Detecting strong signals in gene perturbation experiments: An
adaptive approach with power guarantee and FDR control

In this supplement contains proofs, descriptions of methods and simulations not in-
cluded in the main context. Section [A] contains proofs to Theorems [2.5] 2.7} 2.§ and [2.10]
In section [C| we give detailed description of the truncated MLE method and the central
moment matching(CM) method. Simulations comparing the ITEB method with them are
given in section D] In section[E] we provide more details on how the knock-down experiment
data is generated.

A Proof of Theorem 2.5, Theorem [2.7], Theorem
and Theorem 2.8

Let A := ,/logTN(ﬁ—l—C), and let t; := max(—logzN, min(2as, %)), Ay = 3(T*+C)t log %, T2

N
[72 — Ay — Agy]y for all I = 0,1,...,]A;]. Let the oracle estimator be defined as 72 =
@252 L
ZGAO— Let p; = F(TZ,JF—QUQ) be the p-values calculated using 77 and let p;),; be the
1 i

Aol
ordered null p-values from small to large. Let By; = {i € Ay : piy < SO)J}, where

so = max{s : o)y < %}, and By; = {i € Ay : piy < az}. Lemma contains the
deterministic relationships we will use later.

Lemma A.1. Suppose 0 < a3 < 2% to be ﬁxed and as — 0 at a slow rate (aglog% is
bounded away from 0). Under Assumption the following statements hold:

(o] 2 « 6% A
(1))\([ 1) ( l )5 = ( 1) — 07 Supl>1 2j_ll>‘(l 1) — 07 Supl>0 T2+1)‘(a2) - O
P(p;, <«
(2)im o0 SUP;c 4, SUDP;>0 supazmm(az’ (o) % =1

(3)The estimate ﬁgk 18 non-increasing in the iteration number k in the I'TEB procedure.

Proof of [A 1] is deferred to section

) 7—2_;'_1

Proof of Theorem 2.5

Proof. Let Eyy = {75 > 7/}. Because U2 { Ry = 1} is a partition of the full space, to
prove the statement, we show the following:

P(UAS Ry =1, By }) < PO Ry < 1LES}) —
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Define Ry := |Ji N Ay| for each iteration k. We also let Ry = 0, and Ry_; < Ry as
a consequence of Lemma , part (3). We prove it by showing that the events {R) <
l, By, By—1,} and { £} do not happen on a properly chosen event M which itself happens
with probability approaching 1. The existence of such M is sufficient for our argument:

|A1] [Ax] | A1l
> P({Rix <1, Ef ), M}) <Y P(Ri <1, Ef), Exc_10, M)+ > P(Ric <1, Efc_y,, M)
=0 =0 =0

|Ax] |A1]

<> PR <LEj M) <... <Y P(E;, M)=0
=0 =0

Then P(US{Ri <1, Ef,}) < P(UN{ Ry <1, B, M}) + P(M) — 0. We now find M
which contradicts {Ry, < [, Ef, Ex_1;} and {Ef,}. Let S{ = AgN Sy and S; = A; N Sy
be the set of nulls and non-nulls remaining at iteration k. The relationship below always

holds: ) ) s s
7A_2 > [|A0|T* - Zier\Sg Ty + ZieSé (xz —0; )]-i-
S = |SPI+ 1S3 ]

(1)
In other words,

[|Ao| 2 — Zier\sg } + Zies; (zF = 07)]+
Skl + 15%]

{EL), By, B <1} C <1, Ep_1y, Ry <1}

If 77 < 0, the above event will never happen, hence,

{Ey Er—1y, Ry < 1}
C{] A7} — Z (xf =) + Z(l’? — 67 — 1) < 17| Aol 77 > 0, Bp_1, Ry, < 1}

i€Ao\SY i€y

When Ej_1; happens and when Ry < [, the removed nulls Ay \ Sy must be in the set

By := Bj; N By, for the following reasons. A \ Sy C By, by definition. Now, we let
1

Dy 1= % be the cut-off for the rejected p-values for the set J!. There are two possibilities

D pe < g or p, > ag. We discuss them separately.

1. If p. < ao, the rejected set from ITEB will be the set J} and J} contains at most
[ non-null hypothesis. Suppose J} contains exactly so null hypotheses. In order for

(80 +l)a1
N

any null hypothesis ¢ to be rejected, it must satisfy p; < , and we know there
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are so of them. As a result, we know sg = [{i € Ay : p; < (5°+l)°‘1}| When Ej_q,

happens, we have p; > p;;, thus so < |[{i € Ag : piy < < (504D LEFEH or prsgy < %

As a result, we have sy < argmax{s : pi); < S”a } and Ao\ SY C By, Hence,
Ao\ SY C B,.

2. If p. > as, the rejected set from ITEB will be the set J2. In this case, we can show
that By; € Bj;. Because p;; < p;, everything in J,% will again be rejected if we

replace p; with p;;, in other words, |By,| > \Jk\ As a result, p.., the new cut-off

p-value for By, will be larger than ag: p.. > > i ‘al > g, which in turns lead to the

fact that By; C By, and B; = By;. Hence, Ag \ Sk C B,

Let flu = {i € Ay : piy > as}. When Ej_q; holds, flll C Sk, and for any ¢ € B; or
i € Ay \ Ay, we have 2? > Fj(ag) (77 + 62), thus (2? — 67) > 77, and

{Ef; Brorg, R <1 C{|Ao|m2 =) (@7 —77)+ Y (a7 — 67 — 77) < 77| Ao|, 77 > 0}

iEBl Z‘€A~1’l
We can construct M based on the equation above. We define the following six events:

= {VZ :O,l,...,|A1‘ . ‘Bl,l’ S
M2 = {VZ = O, 1,. ooy ‘Al‘ : ‘BZ,l’ S 20{2|A0‘}

(log®> N v 1)
SRR

1
M ={vVi=0,1,... |A{]: %) < 2.5(7? t1] Aol log —
= V=01, [Ai] (AaQAorilnf‘i}TStzlelieZ %) < 25(° + Cltil Aol log tl}

Ot

My={v1=0,1,... A : > (2] =67 = 77) = =(7> + 1)(1 — 7)/[As| log N}
iEAl,l
={) (@ =67 =) = (7" + D1 - N)V]A]log N}
i€A

= (P = < (1= VDA

Let M = F‘I oM. Lemma m states that M happens with probability approaching 1,
whose proof is deferred to section [B]

Lemma A.2. Under Assumptzon and Assumption with aq < 2% being a positive

constant and as — 0 at a slow rate (aglog]\sz is bounded away from 0), My, My, My, Ms,

My and Ms happen with probability approaching 1.




When M; and M, hold, we have |B;| = |B;y N Byy| < t;|Aol, and if M3 also holds, we
have 1 5
> oal< max D a? <25(77 + O)| Aoty log(t—l) < S0l A

T Aa€Ao,|Aal<ti|A
i€B; €40, Aal<ti] OlieAa

When Ms; holds, we have >,z (27 — 67 — 77) > —/7|Ao|A1. Therefore, the following is
true, ’

5)
{Ef, Ex—1, Re <1, M} C {]Ao|(7> — (1 = v)Ay) — 6|A0|A2,l — VN Ao|Ar < Aol 77 > 0}
5
= {(72 —(1=7)A) - EAQ,Z — VA < (7'2 — Ay — Ay}

5)
= {éAQ’l > AQJ} =

T2 ; 2262
In the step 0, we use all points to estimate %go _ [l *+Z’]f]A1( - 1). When M, holds, we
have |Ag|72 > |Ag|(r? = (1 — \/7)A1); when M holds, we have Y, (27 — 62 — 12) >
—|Ao\/YA1, thus we have {E§;, M} = {73 < [t* — Ay — Ay, M} = 0. O

Remark A.3. When ¢ > 0, we need to replace 67 with (1+ 8)6?, and correspondingly, o?
with (1+8)0? at several places. For example, we will modify equation into the following

T [|Ao| 72 — Zz’er\Sg x} + ZieSi (7 — (1+9)a7)]4
5
= SRl + S|

However, this will not change our final results when 6 is of order O(1/v/N), hence, we
leave out § in our analysis for convenience.

Proof of Theorem 2.7

Proof. As %gk is non-increasing, and in order for a point to be removed at any iteration
: A2 2 -1 ~2 ~2 2 _ 52 ~2 ~2
k, it must be greater than 75 : 27 > F; (ap)(75, + 07) = i —6; > 75 > 75,. Let

S9% = Sk N Ay, we have

> (@} - 67) < Aol — (|40l — |SK) 7,

€Sy

For a point 7 € A;, in order for it to not be removed, it need to satisfy the following

criterion: l
185NN ~
@7+ 7,)

2? < F ' (an) (62 + 7 ) or xi < Y

(2
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where [; is the order of the p-value of zZ. As a result, at the last iteration K, we have
Al = (140l = ISk ), Tiew, M) A 02)(6F +78,)
TSk = [ I+
|Sk| Sk

If %gK = 0, we have proved our statement; otherwise, the term insider the positive operator
is positive, hence, for 7 > 0, we have

(4ol = >~ X( Nal)mg))fg < Aol 2+ )N Nozl)/\ozg) (2)

i€A; i€A;

We know that 67 is %af—distributed with mean at most C' and the variance at most %
Apply the the Chebyshev’s inequality to the quantity > ;02 for set A and coefficient
sequence {a;} we have

P} ae? < (Y ai+ \/ZieAlflogN))%1 (3)

€A, i€A]

i€i€A

Based on Lemma [A.1] m there is a constant ¢ large enough such that for all [ = 1,2,...,|A44],
we have A(14) < c( )§ and

A4 4| N

l N N [V , 5
Y AEE) <Y ()E < e / 3dl = 25 NAd
=1 N 1 lOél (05} 0 3@15
|A1] |A1] N 9

l N N . i 5 1
SNEH <EY () < —)s/ 5dl = 25N
=1 lOél aq 0 0513

Combine the above inequality with equation (3], we have

Li R
> A(gron) v )62 < C

1€A 304{)

5c2a 5 Nys 4+ Nya2
CQ NV% + YN ag) + \/( “ 75+ Ny(az)) log N —1
5 m

_4 1
Let ¢, := C 5c2 N,}/% —|—’)/N)\(052)+\/(562a15N75+N7>\2(a2)) IOgN . Recall that M, =

3ap m
{7 — 72| < (1 — /7)A1} happens with probability approaching 1 from Lemma .
For any 6 > 0, we have

lim P(7% < 72+ 6(7% + C), My)

N—o0



1-)(r2+A l
< Jim p A=A o <724 8(r2 4+ 0)) — lim P(Mg) — lim P(Y A(F-a1) V ap)d? > ¢1)
N—ooo "y _ ,y/\<a2) _ %a,y%al_g N—oo N—oo A N
1—)(r2+A
= lim P(( T+ 1)+012 <74+ 6(r* +0))
(
)

Ma) + 3980y % — )72 + (1 — 7)A
(PA(@2) + 750 " =) + (1 =) e sy o)) =

_2
L—7A(az) — %yba;

Proof of Theorem 2.8

Proof. Let Ry and R; be the number of rejected nulls and non-nulls using level a4 (note
that R; is the R} in Theorem 2.5). Define V; = Lyg, rejecteay for each i € Ay, p; be the p
values calculated using 72. We can express the FDR as

[A1] Aol Z B [A1] Aol Z'er 1 <(H0 400
FDR=Y"Y E[lg,1 16“ =YY Ellgl 0 nSy )R
£t £t Ri=lLRo=lo— 7 7 l + lo et L Ri=lL Ro=lp l + l[) ]
0= 0=

We can further decompose the expression for FDR into two parts

|A1] [Ao| Siea 1 N
0 " pi<(—glai)Aa
1=0 lp=1 + 1o
0
I
|A1] [Aol ZieA 1 N
0 Piﬁ(ioal)/\og
+ Z Z E[L =11 Ro=1 ﬂ%2<ﬁ2 [+1 . ]
=0 lp=1 0
Iz
B Theorem [2.5, we know I, < P U‘All Ry =1,7* < 17}) — 0, and we need only to bound
y l ,
. Let F; —{$1,...,$Z2_1,9C,+1,-- $N>U1a---a5712—1a 67v1,- -5 0%} Notice that

e Let us take 27 and 67 and set their value to oo and 0, and denote new number of

rejections for the null and non-null by Ry and Ry. If p; is rejected, we know 72 is not
calculated using z? or 62. This new number of rejections is exactly Ry and R; if we
have rejected hypothesm 1

Oél(l + lg)
N

- ~ [+1
/\O[2a7ﬁ2 2 Tl2} = {Rl - l7 RO = l07pi S al( - 0) /\062,712 > Tl2}

{Ri=1Ry=1lp,p; < N >



We take the expectation conditional on F;:

|A1] Aol
L, <o),

=D .2 D EBlig, Roloﬂ%ﬂﬁzﬁ | Fill

i€Ag =0 lp=1
A1 [ 4o C‘l(l"rlo)

1
<ZZZE Ri=l Ro loE[ - (ZTZ()) |~;EZH

i€Ag 1=0 lp=1
A1 4o aj (+lg)

! STIN Nae
= Z Z ZE[ILEZIL%:ZOE[ Pi, (_l i 1l (4)

1€Ag 1=0 lp=1

P(pi,lga) — 1
a>min ag,%) o ’

As a result, for any § > 0, there exists a Ny such that for all N > N, we have

By Lemma |A.1} part (2), we know limpy_,o SUP;c 4, SUP;>o SUP

I+1
supsup P(p;; < ( a1) A as) < (14 6)(——

041) N\ Qg
1>0 lo>1 N

Rearrange the righthand side of equation (4], we have I; < (14 0)ay for any § > 0. Hence
limy_oo 11 < ap and limy oo DR < . O

Proof of Theorem [2.10!

Proof. From Theorem , for any §; > 0, we know M = {72 < 72 + 6,(7? + C)} happens
with probability approaching 1, which leads to the following result:

P(¢i0 =0) <P(z? < F ' (a)(7* + 62), M) + P(M®)

F 7 (o) (7% 462 4 6, (7% + Dy 4 poarey
2+ o?

N J/
-~

Ii,a

We now prove that I; , is no much larger than the oracle loss. We know that there exists a
dP(22<t)
dt

constant fq. > sup, , and for any d,, there is a constant w large enough such that

(1496))

)(1+9)

P
sup sup (2 <14 09

6>0 i€ Ay P(

w
w

|/\ I/\

2
%
2
%

\]



. .

For any o, we either have %(;Zm < \/% or not. If fi 0 +C) gﬁ?c) < \/%, we have
* FYa)(r2+C w

Ii,a < P(¢z = 0) + wfmax\/ 61- If% > Vo we have

00 -1 2 2 2
Img/ P(zng" a)(r +y))(7 +y+0(m?+C)

52 P(6? <
Vi C 72+ o2 21y ) fs2(y)dy + P(67 < /6:1C) + bo
> ~ 61(C + 712
<P(¢;,=0)+ / P(# < F; M a)(r + y>>%f&g<y>dy +P(6? < 810%) + 0y
0

In the integral I, because P(z2 < F; '(a)(r2 462 +y)) is an increasing function in y while

51(C+72) - . . .
% is a decreasing function in y, we have

oo(s C 2
I, < P(¢F =0) /O %f&g(y)dy

o2 is n’ﬁg distributed, the expectation of its inverse is "5, Recall that mino? = 1:

7 M72)7
*6(C + 12) /°° 6nC Cm
———fs2(y)dy < — 4+ 0)f2y)dy =0(1 + ——
/O o fo2(y)dy < i ( y D2 (y)dy =01 (1+ ——)

As a result, we have

Cm

m —

P(¢i0 = 0) = P(6] = 0) < max(\/0110 finaz, 01 + b1 ——— + P(67 < V/,C) +82) + P(M°)
7 1

The right-hand-side of the above expression does not depend of ¢ or a. For any § > 0, we

can take N large enough and d;, 65 small enough such that

Om2 + max P(62 < \/6,C) + 0y + P(M€) < 6, /61w frnax + P(M¢) < 6

01+ 0
1+ lm— €A

Hence, we have
lim sup sup(P(¢in =0) — P(¢;,=0)) <0
N—o0 i€cA1 a>0 ’

or

lim inf inf(P(¢i0 =1)— P(¢;,=1)) >0

N—ocoi€A; a>0 hex -



B Proof of Lemmas [A.1] |A.2]

Proof of Lemma [A.1]

Proof. (1) Let 1 — Trn(.) be the cumulative function of a t distribution with m degree of
freedom and 1 — ®(.) be the cumulative function of a normal. Let ¢,,(.) and ¢(.) be there
density function. We first show that for any fixed value ¢t > 0, we have

20(Vt) < Fi(t) < 2Tu(V?) (5)

Let a(m?) := P(=5 7 > t) = P(% > t), where z be a random variable with standard
normal distribution and u be a random variable distributed as Xz, 2 and u are independent.

The function a( ) has a non-positive first derivative with respect to 7%

d7'2 dTZ/ / t<T2+u02) (2)dz fulu)du

2402

o t(12 4+ uo?) 2 +02 o?t(u—1)
= w 2 7 1 d
/u:o / <u)¢(\/ 72 4 o} )\/t(72 +uc?) (12 4 02)? “

o0 t(T +uo; ) 1
x / fulwe 77 [ ————(u—1)du
u=0

72 + uo;

t(T +uo; )

The expected value of wis 1: [ fu(z)(u—1)=0ande 77 | /m is a decreasing

function of u, thus a(7?) has a non-positive first derivative with respect to 72.

fixed t > 0, we have

For any

2
L

a(oo) < P( >t) < a(0)

- 2467
We use the fact that a(co) = 2®(v/#) and a(0) = 27,,(V/1) to get equation . It is also
easy to check that for any fixed non-negative ¢, T,, (t) is non-increasing in m because when
my < mg, the density ratio between the t-distribution with degree of freedom m; and that
with degree of freedom ms is non-decreasing in the positive part and non-increasing in the
negative part. As a result, T),(t) is non-increasing in m for any fixed t and F(t) < 2T5(v/1).
Apply the Mill’s ratio result for the t-distribution(Soms| (1976))):

To(t) < 222(1 + =) (6)



we have

A1) < <G

a1

r(e) w20
¢__(%g-+ Sy <20 o

As a direct result, we have £ A\(21) — 0. Because Ay; < arp log (== ~), we have A(az)as log aig —

o~

T2+1
0, hence sup;5g Az A(A2) — 0. The result sup;s, Azill/\(lo‘l) — 0 also holds because
° If ~ 18 a positive constant, 5= — 0 because as — 0.
o If L —0and 4 2 e N fat < Ligg N \(lany B2t
N772+1NN g7, N )71 :
A A
° If < logNN, 72111 < log N log1 g and N3 5 QH — 0, hence we have )\(%) Qi’ll — 0.

(2)Based on part (1) and the fact that Ay < Ay, let oy = min <a2, UV}J“) , we have:

150 a>as T2+ 1

(@) =0 (7)

P(p;, <)
o

Because 77 < 72, we always have > 1, and we need only to check that, for any

o > 0, w < 1 + ¢ holds uniformly for large N. We break the expression in the
statement into two parts:

sup sup P(py; < ))/a = Sup/ Pz} > (y +77)F; () fo2 (y)dy /o = S?p(fl,i,z,a + Iziia)

il a>as i,la Jy=0

where Iy ;. = fy+f Al (a)>1 , P} > (?H'Tl) ( ))fa (y)dy/ovand I ;0 = f%ﬁ;l(a)g% P(x} >

(y +m2)E e ))fa ( )dy/a, with 0 being any positive constant. For I; ;,,, we use the fol-
lowing Mill’s result for the normal(Gordon| (1941)))

P(t) < @(t) < —= (8)

to upper bound P(z? > (y+72)E;(a)) and lower bound P(z? > (y+72)F,}(a)) in terms
of the density:

Il,i,l,ag/ P(iUfZ(erTQ)ﬁ;l(@))T +O’ +<y+ 1) i
ok @2 v+ 7)F ' (0)

24C7

1(a) (A8 DET (@)

e D fo(y)dy/a

10



5 A A F (A+2g DET (o)
S/ Pa? > (y+ 7 F (@) (1 + L0t (Bt Do) P () S50
y+72 -1 3

BT F (0)> (y+ ) E (@)

For Iy q:

ﬁjz

L
—
Q
N—
N~—
S+
=
Yy
Ny
N—r
oW
<
~
o}

I —/ Pz} > (y+7°)F
y+‘r F—l

1
210 (0)<5

24C7 0

(P2 = (y+ D) F (@) = P(a? = (y + 7)F7 ()] fr2(y)dy/a

=

Recall that P(a? > (y + 72)E Y (a)) = 28(, [ UL @) and Pa? > (y + 72)F 1)) =

T2+U’i2 (]
~ mn—1
20(4/ %—22@), we can bound the difference by the product of the difference in the

interval length and the upper bound of the normal density

25 \/(y+n?)ﬁil(a))_2(§( \/<y+f2>ﬁﬂ<a>) —o X \/<y+r2>él<a>_ \/(y+n2)1:11(a))

72 4 o} 72 4 o} 72 4 o} 72+ o}

We know that for any positive value z,y, we have /z +y < \/x +,/y, as a result, we have

2&)( w) —2&( M) m

240 2402 2m(r2+07?)
<
T2 Ha = T (o
2@( (y+7—2)+gi2( )) (I)( (y+ Q)Jra ( ))
In other words, we have
(7—2*7—12)F¢_1(0‘)
2 2\ -1 m(ritod)
B [ L Pz ™R @)1+ S ) )y
HGF T < B(1/%)
Combine them together and apply equation (7)), we have
(A1+25 ) F~ (@)
~ 2 (124+C
sup(F it + Iota — 1) < supl / Pt > (y+ ) () YT pa(y)dya
il il y+7 F-Y(a)<t q)( %) ¢

11



24 02 4 (A + Ay FH S
72407 + (AL + Ay F (Oé>e 2rted) Toz(y)dy/ )

S B ()> ] B (y+ ) F; (@)
-~ 2 + o2
s [ Ptz 4 R @) 2 fa W/
il g::l F;l(a)>% (y + T )E (Oé)
- 24+ C
<sup | P(a2 > (y + 7B () —fa(y)dy/o
o ) BT @) 59 = (A1 + 8o F @)™
—sup [ SP(a? = (y + ) F(0)) foa (y)dy o < 8
; y+72 -l 1 :
5, 3 Iy (a)>5
. . P(p;;>a)
As it holds for any § > 0, we have limpy_, SUp;c 4, SUP;> SUP __ . log2 N+ (IVD)ay | — > =
0 z a2m1n<(a2VT),T) «

1

(3) At k+ 1" iteration, for every point we removed, they need to satisfy that z? >
Fi_l(al)(f'gk + 6%). From equation 1’ we have(recall that a; < 5-):

aq

F~ o) = (@71(7))2 > 1
as a result, 27 — 67 > 7§ = the 72 estimate is non-increasing. O
Proof of Lemma [A.2]
Proof of M, happening with probability approaching one: We know that 67 ~ af%

and x? ~ (72 + 0?)x?. Because 07 < C, we have E[x? — 62| = 72 and Var[z? — 7] <

724+ (1+ %)C . Result follows from the Chebyshev’s inequality.

Proof of M; happening with probability approaching one: For the event M, con-
sider the event Ay, := {|B1,| = k}. Use Lemma part (2), and take 6 < ﬁ — 1, for
large enough N:

I+k
sup sup Ploy < %)
i€Ag 1>0,k>1 %

<149 (9)

Event Aj; is contained in the event that there are k null p-values at most %, hence,

P(Ag)) < ( |f;i0‘ ) (HE(L + 8)an)r. Let k= [|Ao| max(+, 10%\2[]\[)1, for 1 =0,1,...,]A,

12



we have

[Ax]

Poy <33 (M) (s

1=0 k>k

Let ap; = < |fll€0| > (%(1 +0)an)k, upy = k“ It is easy to check that uy; is decreasing

in k and x — rel/? is increasing on [1,00]. For k > k; > (1 — 7)l, we have that u,; < —7,
and (1+ 7)" < el/ueias log(1 + k—+l) = klog(l + ) < k’il Hence, for large N and

any [ considered, ay; is non-increasing in £ when k > k;:

— 1
sup ak‘—f—l,l — (|A0| k’) (k’ + l + 1)(1 + 5)0&1 4

1 k
Lk Qkl ll,lkp k+1 N ( k—l—l)

_1
<sup(l —v)(1 + )y e s
Lk

<(1=7)(1+8a——e = < 2y/e(1+8)as < 1

Using sterling’s approximations to upper bound a; j,, the probability of M{ can be bounded
as

|A1] [Ax]

’Aoykl+\A0|—kz ky+1 .
C < 1
P(M7) g | Aolar k) < ;0 | 0|kk,l (o] = kl)le\—kz< N (1+0)ay)

\A1| _
[Ao[ o™k Aol g, £ .
- ; ’A0’(|A ’ k’l)‘Aol_kl( N ) l( k, (1 +5)a1) :
S 4o
- Z | Ao exp(ky log(ug, 1(1 — ) (1 + 8)ay) + (|Ao| — k) log |Ao|——kl>
|A1] | Ao
< Z |Ao| exp (kl log(2(1 + d)ar) + (|Ao| — ki) log m)
1=0

The quantity inside the exponential is a decreasing function of k;, as its derivative is

|Ao| — ki

(log(2(1 + d)ay) + 1 + log( A

) <0
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Thus, for all [, it is less than or equal to its value at k; = f%MOH For k; = [log N1 4011,

we have (|Ag| — k) log ‘A‘(ﬁo_lkl = ki(o(1)+1), and P(M;) > 1 — N2ehllos21+0)ar)+1+0(1)) _ 1.
Proof of M, happening with probability approaching one: For the event M,, we

only need to check By 4, because By; C Byy for all [ < I'. By Lemma part (2),
sup; suplw < (L +0). As aresult, |Bya,| is at most y ~Bin(|Ao|, (1 + 6)aa).
The variable y has mean (1 + §)as|Ag| and variance bounded by (1 4 d)ag|Ag|. We apply
Chebyshev’s inequality and reach our conclusion P(Msy) = P(| B ny| < 2a2]A¢|) > Py <
20| Ao]) > 1 — igady = 1.

Proof of M; happening with probability approaching one: Let 72 be the upper a'*
quantile of {z?, i € Ag}. It is sufficient to consider A,, the set of 2 whose value is no

smaller than Z,, so |A,| = [a|Ag|]. Let Dy = {VI =0,1,... |A1|,m < 1}. Let
z be a standard normal variable. For each i € Ag, we have P(z? > 2(7% + C) logtl) <

2 2 1\ _ o0& 1 «a®
P(z* =2 2(7°+C)log ) = 20(, /2log ) < . Because |Ay| > ¢N for some positive

- 7 log tl
constant ¢ and t; € [ 2N ), we apply the sterling’s approximations:
N( )|Ao|tz
A 1 A \/mlog ¢
P(DS) < Nr‘né' ( 4ol ) P(a? > 2(r2 + C) log —) 140l < max — I
HAOHZ] 4 1=0 ti o\tz(l _ tl)IAo\—le\tz

As t; goes to 0 in [, for large enough N, we have
1

tiAom(l PRI = exp (—|Ao|tilogt; — |Ao|(1 — t;) log(1 — t;)) < exp(—|Ao|tilogt;+2|Aglt))

As t;, > log N 1Ag] > ¢N, for N large enough, we have P(DS) < N exp(|Ao|t;(2 —
1loglog tz)) — 0
Now we show M; happens high probability. As ¢, > % and |Ag| > ¢N, for N
large enough, we have 0.3(7% + C)tl]Aollog% > 8(72 + C)log N. Let M} = {VI =
0,1,...,]A, ZieAtz w} <2.2(7% 4+ Oyl Ag|log i +8(7* + C) log N}, we have M; C M; for
large N. Let A;, be nulls such that 7 > 2(7* + C)log ;. When Dj is true, if o7 exceeds
2(7% + C)log + -, it must also exceeds 7, in other words, Ay, C Ay, Since |Ay,| = [t Ao|]
and z? — 2.2(7 +C) log% < 0 for i # Ay, for N large enough:

1
{Mj, D} ={VI=0,1,... |4, Y a7 <227+ C)t| Ao|log — + 8(r2 + C)log N, Dy}
l

1€Ay,

14



CVI=0,1,... Ay, ) (27 —2.2( +C)log ))38(72+C)1ogN}mD1

ZeAtl

-~

I

Let w; = €[1,C], z; = == ~ N(0,1) for i € Ay. Rearrange I;:

7—+

1 1 1
I, = Z(m —2.2(7* 4+ C)log — )ﬂzfzg(fuo) og 3 = (124 C) Z — (22 — 2.2w; log — )ILZZ_QZQwZ_ log

Ww;
i€Ag i€ Ao

Let y; : (z —2.2w; log )]1 22 log - . The moment generating function of y; is(A < %t):

1 1
exp(— (27 — 2.2w; log —)\)

1
A _2/
) 22, [2w; log W; " "\2m
p 1. - ) 1 . 1
=————exp(—2. 2)\10g )(IJ( (1 —2—)2w;log —) + (1 — 2®(4/2w; log —))
/1 =22 w; 7 t

By the Mill’s ratio bound , we have

£0.2 1/ 2w; log %
My, (N) < 1+ 28%( !

(1—22-)y/4wmlog 3V 2m(1 + 2w;log )

M,

Yi

2
1
exp(—é)alzz + P(2? < 2w;log — 7 -)

Take A = ;. Because we have t; — 0 over [, for N large enough, we have M, (1) <

1.
As a result, for N large enough: P(I; > 8(7° 4+ C)log N) = P(3 e, % > 8logN) <
[icay(My; (7))
eiﬁ?Q log N) < ]\}2’ and

P(r'?a%[l <8(r2+ C)log N) = 1 = P(M)) — 1= P(Ms) — 1
Proof of M, and M; happening with probability approaching one: For a small
constant ¢, we define 11y = 3=,y (27 =67 —77)Ls2xc L0 Hag)(r2+o2) a0d Jog = 3y (22—
67 — 1) szl 2 <F (an)(r2452)- We want to show Iyy+ Iry > —(72+1)(1 —v)y/|A1| log N
for all [ with hlgh probabhty Let € and L be the constants in Assumption 2.2l We have

15



T27T2
72 < 72 and for the smallest 7'641‘, we have Ul 5 0. As as — 0, for large enough N,

i
we have (F, *(ag) — 1 —¢€)(7£ +1) > L(7* + 1) and

{af = (L+e)o? < L + D} {67 = e} C {af < B Haw) (7 +67)} N {67 > ¢}

If we include any point in {:c — (1 +€)o2 > L(t*+1)}, we increase I1;. Using also 72 > 77,

we have Iy > Y., (27 =67 —7°)1, 25clo2_(14s2<r(r241)- 1f we include any point in {22 —

(62 + 77) > 0}, we increase Is. Thus we have I, > —(c+77) Yien, Lozecloz_(62472)<0 >
—(c+7%) Yiea, Loz Loz (14052<p(r241)- Hence, we have

L+ Ty > (27— 67 — 7)) g2s. — (77 + ) L2 | L2 1 gs2<niresn
€A

The lower bounds no longer involve I. Let y; = [(27 =67 —7%) 1525~ (72 4+¢) L2 o] Loz 14052 < L(r241)

and let A = {i : 22 — (14 €)67 < L(r2+1)}, we have E[y;] = P(A)E[(z? — 62 — 7%) 1525, —
(7% +¢) 12 2| A]. For any y > 0, we have

ElL,s, A :/ P62 <yl(1+4 52> t— (L+1))dP(2 > 1)
>0
s/'mﬁswww>w:mﬁsw
t>0

Mﬁwzj'wmﬁ>mmz/ ydP(6? > y) = E[o?)
y>0 y>0

. > dP(6? <t|lo? <c¢) ..
Elafls . |A] = P(67 < c) /t_o Elaflaf < (1+e)t + L(7° + 1) P67 < 1) dP(67 < t)

Because E[z?|z? < (1 + €)t + L(7? + 1)] is non-decreasing in ¢ and %ﬁfc) is non-

increasing in ¢, we have

a1,/ 4] < P(5? < 0 / El?a? < (L+o)t+ L(r+ 1JdP(6? < t) = P(8? < ¢)E[2?| A
=0

We can now lower bound E|[(z? — 67 — 72)1&?20|A]:

EBl(z? — 67 — 72)1162220|14~1] > E2? — 62|A] — El2?1, 52 |A] — 72

2

> Ela? - 82\A] - P(6? < )Ea|A] - 7

16



By Assumption , we have E[z2 — (14 €)62|A] > (1 + €)72, if we take ¢ small enough

such that max;eq, P(67 < ¢) < 5555, we have

Bly] > B[} - 67|4] - P(6 < o) Elaf|A] - 7°
> (1 g gy Bl = (14 9081 + SE(G71) - 7
> (1 2(1:—6))(1+€)T2 —72+§ >0

We can also bound E[y?]:
Ely}] = El(x} = 67 = )" Lazzcl i + (7 + ¢) Lozl ]
When A is true, (27 — 62 — 72)? < max((62 + 72)2, (L(72 + 1) + €62)?), therefore, we have
Ely?] < (72 4 ¢)* + E[(67 + 7)*] + E[(L(7* + 1) 4 €67)’]
< (P41 + (1+ BB+ (L4 L) (7* + 1)> +2(7 + L(r* + 1)) E[67]
<(1+L*+(1+)C*(1+ %) +2(L +2)C) (7% +1)?
We apply the Chebyshev’s inequality to » ;4 vs:
Zyl_ NV |AL|log N(7% 4+ 1)) — 1
i€ A1

As we have Ill + 1, < ZieAl y; holds for all [, hence, P(M,) — 1. For the event M;, we
have Y7oy (27 — 67 —7%) < D cq,(@F — 67 — 7°)1 5 < 354, ¥i- Therefore P(Ms) — 1.

C Estimation procedures

In this section, we give the details of the truncated MLE estimate and the CM estimate of
the spreading factor 72.

Truncated MLE: Let C' be a normalization constant depending on the context, the
likelihood function of the observed points from null distribution with mean level p; in

terms of sufficient statistics z; and 67 (67 = moz , o7 = mo32,) is

Dol k) g e
f:CH(T) 20_2' e P . 207

i€EAQ
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marginalized out p;:

(- — k)o? 72
:C’][ 2 2 \—3 _—(m—k) _(m i i 10
1 0

For points in Ay with mean difference z; in (—dy, dp), for a positive value &y, this truncated
likelihood function is:
(m — k)o? z?

Igie(-0060)] (2, 2\~1 —(m—k) ;
ftruncated:C H ‘[{(7_2—7;92:)(7— +0’§31) 20, eXp(_ 202 - 2(7_2+0.%>>

iGAo,fiG(—éo 7(50)

where )
1 T

HT,O'%_ :/ exp(———
( ) we[—60,60] \/ 2m(T% + 02)) p( 2(12 +02)

Assuming that the observed {z;,Vi € A;} will not fall into the range (—dy, dp), we have

)

Itz e(=50,60)] S (mek) (m — k)o? T3
runcated — C - S 2 g 20, " - = — :
Z;€(—00,00) ¢ i
ltruncated = - log ftruncated
N
log(T>+02) m—k (m — k)o? T
=C Tize— log H; & log o2 : d
+ ; fric (0,001 (108 Hi + 2 + g 087 + 207 * 2(r2 + O’%i))
(11)

2

We can find the minimizer to the above target function by iteratively updating 7= and

{o?: -0y < T; < bp}. We start from 72 = 72 = 0 and do the following,

For 72 fixed at 72, find solutions to {07} :

) ' log(T?+02) m—k (m — k)67 z
G2 = arg min log H; + 5 - 5 log o7 + 202 + 2(72 42— 02)
For {02} fixed at {57}, find solution to 72 :
N
i _ log(7? + 02,) z;
72 = arg min Z I izie(~60,00) (log H; + 5 2(72 + o2 ))
i=1 "
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CM: The marginal density of Z;(marginalized over the index i) for all genes can be written

as following

22

2(02,4»7'2)

1
f(z|T — hi(z
KRR AL
where h;(.) is the density function for z; when i € A, which is g;(u) convolved with the a

_(e-p)?

normal distribution describing the noise in z;: hi(z) = [ g;(1) \/er?e 25 dy.

(12)

Like in truncated MLE method, we assume that A;’s contribution to the region [—dy, do]
is negeligiable. Doing a first order Taylor expansion of the marginal density function f(z|7)
and for x € [—dp, do|, we have

I7) Z .
=y 2 ¢—+ 20%, +7)
I(z) =log f(z) = C — Z

2 1
ZGAO O' + T ) Zier %_H_z
1

In other words, let I;(x) be the observation count at the bin centered at z after binning
observations in [—dy, d]. We can estimate the coefficient before 72 simply by the following,

1. Fit the poisson regression model:
b(z) ~ Poisson(u(z)); log(u(x)) = I(x) + log(N) = a + Sz°

and denote the fitted coefficient to 22 as §.
(Such binning and fitting steps are also used by the R function locfdr.)

2. Use the relationships below and do grid search of 7%

N
> \ -4

g N -
= 2(c2, —1—72221.:1\/%

with 2 replaced by 62 .

Intuitively, the three procedures are different in several perspectives:
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1. ITEB starts by treating the full data set as null and iteratively removing genes with
large values, it usually ends up estimating using a set of genes much larger than the
other two methods. As a result, it is be able to utilize more information from the
data, but it suffers more from initially overestimating 72 when ~ is large (We care
about small v in our case).

2. CM relies on the first order Taylor expansion of the log likelihood around a small
region near 0 if 72 is not large enough and needs to plug in variance estimates in the
denominator, which makes it less accurate when 72 is not large.

3. Both the truncated MLE method and CM need to know the specific form of the
likelihood for the null distribution, while ITEB uses only the moments, which makes
its application to complicated distributions straightforward.

In Appendix D] we compare performances of the three estimates in different scenarios
and discuss their strengths and weaknesses.

D Results with different 7?-estimation approaches

D.1 Simulation: Estimate of 72

For simplicity, we focus on the one-sample setting and generate data under various values
of 7 and non-null proportion v = %. Specifically, we fix N = 15000, m = 10, which
is of the same order as typical knock-down data. For any given 7 and v, where v =

0,2%, 5%, 7%,10% and 7 = 0,0.1, ..., 1,1.5,2,2.5, 3, we generate the data as below.
N(O, 7'2) Vi € AO
+U[1, max(3,107)] Vie Ay

where U[1, max(3,107)] is the uniform distribution between 1 and max(3,107), and
the signs of ;s will be half positive and half negative.

1. Generate p;s: p; ~ {

2. Generate variances for genes in one of the two settings:

(a) Independently generate o? ~ 3.

(b) Sample o7 from its empirical distribution in the real data set, scaled to have
mean level 1.
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We used the three approaches to estimate 7 with (aq, as) = (0.1,0.01) for ITEB and leave-
out proportion to be 0.05 both for truncated MLE and CM. Motivated by the ITEB esti-
mation, we can also set this proportion adaptively. For example, a simplest approach will
consist of two-steps: (1) get an initial estimation of 72, based on the truncated MLE/CM
estimation with a large left-out proportion, say, 0.2, and (2) let J be the set contains the
rejected null hypotheses as described in the ITEB algorithm with this initial estimation, we
then get the truncated MLE estimation or the CM estimation with the leave-out proportion
being I—]‘\],I We also include the adaptive truncated MLE and the adaptive CM estimations
ZieAO(@z—&%i)]

in our results, and the oracle estimation where 72 = | ol

Ag as a benchmark for better comparison.
We repeat the simulations 100 times and plot the square root of relative mean ¢y loss

S0 (r2—r2)2 g . . . . .
=l 109) for visualization, results are given in Figure [Ii We have also

consider the case where the data is not normal by generating parameters in the same way
but with Laplacian distributed noise (means and variances are matched), results are given
in Figure 2

+ with known null set

err =

y=0 y=0.02 y=0.05 y=0.07 y=0.1
s s . s 2 s .
= _{° - \ - - - \
= BN = T \ = T = T = 7 ~
3 =\ = - ~~=1T ~ = e e e e o
S ey S S = S A~ o= =s 8 —————
=2 A =2 4 =2 4 =2 4 =2 4
< T < T D e e N e e e L N R D e L
0o 10 20 30 0o 10 20 30 0o 10 20 30 0o 10 20 30 0o 10 20 3c
Setting (b
y=0 y=0.02 y=0.05 y=0.07 y=0.1
= 4 = 4 = 4 = 4 = 4
2] 2] 2] 2] EN—
3 =) 3 5 =
~ ~
s s HO = = =R
N N - ~ e
o~ _] Q o~ _] N o~ _] = - P R ~ | T TTTTm~——-
S % S &-._.___ S S S aooo——
e S PSS ——
00 10 20 30 00 10 20 30 00 10 20 30 00 10 20 30 00 10 20 3c

Figure 1: Gaussian noise, with the upper half being setting (a) and the lower half being
setting (b). The curves represent \/err ~ 7. TruncatedMLE and CM represent the two
alternative estimation methods with adaptive leave-out proportions while Truncated MLES
and CMb5 represent the estimations with leave-out proportion being 0.05.
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y=0 y=o0.02 y=0.05 y=0.07 y=o0.1
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&sg 2 NG \‘;;—;
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0o 10 =20 30 0o 10 =20 30 0o 10 =20 30 0o 10 =20 30 0o 10 =20 ac

Setting (b)
y=o0 y=o0.02 y=o0.05 y=o0.07 y=o0.1
- | - | - | - | - 7\7\
= = = = =
~ X ~
= I~ = 4.\ = = = 4\
= \ =3 N =] S PN It PR
~ X ~ > ~ = o~ R ~ |7 T T
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N — > — P —

s YT —T—T s Y771 s YT s YT s YT

0o 10 =20 3.0 0o 10 =20 3.0 0o 10 =20 3.0 0o 10 =20 3.0 0o 10 =20 ac
— Oracle — TEB — TruncatedMLES5 = = TruncatedMLE —_— CM5 - cMm

Figure 2: Laplacian noise, with the upper half being setting (a) and the lower half being
setting (b). The curves represent \/err ~ 7. TruncatedMLE and CM represent the two
alternative estimation methods with adaptive leave-out proportions while Truncated MLES
and CMb5 represent the estimations with leave-out proportion being 0.05.

We can see that

1. The two non-adaptive estimations produce much worse estimations when the non-
null proportion is large. If we set the leave-out proportion to be large, say, 0.1,
although we will suffer less from large v, we will large variances. The adaptive leave-
out proportion is a solution to this problem. Figure [3| shows the square root of the
standard deviation sd with leave-out proportion being 0.05 and 0.2.
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v =0, setting (a), Gaussian vy =0, setting (b), Gaussian

00 02 04 06 08 10

0002 04 0608 10

00 02 04 0608 10

00 02 04 06 08 10

—— TruncatedMLE5 —— CMS5 - - TruncatedMLE20 - - CM20 —— oOracle — ITEB

Figure 3: Laplacian noise, with the upper half being setting (a) and the lower half being
setting (b). The curves represent Vsd ~ 7.

2. CM, adaptive or non-adaptive, is not a good approach estimating 72 when 72 is not
large. It is not surprising as CM is a result of the first order approximation.

3. Both ITEB and the adaptive truncated MLE achieve the adaptive goal successfully
and ITEB’s performance is as good as the adaptiveTruncated MLE, if not better,
across the parameters we have considered. When + is small, the ITEB estimation is
as good as the oracle estimation and it has quite good performance even with v as
large as 0.1.

D.2 Real data results with different 72-estimation approaches

In this section, we show the real data results using ITEB, adaptive truncated MLE and
adaptive CM. Figure [4 provides quality evaluation of the top K genes in different ranking
lists respectively. The evaluation becomes very volatile when the number of selected genes
is too small and we add an vertical grey line representing where the top 50 genes is.
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Figure 4: Percent of genes with ChIP-seq nearby versus versus selected gene size. The x-
axis is k, the threshold of the ranking on the whole list created with different 7% estimation
approaches, and we only consider the top k genes from each ranking list.

We can see that the ITEB, the truncated MLE and CM result in ranking list that
are very similar, and Table [I| shows the overlapping of the top K genes based on the
CM /truncated MLE estimation and the ITEB estimation, for K = 50, 100, 150, 200.

Table 1: Ranking lists overlapping based on ITEB and other estimation approaches

POU5F1 NANOG
K | TruncatedMLE CM | TruncatedMLE CM
50 0.84 0.88 0.90 0.92
100 0.93 0.95 0.92 0.96
150 0.95 0.96 0.92 0.93
200 0.94 0.96 0.94 0.95

The cut-offs based on FWER and FDR are more sensitive to the 72 estimation, and the
ITEB provides more conservative cut-offs.
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Table 2: Sy, S1, S results with FDR/FWER level set at 0.01

TF size(Sy ) | percent(Sy) | size(S1) | percent(Sy) | size(Sy) | percent(Ss)
FDR POUSF1 | 87 0.73 271 0.61 198 0.66

NANOG | 43 0.81 158 0.77 108 0.78
FWER | POU5SF1 | 31 0.74 85 0.74 70 0.75

NANOG | 20 0.8 50 0.80 41 0.80

The third, fifth and seventh columns are the percent of genes with Chip-seq+Hi-C support
in the gene sets based on Sy (ITEB), Sy (truncated MLE) and Sy (CM) respectively.

E Materials and Methods for the knock-down exper-
iment

In this section, we provide more details about how the data is generated and justification
of pooling data across days.

Cell Culture: Mouse ES cell line R1 was obtained from Dr. Douglas Melton lab (Harvard
University, MA) and cultured under standard conditions. The cells were maintained on
gelatin-coated dishes in RPMI knockout medium with 15% knockout serum replacement
(KSR), 2 mM L-glutamine, 1 mM non-essential amino acids, 0.55 mM 2-mercaptoethanol
(Invitrogen, CA), and 1000 units/mL murine leukaemia inhibitory factor (Chemicon In-
ternational, CA). Cells were incubated in a 5% CO2-air mixture at 37°C. Cultures were
routinely passaged with 0.25% trypsin-EDTA (Invitrogen, CA) and split 1:8 every 2 days.
Normal karyotype of ESC was routinely confirmed by analysis of chromosome spreads.
RNA Interference: RNA interference (RNAi) experiments were performed with Nucleo-
fector technology. Briefly, 12 ud of plasmid DNA was transfected into 3.5 x 10% mouse ES
cells using the Mouse ES cell Nucleofector kit (Lonza, Switzerland). After nucleofection,
the cells were incubated in 500 pl warm ES medium for 15 min. Then, the cells were split
into four gelatin-coated 60-mm tissue culture plates containing 5 ml of warm ES medium.
Puromycin selection was introduced 18 h later at 1  g/ml, and the medium was changed
daily. 30 h, 48 h, and 72 h after puromycin selection, the cells were collected for RNA
isolation.

Microarray and Data Processing: Microarray hybridizations were performed on the
MouseRef-8 v2.0 expression beadchip arrays (Illumina, CA). To prepare sample, 200 ng of
total RNA was reverse transcribed, followed by a T7 RNA polymerase-based linear ampli-
fication using the [llumina TotalPrep RNA Amplification kit (Applied Biosystems, CA).
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After amplification, 750 ng of biotin-labeled cRNA was hybridized to gene specific probes
attached to the beads, and the expression levels of transcripts were measured simultane-
ously.
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