
A Appendix of “Statistical Inference on Panal Data

Models: A Kernel Ridge Regression Method”

This appendix contains the proofs of the main results. In Section A.1, a proof of the conver-

gence rate in the heterogeneous model is provided (Theorem 3.1) and some auxiliary lemmas

are stated. In Section A.2, we prove the FBR for the heterogeneous model (Theorem 3.2)

and the joint asymptotic distributions of our estimators (Theorems 3.3 and 3.4). Section

A.3 includes the proof of the convergence rate in the homogeneous model (Theorem 4.1) as

well as some auxiliary lemmas. In Section A.4, proofs of the FBR in the homogeneous model

(Theorem 4.2) and the corresponding asymptotic normality (Theorem 4.3) are given. We

also show that the variance estimator is consistent.

A.1 Proofs in Section 3.2

In this section, we derive the rate of convergence for our estimator in the heterogeneous

setting, i.e., Theorem 3.1. Before proving the results, we provide some preliminary results.

Define Σi = E{Gi(Xi)(Gi(Xi) − Ai(Xi))
′}, a symmetric matrix of dimension q1 + d.

Following Cheng and Shang (2015), Proposition A.1 below guarantees (3.9).

Proposition A.1. For any u = (x, z) ∈ Ui and for any θ = (β, g) ∈ Θi, (3.9) holds for

Riu = (H
(i)
u , T

(i)
u ) and Piθ = (H

(?i)
g , T

(?i)
g ), where

H(i)
u = (Ωi + Σi)

−1(z − Vi(Gi, K
(i)
x )),

T (i)
u = K(i)

x − A′i(Ωi + Σi)
−1(z − Vi(Gi, K

(i)
x )),

H(?i)
g = −(Ωi + Σi)

−1Vi(Gi,Wig),

T (?i)
g = Wig + A′i(Ωi + Σi)

−1Vi(Gi,Wig).

A direct application of Proposition A.1 is to calculate the Fréchet derivatives of `i,M,ηi .

Define Uit = (Xit, Zt) for i ∈ [N ], t ∈ [T ]. For θ = (β, g),∆θ = (∆β,∆g) ∈ Θi, we have

D`i,M,ηi(θ)∆θ = 〈− 1

T

T∑
t=1

(Yit − 〈RiUit, θ〉i)RiUit + Piθ,∆θ〉i ≡ 〈Si,M,ηi(θ),∆θ〉i,

DSi,M,ηi(θ)∆θ =
1

T

T∑
t=1

〈RiUit,∆θ〉iRiUit + Pi∆θ,

D2Si,M,ηi(θ) = 0,

where D is the Fréchet derivative operator.
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Lemma A.1. For any θ ∈ Θi, DS
?
i,M,ηi

(θ) = id, where S?i,M,ηi
(θ) = E{Si,M,ηi(θ)}.

Lemma A.2. There exist universal constants C1, C2, . . . , CN such that,

‖RiUit‖2
i ≤ C2

i (h−1
i + Z ′tZt), for any i ∈ [N ], t ∈ [N ], (A.1)

‖θ‖i,sup ≤ Ci(1 + h
−1/2
i )‖θ‖i, for any θ ∈ Θi. (A.2)

Proposition A.2. Under Assumption A1, as T →∞, max1≤t≤T ‖Zt‖2 = OP (T 1/α).

The following proposition holds for both (1) T,N → ∞; (2) N → ∞, T is fixed. That

is, the result holds for M →∞.

Proposition A.3. Let Assumptions A1–A3 hold. For i ∈ [N ] and t ∈ [T ], let pi =

pi(M) ≥ 1 be a deterministic sequence indexed by M , and let ψi,M,t(Uit; θ) be a real-valued

function defined on Θi such that ψi,M,t(Uit; 0) ≡ 0, and for any θ1, θ2 ∈ Θi,

‖(ψi,M,t(Uit; θ1)− ψi,M,t(Uit; θ2))RiUit‖i ≤ ‖θ1 − θ2‖i,sup.

Then there exists a universal constant C0 > 0 such that, as N →∞,

P

(
max
i∈[N ]

sup
θ∈Gi(pi)

√
T‖ZiM(θ)‖i√

TJi(pi, ‖θ‖i,sup) + 1
≥ C0

√
logN + log log(TJi(pi, 1))

)
→ 0,

where

ZiM(θ) =
1√
T

T∑
t=1

[ψi,M,t(Uit; θ)RiUit − E (ψi,M,t(Uit; θ)RiUit)], θ ∈ Θi.

Proofs of Lemmas A.1 and A.2, Propositions A.2 and A.3 can be found in supplement

document.

Proof of Theorem 3.1. Since Yit = gi0(Xit) + Z ′tβi0 + eit, it follows that

S?i,M,ηi
(θi0) = E{Si,M,ηi(θi0)} = E{− 1

T

T∑
t=1

eitRiUit + Piθi0}.
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Also eit = εit − γ′2i(Γ̄2Γ̄′2)−1Γ̄2v̄t = εit −∆iv̄t, so we have

‖S?i,M,ηi
(θi0)‖i = ‖E{(εit −∆iv̄t)RiUit − Piθi0}‖i

≤ ‖E{(εit −∆iv̄t)RiUit‖i + ‖Piθi0‖i
= sup

‖θ‖i=1

|〈E{(εit −∆iv̄t)RiUit}, θ〉i|+ ‖Piθi0‖i

= sup
‖θ‖i=1

|E{(εit −∆iv̄t)(g(Xit) + Z ′tβi)}|+ ‖Piθi0‖i

= sup
‖θ‖i=1

|E{∆iv̄t(g(Xit) + Z ′tβi)}|+ ‖Piθi0‖i.

Since

|g(Xit) + Z ′tβi| ≤ (1 + ‖Zt‖2)‖θ‖i,sup ≤ Ci(1 + ‖Zt‖2)(1 + h
−1/2
i )‖θ‖i

and

E{∆iv̄th
−1/2
i } ≤ E{(∆iv̄t)

2}1/2h
−1/2
i = O((Nhi)

−1/2),

there exists a constant C ′, such that

sup
‖θ‖i=1

|E{∆iv̄t(g(Xit) + Z ′tβi)}| ≤
C ′

(Nhi)1/2
. (A.3)

In the meantime, we have

‖Piθi0‖i = sup
‖θ‖i=1

|〈Piθi0, θ〉i| = sup
‖θ‖i=1

|ηi〈gi0, g〉i| ≤
√
ηi‖gi0‖Hi , i ∈ [N ]. (A.4)

Consider an operator

T1i(θ) = θ − S?i,M,ηi
(θ + θi0), θ ∈ Θi.

By Lemma A.1 we have for any θ ∈ Θi,

T1i(θ) = θ −DS?i,M,ηi
(θi0)θ − S?i,M,ηi

(θi0) = −S?i,M,ηi
(θi0).

Since T1i takes a constant value and by (A.3) and (A.4), T1i is a contraction mapping

from Bi(
√
ηi‖gi0‖Hi + C′

(Nhi)1/2
) to itself, where Bi(r) represents the r-ball in (Θi, ‖·‖i). By the

Contraction mapping theorem, there exists a unique fixed point θ′ ∈ Bi(
√
ηi‖gi0‖Hi+ C′

(Nhi)1/2
)

such that T1i(θ
′) = θ′. Let θηi = θ′ + θi0, then S?i,M,ηi

(θηi) = 0. Obviously, ‖θηi − θi0‖i ≤√
ηi‖gi0‖Hi + C′

(Nhi)1/2
.

We fix an i ∈ [N ] and assume both T andN approach infinity. Let EM = {max1≤t≤T ‖Zt‖2 ≤
C̃T 1/α}. Proposition A.2 says that when C̃ is large, EM has probability approaching one.
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Write EM,t = {‖Zt‖2 ≤ C̃T 1/α}. Then EM = ∩Tt=1EM,t. By Lemma A.2, EM,t implies that

‖RiUit‖i ≤ Ci(h
−1/2
i + C̃T 1/α).

Consider another operator

T2i(θ) = θ − Si,M,ηi(θηi + θ), θ ∈ Θi.

For i ∈ [N ], t ∈ [T ], define

ψi,M,t(Uit; θ) =
〈RiUit, θ〉iIEM,t

C̃CiT 1/α(h
−1/2
i + C̃T 1/α)

, θ ∈ Θi.

It is easy to see that on EM , for any θ1 = (β1, g1), θ2 = (β2, g2) ∈ Θi, by Proposition A.1,

‖(ψi,M,t(Uit; θ1)− ψiMt(Uit; θ2))RiUit‖i

=
|〈RiUit, θ1 − θ2〉i| × ‖RiUit‖i
CiC̃T 1/α(h

−1/2
i + C̃T 1/α)

IEM,t

=
|(g1 − g2)(Xit) + Z ′t(β1 − β2)| × ‖RiUit‖i

CiC̃T 1/α(h
−1/2
i + C̃T 1/α)

IEM,t

≤ ‖θ1 − θ2‖i,supC̃T
1/αCi(h

−1/2
i + C̃T 1/α)

CiC̃T 1/α(h
−1/2
i + C̃T 1/α)

IEM,t ≤ ‖θ1 − θ2‖i,sup. (A.5)

Notice the following decomposition:

T2i(θ) = θ − Si,M,ηi(θ + θηi) + Si,M,ηi(θηi)− Si,M,ηi(θηi)

= θ −DSi,M,ηi(θηi)θ − Si,M,ηi(θηi).

We first examine Si,M,ηi(θηi) as follows:

Si,M,ηi(θηi) = Si,M,ηi(θηi)− E(Si,M,ηi(θηi))

= − 1

T

T∑
t=1

[(Yit − 〈RiUit, θηi〉i)RiUit − E((Yit − 〈RiUit, θηi〉i)RiUit)]

= − 1

T

T∑
t=1

[eitRiUit − E(eitRiUit)]

+
1

T

T∑
t=1

[〈RiUit, θηi − θi0〉iRiUit − E(〈RiUit, θηi − θi0〉iRiUit)]
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Define ξit = eitRiUit. Following Dehling (1983, eqn. (3.2)) and Bradley (2005, eqn. (1.11)),

E‖
T∑
t=1

[eitRiUit − E(eitRiUit)]‖2
i

= E‖
T∑
t=1

[ξit − E(ξit)]‖2
i

=
T∑

t,t′=1

[E(〈ξit, ξit′〉i)− 〈E(ξit), E(ξit′)〉i]

≤
T∑

t,t′=1

15(φ(|t− t′|)/2)1−4/αE(‖ξit‖α/2i )4/α.

It follows from Assumption A1 (a), (c), (d), and Lemma A.2 that

E(‖ξit‖α/2i )2 = E(|eit|α/2‖RiUit‖α/2i )2

≤ E(|eit|α/2)E(‖RiUit‖αi ) ≤ c0h
−α/2
i ,

where c0 is an absolute constant. The existence of such c0 is due to the fact E(|eit|α) < ∞
and E(‖Zt‖α2 ) < ∞. Therefore, it follows from Assumption A1 (b) that there exists an

absolute constant c1 such that

E‖
T∑
t=1

[eitRiUit − E(eitRiUit)]‖2
i ≤ c1Th

−1
i .

Similarly, it can be shown that

E‖
T∑
t=1

[〈RiUit, θηi − θi0〉iRiUit − E(〈RiUit, θηi − θi0〉iRiUit)]‖2
i

≤
T∑

t,t′=1

15(φ(|t− t′|)/2)1−4/αE(‖RiUit‖αi )4/α‖θηi − θi0‖2
i

≤ c′1Th
−1
i ,

where c′1 is an absolute constant. The last step follows from Proposition A.2, i.e.,

E(‖RiUit‖αi ) = O(h
−α/2
i ),

and the fact ‖θηi − θi0‖2
i = O(ηi + 1

Nhi
), and the condition ηi + 1

Nhi
= O(hi).
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Therefore, we can choose c2 to be large such that, with the probability approaching one,

‖Si,M,ηi(θηi)‖i ≤ c2(Thi)
−1/2.

On EM,t, for any unequal θ1, θ2 ∈ Θi, define

θ =
θ1 − θ2

Ci(1 + h
−1/2
i )‖θ1 − θ2‖i

.

Write θ = (β, g). Hence, by Lemma A.2 (A.2),

‖θ‖i,sup ≤ 1,

ηi‖g‖2
Hi ≤ ‖θ‖2

i =
‖θ1 − θ2‖2

i

C2
i (1 + h

−1/2
i )2‖θ1 − θ2‖2

i

≤ C−2
i hi.

This means that θ ∈ Gi(pi) with pi = C−1
i (η−1

i hi)
1/2. Since η−1

i hi goes to infinity as (N, T )

does, it is not of loss of generality to assume that pi ≥ 1. Define

ZiM(θ) =
1√
T

T∑
t=1

[ψi,M,t(Uit; θ)RiUit − E(ψi,M,t(Uit; θ)RiUit)].

It follows from (A.5) and Proposition A.3 that, with probability approaching one,

sup
θ∈Gi(pi)

√
T‖ZiM(θ)‖i√

TJi(pi, ‖θ‖i,sup) + 1
≤ C0

√
logN + log log(TJi(pi, 1)). (A.6)

Since hi = o(1), assume that h−1
i ≥ 1. It follows from Lemma A.2 (A.1) that

‖E
(
〈RiUit, θ〉iIEcM,tRiUit

)
‖i

≤ E
(
|〈RiUit, θ〉i|IEcM,t‖RiUit‖i

)
≤ E

(
(1 + ‖Zt‖2)IEcM,tCi(h

−1/2
i + ‖Zt‖2)

)
≤ Cih

−1/2
i E

(
(1 + ‖Zt‖2)2IEcM,t

)
≤ Cih

−1/2
i E ((1 + ‖Zt‖2)α)2/α P (EcM,t)

1−2/α

≤ Cih
−1/2
i E ((1 + ‖Zt‖2)α)2/α

(
1

C̃αT
E(‖Zt‖α2 )

)1−2/α

. (A.7)

Consequently, with probability approaching one, for any unequal θ1, θ2 ∈ Θi On EM,t, it

follows from (A.6) and (A.7) that
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‖T2i(θ1)− T2i(θ2)‖i

=

∥∥∥∥− 1

T

T∑
t=1

[〈RiUit, θ1 − θ2〉iRiUit − E(〈RiUit, θ1 − θ2〉iRiUit)]

∥∥∥∥
i

=

∥∥∥∥− 1

T

T∑
t=1

[〈RiUit, θ〉iRiUit − E(〈RiUit, θ〉iRiUit)]× ‖θ1 − θ2‖iCi(1 + h
−1/2
i )

∥∥∥∥
i

= ‖θ1 − θ2‖iCi(1 + h
−1/2
i )

∥∥∥∥
(
− 1

T

T∑
t=1

[〈RiUit, θ〉iIEM,tRiUit − E(〈RiUit, θ〉iIEM,tRiUit)]

+E(〈RiUit, θ〉iIEcM,tRiUit)
)∥∥∥∥

i

= ‖θ1 − θ2‖iCi(1 + h
−1/2
i )

∥∥∥∥(−T−1/2CiC̃T
1/α(h

−1/2
i + C̃T 1/α)ZiM(θ) + E(〈RiUit, θ〉iIEcM,tRiUit)

)∥∥∥∥
i

≤ ‖θ1 − θ2‖iCi(1 + h
−1/2
i )

(
T−1/2C0CiC̃T

1/α(h
−1/2
i + C̃T 1/α)(Ji(pi, 1) + T−1/2)

×
√

logN + log log(TJi(pi, 1)) + Cih
−1/2
i E ((1 + ‖Zt‖2)α)2/α

(
1

C̃αT
E(‖Zt‖α2 )

)1−2/α
)

≤ c3‖θ1 − θ2‖i,

(A.8)

where c3 is a constant in (0, 1/2). Note that (A.8) holds also for θ1 = θ2. The existence of

such c3 follows by condition bN,p = oP (
√
Nh).

In particular, letting θ2 = 0, one gets that for any θ1 ∈ B(2c2(Thi)
−1/2),

‖T2i(θ1)‖i ≤ ‖T2i(θ1)− T2i(0)‖i + ‖T2i(0)‖i
≤ c3‖θ1‖i + ‖Si,M,ηi(θηi)‖i
≤ 2c2c3(Thi)

−1/2 + c2(Thi)
−1/2 < 2c2(Thi)

−1/2.

This implies that, with probability approaching one, T2i is a contraction mapping from

B(2c2(Thi)
−1/2) to itself. By contraction mapping theorem, there exists uniquely a θ′′ ∈

B(2c2(Thi)
−1/2) such that T2i(θ

′′) = θ′′, implying that Si,M,ηi(θηi + θ′′) = 0. Thus, θ̂i =

θηi + θ′′ is the penalized MLE of `i,M,ηi . This further shows that ‖θ̂i − θηi‖i ≤ 2c2(Thi)
−1/2.

Combined with ‖θηi − θi0‖i = O(η
1/2
i + (Nhi)

−1/2), we have ‖θ̂i − θi0‖i = OP ((Thi)
−1/2 +

η
1/2
i + (Nhi)

−1/2).
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A.2 Proofs in Section 3.3

In this section, we prove Theorems 3.2, 3.3 and 3.4, and Corollary 3.6.

Proof of Theorem 3.2. Define

Si,M(θ) ≡ − 1

T

T∑
t=1

(Yit − 〈RiUit, θ〉i)RiUit

and

Si(θ) ≡ E{Si,M(θ)} = E{− 1

T

T∑
t=1

(Yit − 〈RiUit, θ〉i)RiUit}.

Recall Si,M,ηi = Si,M + Piθ and S?i,M,ηi
(θ) = Si(θ) + Piθ. Denote θi = θ̂i − θi0. Since

Si,M,ηi(θ̂i) = 0, we have Si,M,ηi(θi + θi0) = 0. Therefore,

‖Si,M(θi + θi0)− Si(θi + θi0)− (Si,M(θi0)− Si(θi0))‖i
= ‖Si,M,ηi(θi + θi0)− S?i,M,ηi

(θi + θi0)− (Si,M,ηi(θi0)− S?i,M,ηi
(θi0))‖i

= ‖S?i,M,ηi
(θi + θi0) + Si,M,ηi(θi0)− S?i,M,ηi

(θi0)‖i
= ‖DS?i,M,ηi

(θi0)θi + Si,M,ηi(θi0)‖i
= ‖θi + Si,M,ηi(θi0)‖i. (A.9)

Consider an event Bi,M = {‖θ‖i ≤ ri,M ≡ CB((Thi)
−1/2) + η

1/2
i + (Nhi)

−1/2}. For some

CB large enough, Bi,M has probability approaching one. Let di,M = Ciri,M(1 +h
−1/2
i ), where

Ci is defined in lemma A.2. We have di,M = o(1). For any θ ∈ Θi, we further define

θ̄ = (β̄, ḡ) = d−1
i,Mθ/2, where β̄ = d−1

i,Mβ/2 and ḡ = d−1
i,Mg/2. Then, on event Bi,M , we have

‖θ̄‖i,sup ≤ Ci(1 + h
−1/2
i )‖θ̄‖i = Ci(1 + h

−1/2
i )d−1

i,M‖θ‖i/2 ≤
1

2
.

Meanwhile,

‖ḡ‖2
Hi

=
d−2
i,M

4
η−1
i (ηi‖g‖2

Hi
) ≤

d−2
i,M

4
η−1
i ‖θ‖2

i ≤
d−2
i,M

4
η−1
i r2

i,M ≤ C−2
i hiη

−1
i .

Let pi = C−1
i (hiη

−1
i )1/2. Then ‖ḡ‖Hi ≤ pi. Therefore θ̄ ∈ Gi(pi). Since (ηih

−1
i ) → ∞ as

(N, T )→∞, pi > 1 in general.

Recall EM,t = {‖Zt‖2 ≤ C̃T 1/α}, as defined in the proof of Theorem 3.1. Let

ψdi,M,t(Uit; θ̄) =
〈RiUit, θ〉iIEM,t

2dM C̃CiT 1/α(h
−1/2
i + C̃T 1/α)

, θ ∈ Θi.
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Following the proof of Theorem 3.1, on EM , for any θ1 = (β1, g1), θ2 = (β2, g2) ∈ Θi, we have

‖(ψdi,M,t(Uit; θ̄1)− ψdiMt(Uit; θ̄2))RiUit‖i ≤ ‖θ̄1 − θ̄2‖i,sup. (A.10)

Define

ZdiM(θ̄) =
1√
T

T∑
t=1

[ψdi,M,t(Uit; θ̄)RiUit − E(ψdi,M,t(Uit; θ̄)RiUit)].

It follows from Proposition A.3 that, with probability approaching one,

sup
θ∈Gi(pi)

√
T‖Zd

iM(θ̄)‖i√
TJi(pi, ‖θ̄‖i,sup) + 1

≤ C0

√
logN + log log(TJi(pi, 1)). (A.11)

Therefore

‖θi + Si,M,ηi(θi0)‖i
= ‖Si,M (θi + θi0)− Si(θi + θi0)− (Si,M (θi0)− Si(θi0))‖i

=

∥∥∥∥ 1

T

T∑
t=1

[〈RiUit, θi〉iRiUit − E{〈RiUit, θi〉iRiUit}]
∥∥∥∥
i

=

∥∥∥∥ 1

T

T∑
t=1

[〈RiUit, θi〉iIEM,tRiUit − E(〈RiUit, θi〉iIEM,tRiUit)]− E(〈RiUit, θi〉iIEcM,tRiUit)
∥∥∥∥
i

=

∥∥∥∥2dM C̃CiT
1/α−1(h

−1/2
i + C̃T 1/α)

(√
TZdi,M (θ̄)

)
− E(〈RiUit, θi〉iIEcM,tRiUit)

∥∥∥∥
i

≤ 2dMC0C̃CiT
1/α−1(h

−1/2
i + C̃T 1/α)

(√
TJi(pi, ‖θ̄‖i,sup) + 1

)√
logN + log log(TJi(pi, 1))

+Cih
−1/2
i E ((1 + ‖Zt‖2)α)2/α

(
1

C̃αT
E(‖Zt‖α2 )

)1−2/α

. (A.12)

Proof of Theorem 3.3. Define θ̂hi = (β̂i, h
1/2
i ĝi), θ

∗h
i0 = (β?i0, h

1/2
i g?i0), andRh

i u = (H
(i)
u , h

1/2
i T

(i)
u ),

where θ?i0 = (id− Pi)θi0. From Theorem 3.2, we have

‖θ̂i − θi0 + Si,M,ηi(θi0)‖i = OP (aM). (A.13)

Since

Si,M,ηi(θi0) = − 1

T

T∑
t=1

(Yit − 〈RiUit, θi0〉i)RiUit + Piθi0 = − 1

T

T∑
t=1

eitRiUit + Piθi0,
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Theorem 3.2 can be re-written as

‖θ̂i − θ?i0 −
1

T

T∑
t=1

eitRiUit‖i = OP (aM). (A.14)

It implies ‖β̂i − β?i0 − 1
T

∑T
t=1 eitH

(i)
it ‖2 = OP (aM). Further, we define Rem = θ̂i − θ?i0 −

1
T

∑T
t=1 eitRiUit and Remh = θ̂hi − θ∗hi0 − 1

T

∑T
t=1 eitR

h
i Uit. Then

‖Remh − h1/2
i Rem‖i =

∥∥∥∥∥
(

(1− h1/2
i )(β̂i − β?i0 −

1

T

T∑
t=1

eitH
(i)
Uit

), 0

)∥∥∥∥∥
i

≤ (1− h1/2
i )O

(∥∥∥∥∥β̂i − β?i0 − 1

T

T∑
t=1

eitH
(i)
Uit

)

∥∥∥∥∥
2

)
= OP (aM).

Therefore, ‖Remh‖i ≤ ‖Remh − h1/2
i Rem‖i + ‖h1/2

i Rem‖i = OP (aM).

The idea is to employ the Cramér-Wold device. For any z, we will obtain the limiting

distribution of T 1/2z′(β̂i − β?i0) + (Thi)
1/2(ĝi(x0)− g?i0(x0)), which is T 1/2〈Riu, θ̂

h
i − θ∗hi0 〉i by

Proposition A.1, where u = (x0, z).

Since T 1/2h−1/2aM = o(1), we have∣∣∣∣∣T 1/2〈Riu, θ̂
h
i − θ∗hi0 −

1

T

T∑
t=1

eitR
h
i Uit〉i

∣∣∣∣∣
≤ T 1/2‖Riu‖i‖Remh‖i
= OP (T 1/2h−1/2aM) = oP (1).

Then, to find the limiting distribution of T 1/2〈Riu, θ̂
h
i − θ∗hi0 〉i, we only need to find the

limiting distribution of T 1/2〈Riu,
1
T

∑T
t=1 eitR

h
i Uit〉i = T−1/2

∑T
t=1 eit(z

′H
U

(i)
it

+ h1/2T
(i)
Uit

(x0)).

Next, we use the CLT to find its limiting distribution.

Define L(Uit) = z′H
(i)
Uit

+ h1/2T
(i)
Uit

(x0). Since εit and vit are i.i.d. across t, we have

s2
T = V ar

(
T∑
t=1

eit(z
′H

(i)
Uit

+ h1/2T
(i)
Uit

(x0))

)

= T · V ar (eitL(Uit)) +
T∑

t1 6=t2

Cov (eit1L(Uit1), eit2L(Uit2))

= T · E
{
e2
itL(Uit)

2
}
− T · E {eitL(Uit)}2 +

T∑
t1 6=t2

Cov (eit1L(Uit1), eit2L(Uit2)) . (A.15)
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For the first term,

E
{
e2
itL(Uit)

2
}

= E
{

(εit −∆iv̄t)
2 L(Uit)

2
}

= σ2
εE
{
L(Uit)

2
}

+ E
{

(∆iv̄t)
2L(Uit)

2
}
.

From Cauchy-Schwarz and Hölder’s inequality, we can show that

E
{

(∆iv̄t)
2L(Uit)

2
}
≤ ‖∆i‖2

2E
{
‖v̄t‖2

2L(Uit)
2
}

≤ ‖∆i‖2
2 (E {‖v̄t‖α2})

2/α
(
E
{
|L(Uit)|

2α
α−2

})α−2
α
.

We next will find the upper bound of |L(Uit)|.

L(Uit) =z′H
(i)
Uit

+ h1/2T
(i)
Uit

(x0)

=z′(Ωi + Σi)
−1Zt − z′(Ωi + Σi)

−1Ai(Xit) + h
1/2
i K

(i)
Xit

(x0)

− h1/2
i A′i(x0)(Ωi + Σi)

−1Zt + h
1/2
i A′i(x0)(Ωi + Σi)

−1Ai(Xit).

By the proof of lemma A.2, we have

∣∣z′(Ωi + Σi)
−1Zt

∣∣ ≤ ∣∣c−1
1 z′Zt

∣∣ ≤ c1z‖Zt‖2,∣∣z′(Ωi + Σi)
−1Ai(Xit)

∣∣ =
∣∣z′(Ωi + Σi)

−1/2(Ωi + Σi)
−1/2Ai(Xit)

∣∣
≤
√
z′(Ωi + Σi)−1z

√
A′i(Xit)(Ωi + Σi)−1Ai(Xit)

≤ c2zh
−1/2
i ,∣∣A′i(x0)(Ωi + Σi)

−1Zt
∣∣ ≤ c3zh

−1/2
i ‖Zt‖2,∣∣∣K(i)

Xit
(x0)

∣∣∣ ≤ C2
ϕ,ih

−1
i ,∣∣A′i(x0)(Ωi + Σi)

−1Ai(Xit)
∣∣ ≤ c−1

1 C2
ϕ,iC

2
Gi
h−1
i ,

where c1z = c−1
1 ‖z‖2, c2z = c−1

1 Cϕ,iCGi‖z‖2, and c3z = c−1
1 Cϕ,iCGi . Combine all these

inequality together, we have

|L(Uit)| ≤ c4z‖Zt‖2 + c5zh
−1/2
i ,

where c4z = c1z + c3z and c5z = c2z + C2
ϕ,i + c−1

1 C2
ϕ,iC

2
Gi

. Therefore, there exists a constant

11



c6z, such that

E
{
|L(Uit)|

2α
α−2

}
= E

{∣∣∣c4z‖Zt‖2 + c5zh
−1/2
i

∣∣∣ 2α
α−2

}
≤ c6z

(
E

{
‖Zt‖

2α
α−2

2

}
+ h

− α
α−2

i

)
≤ c6z

(
E {‖Zt‖α2}

2
α−2 + h

− α
α−2

i

)
.

Since Zt = (f ′1t, X̄
′
t)
′ and X̄t = Γ̄′1f1t + Γ̄′2f2t + v̄t, we have

E {‖Zt‖α2} = E
{(
‖f1t‖2

2 + ‖X̄t‖2
2

)α/2}
≤ c7

(
E {‖f1t‖α2}+ E

{
‖X̄t‖α2

})
≤ c8 (E {‖f1t‖α2}+ E {‖f1t‖α2}+ E {‖f2t‖α2}+ E {‖v̄t‖α2}) ,

where c7 and c8 are constants. By Assumption A1, E {‖f1t‖α2}, E {‖f2t‖α2}, and E {|vit|α}
are finite. Using Marcinkiewicz and Zygmund inequality in Shao (2003), we can show that

E {‖v̄t‖α2} =
1

Nα
E


 d∑

l=1

(
N∑
i=1

vilt

)2
α/2


≤ c9

1

Nα

d∑
l=1

E


( N∑

i=1

vilt

)2
α/2


= c9

1

Nα

d∑
l=1

E

{(
N∑
i=1

vilt

)α}

≤ c10
d

Nα

1

N1−α/2

N∑
i=1

E {vαilt}

= OP

(
1

Nα/2

)
,

where c9 and c10 are two constants. As N →∞, E {‖Zt‖α2} = OP (1) and E
{
|L(Uit)|

2α
α−2

}
=

OP (h
− α
α−2

i ). Thus, we have

E
{

(∆iv̄t)
2L(Uit)

2
}
≤ ‖∆i‖2

2 (E {‖v̄t‖α2})
2/α
(
E
{
|L(Uit)|

2α
α−2

})α−2
α

= OP (
1

Nhi
). (A.16)
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By assumption (Nhi)
−1 = oP (1), we have E {(∆iv̄t)

2L(Uit)
2} = oP (1).

Next, we will find the order of E {L(Uit)
2}. As it is shown in Cheng and Shang (2015),

as ηi → 0 and T →∞, E (|L(Uit)|2)→ α2
x0

+ 2(z + βx0)
′Ω−1

i αx0 + (z + βx0)
′Ω−1

i (z + βx0) for

any given z.

From above derivatives, we have found the leading term of the first term in Equation

(A.15). Now, we turn to the second term. It is straightforward to obtain that

E {eitL(Uit)}2 = E {(εit −∆iv̄t)L(Uit)}2 ≤ ‖∆i‖2
2E
{
‖v̄t‖2

2

}
E
{
L(Uit)

2
}
,

where E {‖v̄t‖2
2} ≤ E {‖v̄t‖α2}

2/α = OP (1/N) and E {L(Uit)
2} = OP (1). So E {eitL(Uit)}2 =

OP (1/N). So the second term is of a smaller order than the first term.

For the last term of Equation (A.15), we can show that

T∑
t1 6=t2

Cov (eit1L(Uit1), eit2L(Uit2))

≤
T∑

t1 6=t2

|Cov (∆iv̄t1L(Uit1),∆iv̄t2L(Uit2)) |

≤8
T∑

t1 6=t2

α(|t1 − t2|)1−4/αE
{
|∆iv̄t1L(Uit1)|α/2

}4/α

≤8 · 21−4/α

T∑
t1=1

T∑
t2=1,t2 6=t1

φ(|t1 − t2|)1−4/αE
{
|∆iv̄t1L(Uit1)|α/2

}4/α
,

where α(|t1−t2|) and φ(|t1−t2|) are the α−mixing and φ−mixing coefficients for ∆iv̄tL(Uit).

We have 2 · α(|t1 − t2|) < φ(|t1 − t2|). The second inequality is from Proposition 2.5 in

Fan and Yao (2003). Similar to Equation (A.16), we can show that E {|∆iv̄t1L(Uit1)|α} =

OP ((Nhi)
−α/2). So E

{
|∆iv̄t1L(Uit1)|α/2

}4/α
= OP ( 1

Nhi
). From Assumption A1, we have∑∞

t2=1,t2 6=t1 φ(|t1 − t2|)1−4/α <∞. Thus,

T∑
t1 6=t2

Cov (eit1L(Uit1), eit2L(Uit2)) = OP (
T

Nhi
).

Again, the third term of Equation (A.15) is of a smaller order than the first term.

To combine all above equations together, we have

1

T
s2
T → σ2

s or
1

T
s2
T → (z′, 1)Ψ?(z′, 1)′,

13



where σ2
s = σ2

ε

(
α2
x0

+ 2(z + βx0)
′Ω−1

i αx0 + (z + βx0)
′Ω−1

i (z + βx0)
)
.

In order to use the CLT with mixing conditions, we need to show E
{
|eitL(Uit)|α/2

}
is

finite.

E
{
|eitL(Uit)|α/2

}
≤ E {|eit|α}1/2E {|L(Uit)|α}1/2

≤ c6zE {|eit|α}1/2E
{
‖Zt‖α2 + h

−α/2
i

}1/2

.

Since E {‖Zt‖α2} = OP (1) and E {|eit|α} ≤ ∞, then E
{
|eitL(Uit)|α/2

}
≤ ∞. From the above

proof, we have E {eitL(Uit)}2 = OP (1/N), which implies

E {eitL(Uit)} = OP (1/
√
N). (A.17)

Then E
{
|eitL(Uit)− E {eitL(Uit)}|α/2

}
< ∞. Since φ−mixing condition is stronger than

α−mixing, by the Theorem 2.21 of Fan and Yao (2003), we have

1√
T

(
T∑
t=1

(eitL(Uit)− E {eitL(Uit)})

)
d→ N(0, σ2

s).

Proof of Theorem 3.4. Notice

θi0 − θ?i0 = Piθi0 =

(
−(Ωi + Σi)

−1Vi(Gi,Wigi0)

Wigi0 + A′i(Ωi + Σi)
−1Vi(Gi,Wigi0)

)
.

Hence the result of the theorem holds if we can show that, for any x ∈ Xi,

√
TE(eitU

(i)
it ) = oP (1),√

ThiE(eitH
(i)
it (x)),

√
T (Ωi + Σi)

−1Vi(Gi,Wigi0) = oP (1),√
ThiA

′
i(x)(Ωi + Σi)

−1Vi(Gi,Wigi0) = oP (1),

αx = βx = 0,

lim
T→∞

√
ThiWigi0(x) = 0.

14



First by (A.17), we can see that the following hold true:

√
TE(eitU

(i)
it ) = OP (

√
T/N) = oP (1),√

ThiE(eitH
(i)
it (x)) = OP (

√
T/N) = oP (1).

Similar to Shang and Cheng (2013), we have

Wiϕ
(i)
ν =

ηiρ
(i)
ν

1 + ηiρ
(i)
ν

ϕ(i)
ν , ν ≥ 1. (A.18)

Now we see from A3 and (A.18)

Vi(Gi,k,Wigi0) =
∑
ν≥1

Vi(Gi,k, ϕ
(i)
ν )Vi(gi0, ϕ

(i)
ν )

ηiρ
(i)
ν

1 + ηiρ
(i)
ν

.

So by Cauchy’s inequality,

|Vi(Gi,k,Wigi0)|2 ≤
∑
ν≥1

|Vi(Gi,k, ϕ
(i)
ν )|2 ηiρ

(i)
ν

1 + ηiρ
(i)
ν

∑
ν≥1

|Vi(gi0, ϕ(i)
ν )|2 ηiρ

(i)
ν

(1 + ηiρ
(i)
ν )

≤ ηi const
∑
ν≥1

|Vi(Gi,k, ϕ
(i)
ν )|2 ηiρ

(i)
ν

1 + ηiρ
(i)
ν

≤ ηi const
∑
ν≥1

|Vi(Gi,k, ϕ
(i)
ν )|2kν

ηiρ
(i)
ν

(1 + ηiρ
(i)
ν )kν

≤ ηi const ,

For ‖Ai,k‖sup, by definition,

Ai,k(x) = 〈Ai,k, K(i)
x 〉?,i ≤ Vi(Gi,k, K

(i)
x ) =

∑
ν≥1

Vi(Gi,k, ϕ
(i)
ν )

1 + ηiρ
(i)
ν

ϕ(i)
ν (x).

By boundedness condition of ϕ
(i)
ν (Assumption A3) and Cauchy’s inequality, we have

|Ai,k(x)|2 ≤
∑
ν≥1

|Vi(Gi,k, ϕ
(i)
ν )|2kν |ϕ(i)

ν (x)|2
∑
ν≥1

1

kν(1 + ηiρ
(i)
ν )2

≤ const
∑
ν≥1

|Vi(Gi,k, ϕ
(i)
ν )|2kν

∑
ν≥1

1

kν
= O(1).
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The above holds uniformly for all x ∈ Xi. So

√
T (Ωi + Σi)

−1Vi(Gi,Wigi0) = O(
√
Tηi) = o(1),

and √
ThiA

′
i(x)(Ωi + Σi)

−1Vi(Gi,Wigi0) = O(
√
Thiηi) = o(1).

By the above uniform boundedness of Ai,k, we have βx = 0. Similarly, by (A.18), we have

WiAi,k(x) =
∑
ν≥1

Vi(Gi,k, ϕ
(i)
ν )

1 + ηiρ
(i)
ν

ηiρ
(i)
ν ϕ

(i)
ν (x).

Hence

|WiAi,k(x)|2 ≤
∑
ν≥1

|Vi(Gi,k, ϕ
(i)
ν )|2kν |ϕ(i)

ν (x)|2
∑
ν≥1

(ηiρ
(i)
ν )2

kν(1 + ηiρ
(i)
ν )2

≤ const
∑
ν≥1

|Vi(Gi,k, ϕ
(i)
ν )|2kν

∑
ν≥1

1

kν
= O(1),

and this rate is uniform for all x ∈ Xi. So αx = 0. By definition of RKHS and Wi,

|Wigi0(x)| = |〈Wigi0, K
(i)
x 〉?,i|

= |ηi〈gi0, K(i)
x 〉Hi |

≤ ‖gi0‖Hi‖K(i)
x ‖Hi

≤ √
ηi‖gi0‖Hi

√
〈K(i)

x , K
(i)
x 〉?,i

≤ √
ηi‖gi0‖HiO(h

−1/2
i )

= O(
√
ηi/hi).

Thus
√
ThiWigi0(x) = o(1).

Proof of Corollary 3.6. By (2.5),

Yit − ĝi(Xit)− Z ′tβ̂i = εit −∆iv̄t + (gi0(Xit)− ĝi(Xit)) + Z ′t(βi0 − β̂i).

Hence
∑T

t=1{Yit − ĝi(Xit) − Z ′tβ̂i − εit}2/T ≤ 4
∑T

t=1(A1t + A2t + A3t)/T , where A1t =

‖∆i‖2
2‖v̄t‖2

2, A2t = (gi0(Xit) − ĝi(Xit))
2, A3t = ‖Zt‖2

2‖β̂i − βi0‖2
2. By uniform boundedness

of ∆i and i.i.d. of vit in Assumption A1, we have E(At1) ≤ ‖∆i‖2
2tr(Σv)/N , where Σv is
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the covariance matrix of vit. So
∑T

t=1A1t = OP (1/N) = oP (1). Also, by Lemma A.2 and

Theorem 3.1,

‖gi0 − ĝi‖sup = OP (h
−1/2
i ‖θi0 − θ̂i‖i) = OP (h

−1/2
i ri,M).

So it follows that
∑T

t=1A2t/T = OP (h−1
i r2

i,M) = oP (1). By Proposition A.2, Lemma A.2 and

Theorem 3.1 , we have A3t = OP (T 2/αr2
i,M) uniformly for all t = 1, 2, . . . , T . So

∑T
t=1A3t/T =

OP (T 2/αr2
i,M) = oP (1). Hence

∑T
t=1{Yit − ĝi(Xit) − Z ′tβ̂i}2/T −

∑T
t=1 ε

2
it/T = oP (1). The

result follows by applying Law of Large Number:
∑T

t=1 ε
2
it/T → σ2

ε , in probability.

A.3 Proofs in Section 4.2

We prove Theorem 4.1. Let us first introduce some notation. Define

F ′1 = (f11, f12, ..., f1T ), F ′2 = (f21, f22, ..., f2T ),

εi = (εi1, εi2, ..., εiT )′, ei = (ei1, ei2, ..., eiT ),

X̄ = (X̄1, X̄2, ..., X̄T ), v̄ = (v̄1, v̄2, ..., v̄T ), X̄? = X̄ − v̄,

P? = IT − Z′?(Z?Z′?)−1Z?, Z̃ = Z− Z?.

We can rewrite (2.1) as (Yi−〈KXi , g0〉)′ = γ′1iF
′
1+γ′2,iF

′
2+ε′i, (2.2) as X̄∗ = X̄−v̄ = Γ̄′1F

′
1+Γ̄′2F

′
2

and (2.5) as Yi − 〈KXi , g0〉 = Z′βi + ei. Notice that we have Z = (F1, X̄
′)′, Z? = (F1, X̄

∗′)′.

By definition, we have ZP = 0,Z?P? = 0. Hence F ′1P = 0, X̄P = 0, F ′1P? = 0, X̄?P? =

0, F ′2P? = 0. Define S?M,η(g) = E{SM,η(g)|FT1 }. By the proof of Lemma A.1, it can be easily

shown that DS?M,η(g) = id, for any g ∈ H. We also have

‖Kx‖2 ≤ C2
ϕh
−1, sup

x∈X
‖g(x)‖ ≤ Cϕh

−1/2‖g‖. (A.19)

The proof of Theorem 4.1 also relies on the following Lemmas A.3, A.4 and A.5. Proofs

of these lemmas are provided in supplement document.

Lemma A.3. Suppose that Assumptions A1, A4 and A5 hold. Then the following holds:

E (‖P − P?‖op) = O(N−1/2), (A.20)

max
1≤i≤N

‖E{γ′2iF ′2(P − P?)KXi |FT1 }‖ = OP

(√
T

Nh
+

T

N
√
h

)
, (A.21)

E(‖Z̃Z̃′‖op) = O(T/N). (A.22)
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where F2 = (f21, . . . , f2T )′.

Lemma A.4. Suppose that Assumptions A1, A4 and A5 hold. Let p = p(M) ≥ 1 be

an FT1 -measurable sequence indexed by M and let ψ(X, g) : RT ×H → RT be a measurable

function satisfying ψ(X, 0) ≡ 0 and the following Lipschitz condition:

‖ψ(X, g1)− ψ(X, g2)‖2 ≤ L
√
h/T‖g1 − g2‖sup, for any g1, g2 ∈ H,

where L > 0 is a constant. Then with M →∞,

sup
g∈G(p)

‖ZM(g)‖ = OP

(
1 +

√
log log (NJ(p, 1))(J(p, 1) +N−1/2)

)
,

where

ZM(g) =
1√
N

N∑
i=1

[ψ(Xi, g)′PKXi − E{ψ(Xi, g)′PKXi |FT1 }].

Lemma A.5. Under conditions in Theorem 4.1,

‖SM,η(gη)‖ = OP (
1√
NTh

+
1

N
√
h

) + oP (
√
η).

Proof of Theorem 4.1. The proof consists of two parts.

Part one: Define T1(g) = g − S?M,η(g + g0). So

T1(g) = g −DS?M,η(g0)g − S?M,η(g0) = −S?M,η(g0).

So we have

‖S?M,η(g0)‖ = ‖E{− 1

NT

N∑
i=1

(Yi − 〈KXig0〉)′PKXi +Wηg0|FT1 }‖

= ‖E{− 1

NT

N∑
i=1

e′iPKXi −Wηg0|FT1 }‖

= ‖E{− 1

NT

N∑
i=1

(γ′1iF
′
1 + γ′2,iF

′
2 + ε′i)PKXi −Wηg0|FT1 }‖

= ‖E{− 1

NT

N∑
i=1

γ′2,iF
′
2PKXi −Wηg0|FT1 }‖,

= ‖E{− 1

NT

N∑
i=1

γ′2,iF
′
2(P − P?)KXi −Wηg0|FT1 }‖,
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where the second last equation is using independence of εi and Xi, F1, F2. By directly calcu-

lations,

‖Wηg0‖ = sup
‖g‖=1

|〈Wηg0, g〉| = sup
‖g‖=1

|η〈g0, g〉H| ≤ sup
‖g‖=1

√
η‖g0‖H

√
η‖g‖H ≤

√
η‖g0‖H.

For the first term, by Lemma A.3,

‖E{− 1

NT

N∑
i=1

γ′2,iF
′
2(P − P?)KXi |FT1 }‖ = OP (

1√
NTh

+
1

N
√
h

).

As a consequence, ‖S?M,η(g0)‖ = OP (1/
√
NTh + 1/(N

√
h) +

√
η). Hence with probability

approaching one, we have

‖T1(g)‖ ≤ C(
1√
NTh

+
1

N
√
h

+
√
η) ≡ r,

for some constant C > 0. Notice that T1 is also a contraction mapping from B̄(0, r) to

B̄(0, r), so there exists a g̃1 ∈ B̄(0, r) ⊂ H such that, T1(g̃1) = g̃1. By Taylor expansion,

g̃1 = T1(g̃1) = g̃1 − S?M,η(g̃1 + g0),

and hence it follows that S?M,η(g̃1 + g0) = 0. Let gη = g̃1 + g0, and with the probability

approaching one we have,

‖gη − g0‖ ≤ C(
1√
NTh

+
1

N
√
h

+
√
η), S?M,η(gη) = 0. (A.23)

Part two: Define T2(g) = g − SM,η(gη + g), for any g,∆g ∈ H. Since

∆g = DS?M,η(g)∆g

= E(DSM,η(g)∆g|FT1 ) =
1

NT

N∑
i=1

E{τi∆g′PKXi +Wη∆g|FT1 },
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we have that

‖T2(g1)− T2(g2)‖ = ‖(g1 − g2)− (SM,η(gη + g1)− SM,η(gη + g2)) ‖

= ‖DS?M,η(g)(g1 − g2)− (SM,η(gη + g1)− SM,η(gη + g2)) ‖

= ‖ 1

NT

N∑
i=1

{τi(g1 − g2)′PKXi +Wη(g1 − g2)

−E
(
τi(g1 − g2)′PKXi +Wη(g1 − g2)|FT1

)
}‖

= ‖ 1

NT

N∑
i=1

{τi(g1 − g2)′PKXi − E
(
τi(g1 − g2)′PKXi |FT1

)
}‖

≡ ‖κ(g1 − g2)‖,

where κ(g) =
∑N

i=1(τig
′PKXi−E{τig′PKXi |FT1 })/(NT ). Let Ψ(Xi, g) =

√
hτig/T . It follows

that, for any g1, g2 ∈ H,

‖Ψ(Xi, g1)−Ψ(Xi, g1)‖2 ≤
√
h

T
‖τi(g1 − g2)‖2

≤
√
h

T

√√√√ T∑
t=1

|g1(Xit)− g2(Xit)|2 ≤
√
h

T
‖g1 − g2‖sup.

Let g̃ ≡ (g1 − g2)/(cϕh
−1/2‖g1 − g2‖), then

‖g̃‖sup =
‖g1 − g2‖sup

cϕh−1/2‖g1 − g2‖
≤ 1,

and

‖g̃η‖H =
‖g1 − g2‖H

cϕh−1/2‖g1 − g2‖
≤ 1

cϕ
√
h−1η

.

So g̃ ∈ G(p), with p = 1/(cϕ
√
h−1η). By Lemma A.4,

‖ZM(g1 − g2)‖
cϕh−1/2‖g1 − g2‖

= ‖ZM(g̃)‖ = OP

(
1 +

√
log log (NJ(p, 1))(J(p, 1) +N−1/2)

)
= OP (bN,p).

So by assumption bN,p = oP (
√
Nh), we have

‖κ(g1 − g2)‖ = ‖ 1√
Nh

ZM(g1 − g2)‖

= cϕ
1√
Nh
‖g1 − g2‖OP (bN,p) = OP (

bN,p√
Nh

)‖g1 − g2‖ = oP (1)‖g1 − g2‖,

(A.24)
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where the terms OP , oP do not depend on g1, g2. Hence with probability approaching one,

uniformly for any g1, g2, ‖T2(g1)− T2(g2)‖ ≤ 1
2
‖g1 − g2‖. Also with probability approaching

one, uniformly for g,

‖T2(g)‖ ≤ ‖T2(g)− T2(0)‖+ ‖T2(0)‖ ≤ 1

2
‖g‖+ ‖SM,η(gη)‖.

By Lemma A.5, with probability approaching one,

‖SM,η(gη)‖ ≤ C

(
1√
NTh

+
1

N
√
h

+
√
η

)
≡ R/2,

for some C > 0. Hence with probability approaching one, it follows that sup‖g‖≤R ‖T2(g)‖ ≤
R/2 + R/2 = R. The above implies that T2 is a contraction mapping from B̄(0, R) to

itself. By contraction mapping theorem, there exists g̃2 ∈ B̄(0, R) such that g̃2 = T2(g̃2) =

g̃2 − SM,η(gη + g̃2). Hence SM,η(gη + g̃2) = 0. So ĝ = gη + g̃2. Therefore,

‖ĝ − g0‖ ≤ ‖gη − g0‖+ ‖g̃2‖ = OP

(
1√
NTh

+
1

N
√
h

+
√
η

)
.

A.4 Proofs in Section 4.3

We will prove Theorems 4.2 and 4.3, and Proposition 4.5. Let us introduce some additional

notation and preliminaries. Let m be the increasing sequence of integers provided in Theo-

rems 4.2 and 4.3. For any fixed x0 ∈ X , define VNT = 1
NT

∑N
i=1KXi(x0)′PKXi(x0), ANT =

V
−1/2
NT . Let VNTm =

∑N
i=1 φ

′
mΦ′iPΦiφm/(NT ), ANTm = V

−1/2
NTm andHNTm =

∑N
i=1 Φ′iPΦi/(NT ),

where

Φi =


ϕ1(Xi1) ϕ2(Xi1) · · · ϕm(Xi1)

ϕ1(Xi2) ϕ2(Xi2) · · · ϕm(Xi2)

· · ·
ϕ1(XiT ) ϕ2(XiT ) · · · ϕm(XiT )

 , φm =

(
ϕ1(x0)

1 + ηρ1

,
ϕ2(x0)

1 + ηρ2

, · · · , ϕm(x0)

1 + ηρm

)′
.

The proof of Theorems 4.2 and 4.3 rely on the following Lemmas A.6, A.7 and A.8.

Proofs of these lemmas can be found in supplement document.

Lemma A.6. Under Assumptions A1, A4 and A5, suppose m = o(
√
N), then ‖HNTm−

Im‖F = oP (1), λ−1
min(HNTm) = OP (1) and λmax(HNTm) = OP (1).
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Lemma A.7. Under Assumptions A1, A4 and A5, suppose h−1 = oP (
√
N), Dm = oP (1)

, then for any x0 ∈ X , ANT = OP (1).

Lemma A.8. Under Assumptions A1, A4 and A5, suppose Dm = oP (
√
N),m = oP (

√
N),

for ant x0 ∈ X , we have

√
NTANTm(

1

NT

N∑
i=1

φ′mΦ′iPεi)
d→ N(0, σ2

ε ).

Proof of Theorem 4.2. Let g = ĝ − g0. By the fact DS?M,η(g0) = id (see Section A.3) and

SM,η(g + g0) = 0, we have

‖g + SM,η(g0)‖ = ‖DS?M,η(g0)g + SM,η(g0)‖

= ‖S?M,η(g + g0)− S?M,η(g0)− SM,η(g + g0) + SM,η(g0)‖

= ‖ 1

NT

N∑
i=1

(τig
′PKXi − E(τig

′PKXi)) +Wηg − E(Wηg|FT1 )‖

≤ ‖κ(g)‖,

where κ(g) is defined in Part two of the proof of Theorem 4.1. By (A.24) with g1−g2 therein

replaced by g we have ‖κ(g)‖ = OP (
bN,p√
Nh

)‖g‖. Hence

‖g + SM,η(g0)‖ = OP

(
bN,p√
Nh

)
‖g‖ = OP

(
bN,p√
Nh

(
1√
NTh

+
1

N
√
h

+
√
η

))
.

For fixed x0 ∈ X ,

ANT |g(x0) + SM,η(g0)(x0)| ≤ ANT‖g + SM,η(g0)‖sup

≤ cϕh
−1/2‖g + SM,η(g0)‖

= OP

(
bN,p√
Nh

(
1√
NTh

+
1

Nh
+

√
η

h

))
.

Since g0 ∈ H is fixed,

‖Wηg0‖ = sup
‖g̃‖=1

〈Wηg0, g̃〉 = sup
‖g̃‖=1

η〈g0, g̃〉H ≤ sup
‖g̃‖=1

η‖g0‖H‖g̃‖H ≤
√
η‖g0‖H. (A.25)

It follows from (A.25) that ‖Wηg0‖ ≤
√
η‖g0‖H = OP (

√
η), and hence

|Wηg0(x0)| ≤ cϕh
−1/2‖Wηg0‖ = OP (

√
η/h).

22



Hence, we have

ANT |g(x0) + SM,η(g0)(x0)−Wηg0(x0)| = OP

(
bN,p√
Nh

(
1√
NTh

+
1

Nh
+

√
η

h

))
.

Proof of Theorem 4.3. By Theorem 4.2, the asymptotic distribution of
√
NTANT (ĝ(x0) −

g0(x0)+Wηg0) is the same as
√
NTANT [−SM,η(g0)(x0)+Wηg0(x0)] =

√
NTANT [ 1

NT

∑N
i=1(Yi−

τig0)′PKXi(x0)].

By Yi = τig0 +Z′βi + ei (4.2), ZP = 0 (see Section A.3) and ei = εi− v̄′∆′i, it yields that

ANT [
1

NT

N∑
i=1

(Yi − τig0)′PKXi(x0)]

= ANT (
1

NT

N∑
i=1

K ′Xi(x0)Pεi)− ANT (
1

NT

N∑
i=1

K ′Xi(x0)P v̄′∆′i)

≡ ANT ζ − ANT ξ.

Let ζm =
∑N

i=1 φ
′
mΦ′iPεi/(NT ) and ξm =

∑N
i=1 φ

′
mΦ′iP v̄

′∆′i/(NT ). To prove the result of the

theorem, it is sufficient to prove the following:

ANT − ANTm = oP (1), (A.26)

ANT = OP (1), (A.27)
√
NTANTmξm = oP (1), (A.28)
√
NT (ξ − ξm) = oP (1), (A.29)
√
NT (ζ − ζm) = oP (1), (A.30)
√
NTANTmζm

d→ N(0, 1). (A.31)

(A.26) and (A.27) are guaranteed by Lemma A.7; (A.31) follows from Lemma A.8. For
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(A.28), by the expression of ANTm and Lemma A.6, we get,

|ANTmξm| = |ANTmφ′m
1

NT

N∑
i=1

Φ′iP v̄
′∆′i|

≤ ‖ANTmφm‖2 × ‖
1

NT

N∑
i=1

Φ′iP v̄
′∆′i‖2

≤

√
‖φm‖2

2

φ′mHNTmφm
‖ 1

NT

N∑
i=1

Φ′iP v̄
′∆′i‖2

≤ λ
−1/2
min (HNTm)‖ 1

NT

N∑
i=1

Φ′iP v̄
′∆′i‖2.

Recall ∆i = γ′2i(Γ̄2Γ̄′2)−1Γ̄2 ≡ γ′2iM̃ (see Assumption A1(d)), which leads to

‖
N∑
i=1

Φ′iP v̄
′∆′i‖2

2 = Tr{(
N∑
i=1

Φ′iP v̄
′∆′i)(

N∑
i=1

∆iv̄PΦi)}.

In matrix form, the above becomes

Tr{(Φ′1,Φ′2, ...,Φ′N)PN v̄
′
NM̃

′
Nγ2γ2

′M̃N v̄NPN(Φ′1,Φ
′
2, ...,Φ

′
N)′}

≤ λmax(γ2γ2
′)λmax(M̃ ′

NM̃N)λmax(v̄′N v̄N)Tr{
N∑
i=1

Φ′iPΦi},

where PN is defined in Section 4.1, M̃N = IN ⊗ M̃, v̄N = IN ⊗ v̄.

By Lemma A.3, Assumption A1 and Lemma A.6 ,we have

λmax(v̄′N v̄N) = ‖Z̃Z̃′‖op = OP (T/N), λmax(M̃ ′
NM̃N) = λmax((Γ̄2Γ̄′2)−1) = OP (1),

and

Tr{
N∑
i=1

Φ′iPΦi} = NTTr(HNTm) = OP (NTm).

So it can be seen that,

|ANTmξm| = OP

(√
λmax(γ2γ2

′)m

N

)
,

thus
√
NTANTmξm = OP

(√
λmax(γ2γ2

′)mT

N

)
= oP (1),
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and hence (A.28) is true.

Similar to (S.20) in the proof of Lemma A.5 (see supplement document), it can be shown

that

|ξ − ξm| = OP

(
Dm√
NTh

+
Dm

N
√
h

)
. (A.32)

More explicitly, the proof of (A.32) follows by replacing KXi in the expression of T2 with

Φiφm, and by a line-by-line check. Therefore, we have

√
NT |ξ − ξm| = OP

(
Dm√
h

+
Dm

√
T√

Nh

)
= oP (1),

i.e., (A.29) holds.

Let DT1 = σ(f1t, f2t, Xit : t ∈ [T ], i ∈ [N ]). By independence of εi and DT1 , we have

E(|ζ − ζm|2|DT1 ) =
∑N

i=1R
′
iPRi/(NT ), where Ri = (KXi(x0) − Ψiφm)′Pεi. Let Rx0(·) =∑

ν≥m+1
ϕν(x0)ϕν(·)

1+ηρν
, since FT1 ⊂ DT1 , it follows that,

E(|ζ − ζm|2|FT1 ) = E(
1

N2T 2

N∑
i=1

R′iPRi|FT1 )

=
1

NT
V (Rx0 , Rx0)

=
1

NT

∞∑
ν=m+1

ϕ2
ν(x0)

(1 + ηρν)2

≤ 1

NT
c2
ϕDm

= OP (
Dm

NT
),

so ζ − ζm = OP (
√
Dm/(NT )) which implies that (A.30) is valid. Proof is completed.

Proof of Proposition 4.5. By Yi = τig0 + Z′βi + ei,ZP = 0, ei = εi − v̄′∆′i, we have

1

NT

N∑
i=1

(Yi − τiĝ)′P (Yi − τiĝ)

=
1

NT

N∑
i=1

(τi(g0 − ĝ))′P (τi(g0 − ĝ)) +
2

NT

N∑
i=1

(τi(g0 − ĝ))′Pei +
1

NT

N∑
i=1

e′iPei

≡ T1 + T2 + T3.
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By Theorem 4.1,

‖ĝ − g0‖sup ≤ cϕh
−1/2‖ĝ − g0‖ = OP

(
1√
NTh

+
1

Nh
+

√
η

h

)
= oP (1).

So |T1| ≤
∑N

i=1

∑T
t=1 |g0(Xit − ĝ(Xit))|2/(NT ) ≤ ‖ĝ − g0‖2

sup = oP (1).

By the definitions of v̄ and Z̃ and by Lemma A.3, we have E(‖v̄v̄′‖op) = E(‖Z̃Z̃′‖op) =

O(T/N)). Hence it holds that

E(‖ei‖2
2) = E(ε′iεi) + E(∆′iv̄v̄

′∆i)− 2E(ε′iv̄
′∆i)

≤ Tσ2
ε + E(‖v̄v̄′‖op) sup

1≤i≤N
‖∆i‖2

2 = O(T ).

It then follows from Cauchy inequality that

|T2| ≤
2

NT

N∑
i=1

‖τi(g0 − ĝ)‖2‖ei‖2

≤ 2

NT

N∑
i=1

‖ei‖2

√
T‖ĝ − g0‖sup

= OP (1)
√
‖ĝ − g0‖sup = oP (1).

Meanwhile, the following decomposition holds

T3 =
1

NT

N∑
i=1

ε′iPεi +
1

NT

N∑
i=1

∆′iv̄P v̄
′∆i −

2

NT

N∑
i=1

∆′iv̄P εi

=
1

NT

N∑
i=1

ε′iP?εi +
1

NT

N∑
i=1

ε′i(P − P?)εi +
1

NT

N∑
i=1

∆′iv̄P v̄
′∆i −

2

NT

N∑
i=1

∆′iv̄P εi

≡ T31 + T32 + T33 − T34.

We handle the above terms T31, T32, T33, T34 respectively. By Lemma A.3, it follows that

|T32| ≤
1

NT
‖P − P?‖op

N∑
i=1

ε′iεi = OP (N−1/2) = oP (1).

In the meantime,

|T33| ≤
1

NT
sup

1≤i≤N
‖∆i‖2

2

N∑
i=1

‖v̄v̄′‖op = OP (
1

N
) = oP (1),
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and

|T34| ≤
2

NT
‖εi‖2‖v̄′∆i‖ ≤ 2

√∑N
i=1 ε

′
iε

NT

√∑N
i=1 ∆′iv̄v̄

′∆i

NT
= OP (

1√
N

) = oP (1).

Next we look at T31. By direct examinations,

E(T31|FT1 ) =
1

T
Tr{P?E(εiε

′
i|FT1 )} = σ2

ε

1

T
Tr(P?) = σ2

ε

T − (q1 + d)

T
,

and by Chebyshev’s inequality, for any ε > 0,

P (|T31 − E(T31|FT1 )| > ε|FT1 ) ≤ 1

N

E{|ε′1P?ε1/T − E(T31|FT1 )|2}|FT1
ε2

≤ 1

Nε2
E(|ε′1P?ε1/T |2|FT1 )

≤ 1

NT 2ε2
E(|ε′1ε1|2|FT1 )

≤ 1

NT 2ε2
(TE(ε411) + T 2σ4

ε )

= o(1).

So T31 → σ2
ε (T − q1 − d)/T in probability. Since T32, T33, T34 are all oP (1) as shown in the

above, we have T3 → σ2
ε (T − q1 − d)/T in probability. Proof is completed.
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B Appendix of “Statistical Inference on Panal Data

Models: A Kernel Ridge Regression Method” – Ad-

ditional Application Results

Our real data application is based on a balanced panel data of 48 countries for the period

1950–2014, the names of these countries are reported in Table B.1. Furthermore, the hetero-

geneous effects of government spending are summarized in Figure B.1, and the heterogeneous

effects of exports are summarized in Figure B.2.

Table B.1: Countries in the application

1 Argentina 11 Congo 21 Ireland 31 Norway 41 Thailand
2 Australia 12 Denmark 22 Israel 32 Pakistan 42 Trinidad and Tobago
3 Austria 13 Ecuador 23 Italy 33 Peru 43 Turkey
4 Belgium 14 Egypt 24 Japan 34 Philippines 44 Uganda
5 Bolivia 15 Finland 25 Kenya 35 Portugal 45 United Kingdom
6 Brazil 16 France 26 Luxembourg 36 South Africa 46 United States
7 Canada 17 Germany 27 Mexico 37 Spain 47 Uruguay
8 Colombia 18 Guatemala 28 Morocco 38 Sri Lanka 48 Venezuela
9 Costa Rica 19 Iceland 29 Netherlands 39 Sweden

10 Cyprus 20 India 30 New Zealand 40 Switzerland
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Figure B.1: Heterogeneous effects of government spending
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Figure B.2: Heterogeneous effects of exports
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