are considerably smaller. These

observations may be explained by the different constructions of the detection schemes,
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that are described at the end of Section 2. In particular the performance of the monitoring
schemes based on Q and P improves if the change occurs closer to the monitoring start,
see also the discussion at the end of Section 2.

In Figure 9 we report the power for a change located close to the end of the monitoring
period. Here the break occurs at observation Xigy, while the monitoring window ends with
observation Xspy. Concerning the small number of 20 observations after the change, such an
event is certainly harder to detect. Consequently, all schemes perform inferior compared to
the situations considered in Figure 2 and 8. However, the power superiority of the methods
based on the statistics D over P and Q is even more significant now. These results support
our initial conjecture: While all schemes behave more or less equivalent for changes close

to the start, D offers better characteristics, if changes are located closer to the end.
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Figure 8: Empirical rejection probabilities of the sequential tests for a change in the mean
based on the statistics D (solid line), P (dashed line) , Q (dotted line). The initial and
total sample size are m = 100 and m(T + 1) = 200, respectively, and the change occurs
at observation 120. The level is o = 0.05. Different rows correspond to different threshold

functions, while different columns correspond to different models.

24



(M1)

power
power
power

=

[\
S~—
power
power
power

H H
(M3) :
[a)
[}
u n H
=] o o
- -] -]
M4) &, g, 5,
( ) e 251 257
Q o Q
o | Q | o |
[= T T T CSI T T T o T T T T
00 05 10 15 20 00 05 10 15 20 00 05 10 15 20
M H H

Figure 9: Empirical rejection probabilities of the sequential tests for a change in the mean
based on the statistics D (solid line), P (dashed line), Q (dotted line). The initial and
total sample size are m = 100 and m(T + 1) = 200, respectively, and the change occurs
at observation 180. The level is o = 0.05. Different rows correspond to different models,

while different columns correspond to different threshold functions.
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B.2 Larger monitoring windows

In this section we report simulations with the same settings as in Figure 2 but with a
larger monitoring window. More precisely, we operate again with a set of m = 100 stable
observations, while the factor 7" is set to 2 and 3 for the simulations in Figure 10 and 11,
respectively. The change point is again located at the middle of the monitoring period.
The obtained results are similar to those for the case T" = 1 given in Section 5.1 and for

this reason we omit a detailed discussion here.
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Figure 10: Empirical rejection probabilities of the sequential tests for a change in the mean
based on the statistics D (solid line), P (dashed line), Q (dotted line). The initial and
total sample size are m = 100 and m(T + 1) = 300, respectively, and the change occurs
at observation 200. The level is o = 0.05. Different rows correspond to different models,

while different columns correspond to different threshold functions.
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Figure 11: Empirical rejection probabilities of the sequential tests for a change in the mean
based on the statistics D (solid line), P (dashed line) , Q (dotted line). The initial and
total sample size are m = 100 and m(T + 1) = 400, respectively, and the change occurs
at observation 250. The level is o = 0.05. Different rows correspond to different models,

while different columns correspond to different threshold functions.
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