A Appendix of “Statistical Inference on Panal Data
Models: A Kernel Ridge Regression Method”

This appendix contains the proofs of the main results. In Section A.1, a proof of the conver-
gence rate in the heterogeneous model is provided (Theorem 3.1) and some auxiliary lemmas
are stated. In Section A.2, we prove the FBR for the heterogeneous model (Theorem 3.2)
and the joint asymptotic distributions of our estimators (Theorems 3.3 and 3.4). Section
A3 includes the proof of the convergence rate in the homogeneous model (Theorem 4.1) as
well as some auxiliary lemmas. In Section A.4, proofs of the FBR in the homogeneous model
(Theorem 4.2) and the corresponding asymptotic normality (Theorem 4.3) are given. We

also show that the variance estimator is consistent.

A.1 Proofs in Section 3.2

In this section, we derive the rate of convergence for our estimator in the heterogeneous
setting, i.e., Theorem 3.1. Before proving the results, we provide some preliminary results.

Define ¥; = E{G;(X;)(G;(X;) — Ay(X}))'}, a symmetric matrix of dimension ¢; + d.
Following Cheng and Shang (2015), Proposition A.1 below guarantees (3.9).

Proposition A.1. For any u = (z,z) € U; and for any 6 = (B,g) € ©;, (3.9) holds for
R = (H, TV) and P.6 = (HS TS, where
HY = (Q+3) 7' (z = Vi(Gi, K)),
T = KP = A+ %)z = Vi(Gi, K7)),
) -1
Hi = (i +30) V(G Wag),
Ty = Wig+ Aj(Qi + 2)~Vi(Gi, Wig).

g

*

A direct application of Proposition A.1 is to calculate the Fréchet derivatives of ¢; as,,,.

Define Uy = (X, Z;) for i € [N], t € [T]. For 0 = (B, g), A0 = (AB, Ag) € O;, we have

T
1
D€i7M77li (Q)Ag = <_T (Y <R Uzt, 9>1)R1Un + PZQ, AQ)Z = <Si,M,m (0), A@)Z,
t=1
1
DSinn(0)A0 = = ; (RUy;y, A8Y; R;Uy, + PG,
DzSi,Mwi (9) == 0,

where D is the Fréchet derivative operator.



Lemma A.1. For any 0 € ©;, DS} ), (0) = id, where Sy, (0) = E{Si pn(0)}-

Lemma A.2. There exist universal constants Cy,Cs, ..., Cy such that,
|R:U|? < CHhi'+ZZ,), foranyi€ [N],t€[N], (A1)
16]lisep < Ci(1+h; )65 for any 6 € ©;. (A.2)

Proposition A.2. Under Assumption A1, as T — oo, max <<t || Z¢||2 = Op(TY).

The following proposition holds for both (1) T, N — oo; (2) N — oo, T' is fixed. That
is, the result holds for M — oc.

Proposition A.3. Let Assumptions A1-AS3 hold. For i € [N] and t € [T], let p; =
pi(M) > 1 be a deterministic sequence indexed by M, and let V; pr+(Ui; 0) be a real-valued
function defined on ©; such that ¥; pr+(Uy; 0) = 0, and for any 0,60, € ©,,

H(wi,M,t(Uit;el) szt< its 92))R Uth < Hel - 92“1 sup-

Then there exists a universal constant Cy > 0 such that, as N — oo,

VT|Zins (0)|;
P | max sup : > Cy/log N + loglog(T Ji(p;, 1)) | — 0,
<l€[N] 0e€G;(p:) \/_J (pza HOHz sup) +1 ’

where

T
TZ%J\M s R Uy — (szt( R Uy, 0 € ©,.

Proofs of Lemmas A.1 and A.2, Propositions A.2 and A.3 can be found in supplement

document.

Proof of Theorem 3.1. Since Yy = gi0(Xi) + ZPi0 + €, it follows that

Sint (0i0) = EXSinin,(0i0)} = E{——ZeztRUnJrP@m}



Also e = €5 — Vb (Tol%) "' T90; = €4 — Ay, s0 we have

1SF arm (Bio)lli = (| E{(€ir — Di0¢) RiUss — Pibio} |
< ||E{(ex — A;0) RiUtl|i + || Pibiolls
= ”Sﬁlp [(E{(eir — A0) RiUs }, 0) + || Pibiol|s
olli=1
= ”Sﬁlljl |E{ (e — Di0y) (9(Xit) + Z{Bi) } + |1 Pibiolls
= ”Sﬁlf_)l ’E{Ai'vt(g(Xit) + Zéﬁz)}‘ + “PieiOHi-
Since
19(X3) + Z16i) < (L + | Z]|) 10 ]]isep < Ci(1 + | Zel|2) (X + Ry )16
and

E{A5,h; '} < B{(AwD,)* Y20 = O(Nhy) T2,

there exists a constant C”, such that

Cl
sup |E{Ai5t(g(th) + Zlﬁz)}‘

of;=1 (Nhy)12 (A.3)

In the meantime, we have

sz'@ioHi = sup ‘<Pi€iOa(9>i| = Ssup !m(gio,g%! < \/EHQZ’O‘ My LE [N] (A-4)

ll0]li=1 lloll:=1

Consider an operator
T1i(0) = 0 — Siap,, (0 +0i), 0 €06,
By Lemma A.1 we have for any 6 € O,
T14(0) = 0 — DS} yr,.(0:0)6 — S7pp, (0i0) = =S ar, (Gi0)-

Since Ty; takes a constant value and by (A.3) and (A.4), T}; is a contraction mapping
from B; (/7| gio ||, + W} to itself, where B;(r) represents the r-ball in (0;, ||-||;). By the

Contraction mapping theorem, there exists a unique fixed point ¢’ € B;(/m; + W)
such that TM(H’) = 0. Let 0, = 0' + 0, then Sf,,, (6,,) = 0. Obviously, ||, — Oill: <

\/mngOHHl (Nh 1/2
We fix an i € [N] and assume both 7" and N approach infinity. Let £y = {max;<i<r || Z¢]]2 <

crY @}. Proposition A.2 says that when C is large, £y has probability approaching one.
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Write Epre = {||Zi]]2 < CTY*}. Then &y = NL,Exny. By Lemma A2, &, implies that
| Rilalls < Ci(h* + CTY®).

Consider another operator
T5,(0) =0 — Si pim, (0, +0), 0 €6,

For i € [N],t € [T, define

<RiU’it7 9)1']8]”7,5

i, Uit; 0 ~ ~ , 0 €06,
It is easy to see that on &y, for any 6, = (81, ¢1),02 = (B2, g2) € ©;, by Proposition A.1,
||(¢2Mt( zt:el) szt( zt792))R Uzt”
o |<R1Uzt761 92>z| X ||R1Uzt||z
- =~ —1/2 , & ley,
C;CTV(h, '~ + CTV/e)
_ (91 — 92)(Xit) + Z{(B1 — B2)| x || RiUsl| .
C,CTY (b, ? + CTV/e) e
01 — Os))s supCTVCi (b /? + CTV®
I — Pallmp TGl ey <16 - Olliss: (AS)

C,CTVe (b 4+ CTV)

Notice the following decomposition:

TQ%(Q) = 60— SZ}MJM(Q + 0771) + Si7M777i(0m) - Si,Mﬂh' (9771)
= 00— DSiaMﬂh(em)e - Sin,m(em)

We first examine S; as,p, (6),) as follows:

S%M,m(em) = 5 Mm(em) - E(Si Mn; (9772.))

= —= Z it = (RiUis, 00,)1) RiUs — E((Yie — (RiUs, 0,)i) RiUs)]
1
= _f Z[eitRiUit - E(eitRiUit)]

T
Z [(RiUit, Oy, — Oio)i RilUis — E((RiUiy, 6y, — 630):i RiUs)]



Define &;; = e R;U;;. Following Dehling (1983, eqn. (3.2)) and Bradley (2005, eqn. (1.11)),

T
EH Z[eitRiUit - E(eitRiUit)]H?

= EHZSN& Szt

= Z 51157 gzt’ - <E(§zt>7 E(gzt’»l]
< Z {2 E(allF)

It follows from Assumption Al (a), (¢), (d), and Lemma A.2 that

af2 o a/2
E(&llf”?)? = E(leal®?|RU||5")?
< E(lex|)E(|RiU|2) < cohy®?,

where ¢ is an absolute constant. The existence of such ¢ is due to the fact E(|ex|*) < oo
and E(||Z:||3) < oo. Therefore, it follows from Assumption Al (b) that there exists an

absolute constant ¢; such that
T

E” Z[eitRiUit — E(eltRlUZt)]Hf S ClThzl.
Similarly, it can be shown that

T
B ZKRiUit, On; — 0i0)i RiUsy — E({(R;Us, 0y, — 0i0)i RiUs)] ||Z2

T
< ) Is(p(Jt—£1)/2) B[R Ual|2) )6, — Oioll?

tt'=1
/ -1
< Th; ",

where ¢ is an absolute constant. The last step follows from Proposition A.2, i.e.,

E(|RU||2) = O(h;*"?)

7 Y

and the fact [|6,, — 0,7 = O(n; + « ) and the condition 7; + = O(h;).

L
Nh;



Therefore, we can choose ¢y to be large such that, with the probability approaching one,

115wt (O )|l < c2(Thy) 2.

On &y, for any unequal 6;, 0, € ©;, define

)
Ci(1+ b )161 — 65

Write 0 = (3, ¢g). Hence, by Lemma A.2 (A.2),

1611 sup

i

IA

L,
161 — 6217 <

< 6 7= >~ Uy i
11 C2(1 4 hy ' )2]|6) — 62

This means that 6 € G;(p;) with p; = C; ' (n; *h;)Y/2. Since n; 'h; goes to infinity as (N, T)

does, it is not of loss of generality to assume that p; > 1. Define

T
Lisnr Z w@ Mt m R'Uit - E(%‘,M,t(Uit; H)RiUit)]-

It follows from (A.5) and Proposition A.3 that, with probability approaching one,

wy  VTIZaO)l
0€G;(pi) \/—J (pz, ||0||z sup) +1

< Cor/log N + loglog(TJ;(p;, 1)). (A.6)

Since h; = o(1), assume that h;' > 1. Tt follows from Lemma A.2 (A.1) that

(12 ((RiUz‘t79>z‘—75MtRz‘Uit> I

IN

B (B, 0l ey, | RUl: )

M,t

IN

M.t
Cin B ((1+11Zil12) ey, )
Cihi 2B (1 + (| Zil|o))™ ™ P(E5,,) 2

1-2/a
O 2B (14 | Zlo)) (LEM >) | (A7)

B ((1+ 12l e, Cilh; 7 + 1 ]1))

IA

IN

IN

ceT

Consequently, with probability approaching one, for any unequal 61,60, € ©; On &y, it
follows from (A.6) and (A.7) that



1T2:(61) — T2:(62)]]:

1 T
= |- UG8~ bR~ BB 00 1))

t=1

(2

T
1 _
= |- RO~ ERT ORI x 161 - BaCil1+ 1)
t=1

%

= |6 — 6a];Ci(1 + ;')

T
1
(7§m&wﬂﬁw&%—ﬂmﬁwmmﬂMm

t=1

+E(R Ui, )il Rili) )

i

= 161 = 6o]:Cs (1 + h V) (_Tfl/ZciéTl/a(h;W + CTY)Zin (0) + E((R;Uyy, 9>ilgﬁ1,tRiUit))

%

< 61 = 6,),Ci(1 + B3 (T‘1/200015T1/a(h;1/2 + OTY ™) (Jy(pi, 1) + T?)

- . 1 1-2/a
x\/logN + loglog(TJi(pi, 1)) + Cih, 12 p (1+ ||Zt||2)a)2/ <%E(||Zt||§)) )

< csl|6h — 094,

where ¢3 is a constant in (0,1/2). Note that (A.8) holds also for ; = 5. The existence of
such c3 follows by condition by, = o p(\/N h).
In particular, letting 6, = 0, one gets that for any 6, € B(2c,(Th;)~/?),

1T2:(01)]: < [ T2:(01) — T2s(0)[|s + [ T2:(0)|]s
< c3l|0lls + 1|Siarm; (On,) ]
S 26203(Thi)_1/2 + CQ(T}LZ‘)_I/Q < 262(Thz‘)_1/2‘

This implies that, with probability approaching one, Ty; is a contraction mapping from
B(2co(Th;)~'/?) to itself. By contraction mapping theorem, there exists uniquely a 6" €
B(2c5(Th;)"/2) such that T;(8") = 6", implying that S; .. (6, +6”) = 0. Thus, §; =
0,, + 0" is the penalized MLE of ¢; ;. This further shows that ||6; — 6, ||; < 2co(Th;)~1/2.
Combined with ||6,, — 0iolli = O(n}> + (Nh;)~/2), we have [|0; — bi|l; = Op((Th;)™"/2 +

0%+ (NRy)~1/2). O




A.2 Proofs in Section 3.3

In this section, we prove Theorems 3.2, 3.3 and 3.4, and Corollary 3.6.

Proof of Theorem 3.2. Define

)= — ! Z (RiUi,0);)R; Uy
and .
Si(0) = E{Sim(0)} = E{—— Z( — (RiUit, 0)i) RiUi}-

Recall Sinry = Sin + PO and Sfy,.(0) = Si(0) + 9. Denote 6; = 0; — 0. Since
SLM,m(é\i> =0, we have S; rr;, (0; + 0i0) = 0. Therefore,

|Siar(0; + 0i0) — Si(0; + Oi0) — (Sine(6io) — Si(6i0))]l:

1S 0, (05 + Oi0) — 7 pp (05 + i) — (Sings (Oi0) — S5 arn, (0i0)) |l
= S5 ar0, (05 + i) + Siprm (Gio) — Siar, (Gio) i
= ||DSE 1 (0i0)0i + Sina g, (Gio) ||
= |0; + Si,na, (Gio) - (A.9)

Consider an event B; 1y = {[|0]l; < rias = Cu((Thy)Y2) + 0> + (Nh;)~/2}. For some
Cp large enough, B; 5 has probability approaching one. Let d; py = Ciryar(1+h; 1 2), where
C; is defined in lemma A.2. We have d;py = o(1). For any # € O,;, we further define
0= (89 = d;]bG/Q, where 3 = d;]bﬁ/Q and g = d;j/[g/Z Then, on event B; s, we have

18]l s < Ci(1 4+ B 2)10]l; = Ci(1 + by )di L 10]1:/2 <

l\:)ln—

Meanwhile,

—2 —2 —2

; d; d:
WM WM WM _
4 1(77%”9”H) < 1 ; 1”9”@2 < 1 n; ! 2 v <O 2h 1.

Igll7, =

Let p; = C; ' (hin;Y)Y2. Then ||g|lz, < pi. Therefore 6 € G;(p;). Since (n;h; ') — oo as
(N,T) — oo, p; > 1 in general.
Recall Eyry = {[| Z]|2 < CTY*}, as defined in the proof of Theorem 3.1. Let

(RiUis, 0)ilg,,,
2dy CCTV o (hH? 4 CTVe)

ZMt(Un,H) 0 € O,.

8



Following the proof of Theorem 3.1, on &y, for any 6; = (81, g1),02 = (B2, g2) € O;, we have

1014 (Uits 01) — G (Ui 02) RiUss i < 1101 — B2l sup- (A.10)

Define .
_ 1 _ _
Z?M(g) = T m ZW?,M,t(Uit; 0)R:Uis — E(ng,t(Um 0)R;Uy)].
VT t=1

It follows from Proposition A.3 that, with probability approaching one,

o VT2, @)
p
0€G;(ps) \/_J (pm HQHz sup) +1

< Cov/log N + loglog(TJ;(p;, 1)). (A.11)

Therefore

10; + Si,na,m; (Bio) ||
= ||S; M(9' + 60i0) — Si(0; + 0i0) — (Sinr(6i0) — Si(0io))lli

= |7 Z [(RiUit, 0:)i RiUis — E{(RiUys, 0:)i RiUir}]

i

M,t

T
1
= g (RiUit, 0:)iley, , RiUit — E((RiUit, 0;)iley;  RiUi)] — E((RiUit, 0i)ilec, RiUst)
=

%

= ||2dy GOV (h M 4 O (ﬁng(é>) E((RiUy, 0:)iIec. R;Us)

M,t

%

< 2dy CoCCTV Y (02 4 CTV ) <\/TJi(pi, 16]]:.5up) + 1) Vlog N + loglog(TJi(pi, 1))
10 ) 1 1-2/a
e Emwwamw>M(~Ewaw0 . (A.12)
carT
OJ

Proof of Theorem, 3.3. Define 6" = (B;, h,/*G)), 63 = (85, hi'*g%), and Rtu = (H h}PT),
where 6% = (id — P;)0;0. From Theorem 3.2, we have

16; — O30 + Sinrm, (Bi0) i = Op(an). (A.13)

Since

T
1
SzM'rh Z R Uzta 10> )R Uzt + P‘gz() — T 7 ZeztR Uzt + P‘gz(]a

t=1 t=1



Theorem 3.2 can be re-written as

T
~ 1
||9Z — ‘9:0 — ? Z eitRiUit”i = OP(CLM). (A14)

t=1

It implies Hﬁz o= T Do 1elth |l = Op(aM) Further, we define Rem = 0; — 0r —

T Zt LeiRiUy and Rem" = @l O — L5 1eztR U;. Then

T

|Rem” — by Reml|; = H <(1 hi'*)(Bi = By — = ZethUt )

. L1 ;
Bi — Bl — T Z eitH((]i)t)
t=1

i

) = Op(aM).
2
Therefore, ||Rem”||; < ||Rem” — hi/QRemHi + ||h3/2Rem||z- = Op(an).

The idea is to employ the Cramér-Wold device. For any z, we will obtain the limiting
distribution of TV22/(3; — B%) + (Thi)"*(Gi(wo) — g (20)), which is TY2(Ryu, 8 — 6:1); by
Proposition A.1, where u = (g, 2).

Since TY2h='2ay; = o(1), we have

<(1-hn""0 (‘

T
1
T'?(Ru, 0! — 0 — T Z i Rl Ui )

t=1
< T'2||Ryull;| Rem" ||
= Op(Tl/zh_l/Z&M) = OP(l).

Then, to find the limiting distribution of T%2(Ryu, 6" — 61);, we only need to find the
limiting distribution of TY2(Ryu, % >°/_, eaRIUsy)i = T~ V2 31 el Hyo + hl/QT(Z (20))-
Next, we use the CLT to find its limiting distribution.

Define L(Uy) = Z/H((]?t + hl/zT((]?t (x0). Since €; and vy are i.i.d. across t, we have

T
sp = Var (Z ealZ HY) + W' Ty (wo))>
t=1

=T -Var (e;L(U, Z Cov (ey, LUy, ), €it, L(Uy,))

t1#t2

=T E{L(Uy)*} =T E{euxL(Uy) +ZCOU eit, L(Us,), €, L(Uy,)) . (A.15)

t1#t2

10



For the first term,
E{elL(Uy)*} = E{(ew — Aity)? L(Uy)?*} = 02E {L(Uy)*} + E {(Ai0)*L(Ua)?} .
From Cauchy-Schwarz and Holder’s inequality, we can show that
E{(Aw) L(Ui)*} < [AE {II0e]l3L(U)* }
< a3 (E{lalsh? (B{ILwa=}) ™ .
We next will find the upper bound of |L(Uy)|.

L(Uy) =2'H) + b1 ()
=2 (Q + 20) 12 — 2 (4 + B0) T A(Xa) + b K (20)

— B2 AN 20) (i + 25) 7 Zy + P A (0) (% + ) 7 A(Xa).
By the proof of lemma A.2, we have

12/(Qi + 30) 7' Zy| < e Z4| < ersl| Zuos
‘Z/(QZ + El)_lAl(th)| = ‘Z/(QZ + Ei)_l/Q(Qi + Ez)_l/zAZ(Xlt)‘

<V (Q + 55) e ALK (2 + 50) 1A (Xir)
o1/

7 )

S CQZ
| AL(20) (% + 20) " 2| < el V2 Zullo,
K, (@) < €27,

| A7 (o) (i + B0) " Ai( X)) | < 71 C2,C8 0T,

where ¢, = ¢'|z]l2, 2. = ¢;'C,.Cq,||12]|l2, and ¢35, = ¢;'C,;:Cq,. Combine all these

inequality together, we have
L(Ui)| < sl Zlls + sy 2,

)

_ _ 2 —12 2 .
where ¢y, = c12 + ¢35 and ¢5; = ¢, + O3, + ¢ O ,C¢,. Therefore, there exists a constant

11



Ce~, Such that

20
EﬂummﬁﬁZE{bﬂzM+%mf”%}

S%4Eﬂmwﬁ+m“)

2 JR «
< . (B{IZI5Y7 +177).

Since Z; = (f1,, X;) and X; = '} fi; 4+ T for + 04, we have

E{1ZsH = B { (1 full3 + 1%8)"" }
<o (B{IAullg} + E{I%il5})
< e (B{Ifulls} + E{IAulls} + B {15} + B a5,

where ¢; and cg are constants. By Assumption A1, E{|fi:l15}, E{llf2ll$}, and E {|vi|*}

are finite. Using Marcinkiewicz and Zygmund inequality in Shao (2003), we can show that

d 1 X
< €10 77a N1-a/2 21 E{vy}

1
= Or (W) ’
where ¢9 and ¢y are two constants. As N — oo, E{||Z:]|$} = Op(1) and E {|L(Uzt)|ﬁ} =
Op(hi_ﬁ). Thus, we have

2a

E{(Am)PLU)*} < I8 (B {Imlsh”™ (B{ILwa)@=}) © =0

12



By assumption (Nh;)™' = op(1), we have E {(A;9,)2L(Uy)?} = op(1).

Next, we will find the order of E {L(U;)?}. As it is shown in Cheng and Shang (2015),
as n; — 0 and T — oo, E (|L(Uy)[*) = a2, 4 2(2 + Buy)' Qi ay + (2 + Bay)' Q' (2 + B, ) for
any given z.

From above derivatives, we have found the leading term of the first term in Equation

(A.15). Now, we turn to the second term. It is straightforward to obtain that
E{eal(Ua)}’ = E{(ex — M) L(Ua) Y < | ANBE {03} E {L(Ux)*},

where E {||5]2} < E{||5,]|3}¥* = Op(1/N) and E {L(Uy)?} = Op(1). So E {eyxL(Uy)}* =
Op(1/N). So the second term is of a smaller order than the first term.
For the last term of Equation (A.15), we can show that

Z CO’U em ztl) eztzL(Uitz))

t1#t2

T
< Z |Cov (Aivy, L(Usy, ), Ai0y, L(Uss,)) |

t1 #tg

<8Z (1t — ta]) =B {| Ay, LU, )2}

t1#£t2

<82~ 4/az Z 6(Ity — 1)V B {| Ay, L(Uy,) |2}

t1=1 to=1,ta#t;

where a(|t; —t2]) and ¢(|t; —ts|) are the a—mizing and ¢p—mizing coefficients for A; v, L(Uy;).
We have 2 - a(|t; — ta]) < ¢(|t1 — t2]). The second inequality is from Proposition 2.5 in
Fan and Yao (2003). Similar to Equation (A.16), we can show that E {|A;0,, L(Uy,)|*} =
Op((Nh;)~/?). So E{|Ai@t1L(Uit1)|a/2}4/a = OP(NL}”). From Assumption Al, we have
Dt nt, Ot = t2])1 74 < o0, Thus,

T
t;Q COU eltl ltl) elt2L(Uit2)) - OP(th)

Again, the third term of Equation (A.15) is of a smaller order than the first term.

To combine all above equations together, we have

1 1
?s% — o2 or Ts?p — (1)U (1),

13



where 02 = 02 (a2, + 2(2 + By)'Q; gy + (2 + By (2 + Bay))-
In order to use the CLT with mixing conditions, we need to show E {|eitL(Uit)|a/ 2} is
finite.

B {17} < B (e} (1L}

o) 172
SCGZE{|€it|a}1/2E{||ZtHg+hi /2} :

Since E{||Z:]|$} = Op(1) and E {|e;|*} < oo, then E {]eitL(Uit)\an} < 0. From the above
proof, we have E {e;;L(U;)}* = Op(1/N), which implies

E{exL(Uy)} = Op(1/V/N). (A.17)

Then F {\eitL(Uit) — E{eitL(Uit)}\am} < 00. Since ¢—mixing condition is stronger than
a—mixing, by the Theorem 2.21 of Fan and Yao (2003), we have

% (Z (e L(U) — E{eitL(Uit)})> 4 N0, 02).

Proof of Theorem 3.J. Notice

—(Qi + %) Vi(Gi, Wigs
eio—ez'*ozpieioz( ( M ) V(G Wgo) )

Wigio + Aj(S% 4 %)~ Vi(Gi, Wigio)
Hence the result of the theorem holds if we can show that, for any = € A},

VTE(exUy) = 0p(1),
ThiE(eqHY (),

VT (Q; + %) Vi(Gi, Wigio)

VT hiAl(x) (9 + )" Vi(Gi, Wigio)
oy =Py =0,

Tl,gfolo \/T_hiwigio(x) = 0.
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First by (A.17), we can see that the following hold true:

VT E(eitUZ(f)) = Op(\/T/N) = op(1),
VThiE(eyH = Op(\/T/N) = 0p(1).

Similar to Shang and Cheng (2013), we have

0)
Wil = P01y >,

1+ np "7

Now we see from A3 and (A.18)

i Pv
‘/z( zkanzo ZV zka@y (gz 790(y))—<l)
v>1 1 +nzp1/

So by Cauchy’s inequality,

(i)
WV iy

Vi(Gin Wigio))* < Y [Vi(Gi, 51 = 3 Vilgio, o) P2 —

1+ )

v>1 1+ nzpl/ v>1 ( n; Pv

(%)

mi const Y |Vi(Gig, SO(Vi))IQM(Z)
vzl L+mipy

IN

(4)

; i Pv
< n; const \Vi(Gig, SO(VZ))|2]€V—¢
; (1 +nmips) )k,

< 1; const ,

For || A; i ||sup, by definition,

(2)

3 ) ‘/’L GZ 9 14 7
Ais(e) = (g KOs < Vil G K = 37 WG 0) i)
=1 LAy

By boundedness condition of go,(f) (Assumption A3) and Cauchy’s inequality, we have

[A(@)P <Y IVilGan o) PRl !Z

v>1 v>1 1"‘771 )
< const Z\V ks PSR Z
v>1 v>1

15
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The above holds uniformly for all x € &;. So
VT(Q + %) 7 Vi(Gi, Wigin) = O(v/Ths) = o(1),
and

By the above uniform boundedness of A; ;, we have 8, = 0. Similarly, by (A.18), we have

V;(Gi,k; Spl(fi) i) (i
VlCuae ), 000

: (2).
v>1 1+ mpl(/)

Hence
2 77“01/
Widin(@)? < D IVilGins o) PR 08 !Z
v>1 v>1 1"‘771 )
< const Z\V ik @)k, Z
v>1 v>1 ko

and this rate is uniform for all x € &;. So a, = 0. By definition of RKHS and W},

(Wigio(z)| = [(Wigio, KV).il
= n:{gi0, K3, |
< Ka(cZ)| Hi
< Viillgiollu\ (EY, K9,
< Vi O(h; /)
~ owarm
Thus /Th;W;gio(z) = o(1). O

Proof of Corollary 3.6. By (2.5),
Yie — i(Xit) — Zt/gz = € — AT+ (9i0(Xi) — 9:( X)) + Z,(Bio — Bz)
Hence ZtT:l{Y;t — gi(Xu) — ngﬁz — e )?)T < 423:1(/11,5 + Aoy + As3)/T, where Ay =

| ABIZel13, Az = (gi0(Xie) = Gu(Xia))%, Asi = [ Zil311B; — Bioll3. By uniform boundedness
of A; and i.i.d. of vy in Assumption Al, we have E(A;) < ||A||3¢r(3,)/N, where %, is

16



the covariance matrix of v;. So Zthl Ay = Op(1/N) = op(1). Also, by Lemma A.2 and
Theorem 3.1,

g0 = Gillswp = Op (i (1610 = Billi) = Op (b ri ).
So it follows that S| Ay /T = Op(h;'r?),) = op(1). By Proposition A.2, Lemma A.2 and
Theorem 3.1 , we have As; = OP(T2/ar3M) uniformly forallt =1,2,...,7T. So Zle Ag /T =
OP(TZ/%"Z‘Z,M) = op(1). Hence Zthl{Yit — 0i(Xit) — 22@}2/T - ZtT:1 €it/T = op(1). The
result follows by applying Law of Large Number: Ethl 2 /T — o2, in probability. O]

A.3 Proofs in Section 4.2
We prove Theorem 4.1. Let us first introduce some notation. Define

Fl, = (fn,fm, -"7f1T)7F2/ = (f21>f22, ---,fQT),

€ = (611,62'2, ...,eiT)',ei = (62‘17612, ...,eiT),

X = (X1, Xo,...,X7),0 = (0,0, .., 07), X = X — 9,
P.o=Ip —7(2,2.)" 2,2 =7 — Z,.

We can rewrite (2.1) as (Y;—(Kx,, g0)) = 7, Fi+73..F5+€;, (2.2) as X* = X—v = [ F{4+T4 F}

and (2.5) as Y; — (Kx,, go) = Z'f3; + e;. Notice that we have Z = (Fy, X', Z, = (Fy, X*)'.
By definition, we have ZP = 0,Z,P, = 0. Hence F{P = 0,XP = 0,F|P, = 0, X*P, =
0, F3P, = 0. Define Sy, (9) = E{Sum(9)|F{}. By the proof of Lemma A.1, it can be easily
shown that DSy, (9) = id, for any g € H. We also have

1K * < Con, sup flg ()l < Coh™2|g]I- (A.19)

The proof of Theorem 4.1 also relies on the following Lemmas A.3, A.4 and A.5. Proofs

of these lemmas are provided in supplement document.

Lemma A.3. Suppose that Assumptions A1, AJ and A5 hold. Then the following holds:

E(|[P = Plop) = O(N™'2), (A.20)

[T T
1o _ TV — B T —
121%)](\[ | E{5, F5(P — Py)Kx,|F] }| = Op ( N + N\/E) , (A.21)

E(|ZZ') o) = O(T/N). (A.22)

17



where Fy = (fo1, ..., for)'.

Lemma A.4. Suppose that Assumptions Al, Aj and A5 hold. Let p = p(M) > 1 be
an FL-measurable sequence indexed by M and let (X, g) : RT x H — RT be a measurable
function satisfying ¥(X,0) = 0 and the following Lipschitz condition:

10X, 91) — (X, g2)ll2 < L/ R/T||g1 — gallsup, for any g1,92 € H,

where L > 0 is a constant. Then with M — oo,

sup [ Zus(9)ll = Op (14 Vioglog (NI (p, D)(J(p, 1) + N1%))

9€4(p)
where
| N
Z = X;, 9)'PKx. — E{¥(X;, ) PKx.|FL}.
wm(9) \/N;W 9)'PKx, — E{(X;, 9)' PKx,| 7y }]
Lemma A.5. Under conditions in Theorem /.1,

Sa04(9)]| = Opl(—mme + <) + 0p(y/)

— 0] .

ML= PN NTE N Y

Proof of Theorem /.1. The proof consists of two parts.
Part one: Define T1(g) = g — S}, (9 + g0). So

Tl(g) =g— DSXJJ](QO)Q - SX/[,n<g0) = _SX/L?](QO)'

So we have

1 N

15350 (90)ll = 1 EA =577 > (Vi = (Kx,90)) PKx, + Wygol FY |

N
1
= ||E{—ﬁ > € PKx, — Wygo| FI }
i=1
N

1
= 1B{-%7 D (ViFl 475, Fs + €) PKx, — Wygol F{ H|
=1

N
1
= E{-+7 > Vs FaPKx, — Wygol FYHI,
i=1

N
1
= 1B {7 D FUP = P K, = Wogol FTH)

=1

18



where the second last equation is using independence of ¢; and X, F, F5. By directly calcu-

lations,

W90l = HSIHJP1 (Wh90, 9)| = ”Shlpl 11(g0, )| < ”shlp1 Villgollzvmllglla < vnllgollx-
gll= gll= gll=

For the first term, by Lemma A.3,

1 1
+
VNTh NvVh

N
1 / /
| E{= 7 D_%:F5(P = P)Kx | F H| = Op( )-
i=1

As a consequence, [|S3,, (90| = Op(1/VNTh + 1/(NVh) + /n). Hence with probability
approaching one, we have

1 1 ~
v v TV E

ITi(g)ll < €

for some constant C' > 0. Notice that T} is also a contraction mapping from B(0,r) to
B(0,7), so there exists a §; € B(0,7) C H such that, Ty(g1) = g1. By Taylor expansion,

g1 =T1(q1) = g1 — Sy, (91 + 90),

and hence it follows that Sy, (g1 + go) = 0. Let g, = g1 + go, and with the probability

approaching one we have,

1 1
— <C + + , Sh =0. A.23
Hgn gOH = (\/N—Th N\/E \/ﬁ) M,n(gﬁ) ( )
Part two: Define T5(g) = g — Sm(9, + ), for any g, Ag € H. Since
Ag = DS}, (9)Ag

N
1 /
= E(DSuy(9)Ag|F]) = NT > E{niAg'PKx, + W,Ag|F{ },
=1

19



we have that

1T2(g91) — Ta(g2)l = |l(91 — g2) — (Samrn(gy + 91) — Snn(gn + 92)) ||
= [[DS},,(9)(91 — g2) — (Snrn(9n + 91) — Saap(gn + 92)) ||

1
= ||ﬁ Z{Ti(gl — 92) PEx, + Wy(g1 — g2)

—-F (Ti<gl — 92)'PKx, + W (g1 — 92>’-7:1T)}H

N
1
= HW Z{Ti(gl - gz)lpKXi ) (Ti(gl - Qz)lpKXi 1 )}H
i=1

k(g1 — g2)l|»

where k(g) = SN | (rg PKx, — E{1i¢' PKx,| FF'})/(NT). Let U(X;, g) = Vhr;g/T. Tt follows
that, for any g1, 9> € H,

Vh
[V (X, 91) — ¥(Xs,01)]]2 < THTi(Ql — 2|2

Vi | < h
< T Z lg1(Xit) — g2(Xi) |2 < T”gl — 92||sup-
=1

Let g = (g1 — 92)/(coh™?||g1 — g2l|), then

Hgl - g?Hsup
19 lsup = <1,
Tcph 7291 — gol]

and
o —golle 1

Gnlln = < :
H 77H7-l C@h_l/ZHgl _92H Cp /—h_ln

So g € G(p), with p =1/(c,/h~1n). By Lemma A .4,

| Z0i (g1 — g2) |
coh 2|91 — 9ol

— 2@ = Or (1 + Vg log (NI D)(J(p. 1) + N72)) = Oplbw,).
So by assumption by, = op(v/Nh), we have

591 — g2) || = ||\/——ZM(91 — g2l

bn
ey lg1 — 920 () = O (22191 — gl = 0p(1)lg1 — gl
C<P\/Nh”gl 92110p (bn p) P<\/Nh)Hgl 92|l = op(1)|lg1 — 92|
(A.24)
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where the terms Op,0p do not depend on g1, go.. Hence with probability approaching one,
uniformly for any g1, ga, | T2(g1) — Ta(g2)|| < 3llg1 — gal|- Also with probability approaching

one, uniformly for g,

IT2(9)]l < 1T2(9) = T(0)[] + [ T2(0)]| < %HQH + 11S0(gn) -

By Lemma A.5, with probability approaching one,

ISua(o)l £ € (o 4 <o V) = RI2

for some C' > 0. Hence with probability approaching one, it follows that sup <z [|72(9)[| <
R/2 + R/2 = R. The above implies that T, is a contraction mapping from B(0, R) to
itself. By contraction mapping theorem, there exists go € B(0, R) such that g, = T (g2) =

92 — Smn(gy + g2). Hence Sy, (g, + g2) = 0. So g = g, + g2. Therefore,

1 1
VNTHh * NVh - ﬁ) '

HE—%HSH%—gﬂ+H%H=OP<

A.4 Proofs in Section 4.3

We will prove Theorems 4.2 and 4.3, and Proposition 4.5. Let us introduce some additional
notation and preliminaries. Let m be the increasing sequence of integers provided in Theo-
rems 4.2 and 4.3. For any fixed zq € X, define Viyr = ﬁ Zf;l Kx,(x0)' PKx, (%), ANt =
Vor 2. Let Vg = SN ¢ PD;6 /(NT), A = Virl? and Hypp = 32N, ®/ PO, /(NT),

where

901<Xi1) <,02(X1'1) ce @m(Xz‘l)
o — | AlXi2) e2(Xia) o om(Xin) by = <<P1(~To) p2(z0) om0 )l
1 b m 1+/]7p171+/]7p27 71+77pm *
o1(Xir) @a(Xir) - pm(Xir)

The proof of Theorems 4.2 and 4.3 rely on the following Lemmas A.6, A.7 and A.8.

Proofs of these lemmas can be found in supplement document.

Lemma A.6. Under Assumptions A1, AJ and A5, suppose m = o(v/N), then | Hyrm —
ImHF = Op(l), )\I;}H(HNTm) = Op(l) and )\max(HNTm) = Op(l)
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Lemma A.7. Under Assumptions A1, A/ and A5, suppose h™" = op(v/N), D,, = 0p(1)
, then for any xy € X, Ayt = Op(1).

Lemma A.8. Under Assumptions A1, AJ and A5, suppose D, = op(v/N),m = op(vV/N),

for ant xo € X, we have
/ 2 : / 2
ANTm NT ¢ q)PGZ —)N(0,0’e).

Proof of Theorem 4.2. Let g = g — go. By the fact DS}, (go) = id (see Section A.3) and
Smn(g+ go) =0, we have

19 + San(go)ll = 1DS3r,(90)g + Srry(go)l
= 1S3, (9 + 90) = Shr,(90) = Saen(g + go) + Sarn(go)ll
N
]‘ ! !
= ”W > (1ig' PEx, — E(rig PKx,)) + Wyg — E(W,g|F])||
=1
< |x(9)ll,

where k(g) is defined in Part two of the proof of Theorem 4.1. By (A.24) with g; — go therein

by p

replaced by g we have ||k(g)|| = Op(

lo-+ Swuatan)] = Or (22 gl = 0n (P22 (v o 1) ).

For fixed zy € X,

7)llgll. Hence

Anrlg(zo) + Suy(go) (o)l < Antllg + Sarn(90)llsup
< cph™2(lg + Sara(90)ll

bN 1 1 n
= O L ( + =+ —))
P<\/Nh JNTh  Nh ' \h

A

Since gy € H is fixed,
[Whgoll = ”§1”1p1<ano,§> = ”§1H1p177<go,§%{ < ”S~1H1P177HQOHHH§HH < Villgolln- (A.25)
gll= gll= gll=

It follows from (A.25) that [|[Wyg0ll < /190l = Op(y/7), and hence

[Wygo(z0)| < coh™ 2| Wygoll = Op(\/n/h).

22



Hence, we have

ANT|g(x0) + SM,n(go)(xO) B ano(l‘o)| - OP <\Z;Nﬁ’ph (

1 1 n
+—+4/7 -
VNTh Nh h))
O

Proof of Theorem 4.3. By Theorem 4.2, the asymptotic distribution of vV NT Anr(g(xo) —
Go(xo)+W,go) is the same as vV NT Anr[—Swn(90) (xo)+Wygo(x0)] = V NTANT[ﬁ Zfil(Yi—
Ti.gO)/PKXi(’IO)]'

By Y; =Tigo+Z'5; +e; (4.2), ZP = 0 (see Section A.3) and e; = ¢; — v/ A, it yields that

N
1
Anrl7 > (i = 7igo) PKx, (x0)]
=1

N N
— 1 / 1 ! —I A/
= ANT(_NT ; K, (z0) Pei) — ANT(W ; Ky (z0) PU'A))
= Anr¢ — Anté€.

Let G = 3o, ¢ @ Pe; /(NT) and &,, = 2N | ¢, ®,PTA}/(NT). To prove the result of the

theorem, it is sufficient to prove the following:

Ant — Antme = op(1), (A.26)

Ant = Op(1), (A.27)
VNTAnrmém = op(1), (A.28)
VNT(E—&n) = op(D), (A.29)
VNT(C —¢n) = op(D), (A.30)
VNT Antilm 5 N(0,1) (A.31)

(A.26) and (A.27) are guaranteed by Lemma A.7; (A.31) follows from Lemma A.8. For
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A.28), by the expression of Ayxr,, and Lemma A.G, we get,
( y p g
T
— / § / —/ !

< [l Avrmémllz X |57 Z@P’A’Hz

H¢mH2 / I' A/
< O, PU'A]
N ¢;nHNTm¢m NT Z ! ||2
< Ain (Hyrw)ll 57 Z‘DPU'A'H2

Recall A; = 74, (Tol)"'Ty = 74, M (see Assumption A1(d)), which leads to

N N N
IS @ Py a3 = Tr{(3] @PYAN (Y AP}
i=1 i=1 i=1
In matrix form, the above becomes

Tr{(®}, B}, ..., Py) Pxly Mirore' Mytn Pa(®), ®), ..., Dy)'}

S Amax(’y272/>/\max(M]/VMN))\max(ﬁﬁvﬂN)TT{Z CI);PCI),L},
i=1
where Py is defined in Section 4.1, MN =Iy® M, oy = Iy ® 0.
By Lemma A.3, Assumption Al and Lemma A.6 ;we have

A (T ON) = |22 |op = Op(T/N), Amax (M M) = Amax((TaT%) 1) = Op(1),

and N
Tr{>  ®;P®;} = NTTr(Hyrm) = Op(NTm).
=1

So it can be seen that,

)\max ! m
| Anzimém| = Op ( ](\7272) ) ,

thus

VNT Axtmbm = Op <\/ Ama"”jf')mT) = op(1),
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and hence (A.28) is true.
Similar to (S.20) in the proof of Lemma A.5 (see supplement document), it can be shown
that

Dy, Dy,
€ = &nl =Op (\/W+N\/E)' (A.32)

More explicitly, the proof of (A.32) follows by replacing Kx, in the expression of T, with
®;0,,, and by a line-by-line check. Therefore, we have

JRT — 0] = 0 (—+D f)zom),

Vi " VNE

i.e., (A.29) holds.

Let DT = o(fis, for, Xit : t € [T],i € [N]). By independence of ¢; and DI, we have
E(IC = a2 IDT) = SN, RIPR:/(NT), where R; = (Kx, (7o) — Wim) Pe;. Let Ray(-) =
> omit %’ since F{ C DT, it follows that,

1 /
B(I¢ = Gul*l ) = ENQTQZRPR )

= NTV(RxO, RIO)
_ 1 i ¢ (o)
NT v=m+1 (1 +np)*

1
< Ng%Pn

D
50 ( — G = Op(+y/ Dy, /(NT')) which implies that (A.30) is valid. Proof is completed. O

Proof of Proposition 4.5. By Y; = 1,90 + Z'B; + €;, ZP = 0,¢; = ¢, — v'Al, we have

LN
D R
e oy 2
= 7 ;(Ti(go —9))' P(ri(90 — 9)) + NT ;(Ti(gg ) Pe; + — Ze Pe;
= T1+T2+T3.
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By Theorem 4.1,

~ 1 1 "
15~ lln < ™15~ ll = O (e + 577+ /) = n(0).

So 11| < 320 3 190(Xie = G(Xae)) P/ (NT) < |G = goll2 = 0p(1). -
By the definitions of o and Z and by Lemma A.3, we have E(||[o?||op) = E(|ZZ'||op) =
O(T/N)). Hence it holds that

E(lleill3) = Elee) + E(ADU'A;) — 2B (€' A;)
< To? + E(|[ov']op) sup [|All5 = O(T).
1<i<N

It then follows from Cauchy inequality that

N
2 ~
|T2’ < ﬁg ”Ti(90—9)||2||6i||2
=1

IN

9 N
NT > leill2y/ TG = gollsup
i=1

= Op(D\/1Ig = gollsup = 0p(1),

Meanwhile, the following decomposition holds

& 1 < 2
Ty = — ' 1efL»Pei—FWZA;UPU'Ai—WZAQUPQ

N

- Z e/ Poei + (P — P.) Z AGPTA; — —— Z A5 Pe;
1

1=

T3 + T32 + 153 — T3y.

We handle the above terms T3q, T3, T33, T34 respectively. By Lemma A .3, it follows that
1 N
el < 1P = Poln 3l = Op(N™17) = 0p(1)
In the meantime,

1 _
| Tss] <—T sup HA HQZHU Hop—OP( ) = op(1),

=1
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and

2 SN e [N AT A,
T < = : _/Ai <9 i=1 "1 i=1"1 vt O

Next we look at T3;. By direct examinations,

oI — (qu +d)

1 1
E(Ts|FL) = TTT{P*E(eie;mT )} =02=Tr(P,) = o’ —

‘T
and by Chebyshev’s inequality, for any ¢ > 0,

1 B{lePeer/T — E(Ts | F) PHFT
N €2

P(|T5 — E(Ts|F)| > €| F) <

1
< WE(|€'1P*€1/T|2|ET)
1
< WEUEQGJQV'—?)
1 4 2 4
< W(TE(GH)J‘_T o)

= o(1).

So Ty — 02(T — q1 — d)/T in probability. Since T3z, T33, T34 are all 0p(1) as shown in the
above, we have Ty — 02(T — q; — d)/T in probability. Proof is completed. ]
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B Appendix of “Statistical Inference on Panal Data
Models: A Kernel Ridge Regression Method” — Ad-

ditional Application Results

Our real data application is based on a balanced panel data of 48 countries for the period

1950-2014, the names of these countries are reported in Table B.1. Furthermore, the hetero-

geneous effects of government spending are summarized in Figure B.1, and the heterogeneous

effects of exports are summarized in Figure B.2.

Table B.1: Countries in the application

Colombia 18
Costa Rica 19
Cyprus 20

1  Argentina 11
2 Australia 12
3 Austria 13
4  Belgium 14
5 Bolivia 15
6 Brazil 16
7 Canada 17
8

9

0

—_

Congo
Denmark
Ecuador
Egypt
Finland
France
Germany
Guatemala
Iceland
India

21
22
23
24
25
26
27
28
29
30

Ireland
Israel

Italy

Japan
Kenya
Luxembourg
Mexico
Morocco
Netherlands

31
32
33
34
35
36
37
38
39

New Zealand 40

Norway
Pakistan
Peru
Philippines
Portugal
South Africa
Spain

Sri Lanka
Sweden
Switzerland

41
42
43
44
45
46
47
48

Thailand

Trinidad and Tobago
Turkey

Uganda

United Kingdom
United States
Uruguay

Venezuela

28



00 o2

—0.2

0.00 0.10

—0.15

0.0

—0.4

o.10

—0.05

0.4 0.2

—0.4

0.0

—0.4

3 5
: = _Aa ¢ :
° g /\ : /\M
A g K s 8 o
s S ° b
G
N . N
3 y : 3 =
008 010 012 014 009 011 013 015 014 015 016 017 018 014 016 018 020 005 010 015 020 025 030 010 015 020 025
pub pub pub pub pub pub
7 8 9 10 1" 12
0 o
: ’ SN . A s
s N 1 °
S [ ° °
8 | ! b
° v Ve o o
9
2 g S i 9
T T T T oT T T T T T T T ! T T T T T T T T T T T T T T T T T
02 014 016 018 1005 006 007 008 02 04 06 08 008 010 012 014 016 010 012 014 016 018 008 012 016 020
pub pub pub pub pub pub
3 1% 15 16 17 3%
g S g
X =] pes ]
15
’k\ ) : /\% S ) R
o
0 5 s i e
S \ E i E
% 3 M 8 3
2 o ?

T T T T T T o T T T T T T ° T T T T ' T T T T b T T T T T e
012 013 0.14 0.15 046 017 018 T 014 016 018 020 022 0.4 010 015 020 025 030 01 02 03 04 05 010 042 014 016 0.18 012 0.14 016 0.18 020 022 024
pub pub pub pub pub pub
19 2 2 2 7 2

° o
o s S
° ° g == 3
e —— /\\ E\\/\ F A 3 - °
2 ° ° /\‘ g
s
=N V ﬁ ‘N=g
: : : 3 2
T T T T T ik T T T ST T T e T 7 T T T
014 016 018 020 022 014 016 018 020 02 '008 009 010 041 0f2 013 008 012 016 020 012 014 016 018 020 02 0.10 015 020 025
pub pub pub pub pub pub
% % 7 » » 0
o
e ° °© ° %
S S =) / I S
7 i ? 7
o o
t//f:/ y 2 ‘ : )
T ! e — T T T ! T T T T T Ehe T T T
025 030 035 040 045 013 014 015 016 017 015 020 0.25 010 015 020 025 015 02 025 030 03 010 012 014 016
pub pub pub pub pub pub
3 2 B u £ %
° o
s : ° g
° 0 [ W o
s g o S °
S S s
7 7
w . . /
= : : ; \ ;

T T T T e S e S S ST T T
010 015 020 025 030 035 0.05 0.10 0.15 014 016 018 020 022 012 0.14 0.16 0.18 020 0.22 015 017 019 021 010 042 014 016 018 020
pub pub pub pub pub pub
5 ) £} [} 4 2

<

- c
] /\f\ % o
- - S| Q o °

° ; ° =4 A

i v
S
7

- ] <
% : : : 3 3
7

T
010 0.12 0.14 0.16 0.18 0.20 022
pub

“

T T T T T T
016 018 020 02 024 026

T
010 015 020

T T T
0.05 0.10 015 020
pub

[

—_
7

pub
5 a
] 0
’\/\ ° ° 8
s o o
s
e E 3
- 3 - B
g S 5 7
3 \%N A
9 g z J =] .
° 3
; 7 ; s 3 St §

T T
010 015 020
pub

Figure B.1:

— T T
008 010 012 014 016 0.18
pub

— T T
012 014 016 018 020
pub

29

— T
010 011 012 013 014
pub

T
015 020 025 030
pub

Heterogeneous effects of government spending

I s e
008 010 012 0.14 016 018
pub



o.10

—0.05

—0.20

0.04

—0.02

o.10

—0.10 0.00

—01 01

—0.3

—0.2

—0.5

0.2

0.0

0.2

0.0 0.2

—0.2

—0.1

0.3

1 2 3 4 5 6
o 8
e ol 2 -
N ——— g °© >
S 8 o -
Ny B n =~ - = : ;
s : o = ]
T e e e St —T————— S 3 ——————
-0.02 000 002 004 006 008 To-002 0.00 0.02 0.04 ! -0.10 -0.08 -0.06 -0.04 -0.02 Lo.10 -0.06 -0.02 0.02 -0.05 0.05 0.15 025 -0.04 -002 000 002 004
xm xm xm xm xm xm
7 8 9 10 1" 12
°
VN s e
8 s ° s
A i A B N
o 1 ]
H
= 1= g =
—— 8 ° g 2 o
s ] § b 2
0.00 0.02 0.04 0.06 -0.05 0.00 0.05 0.10 -0.04 000 002 0.04 006 =002 -0.01 000 001 002 -020 -015 -010 -0.05 0.00 -05 -04 -03 -02 -01
xm xm xm xm xm xm
13 1 15 16 17 1%
o
e “ R °
s y °© °
N 8 o A A 3 \/ ¢ )
U= 2 : ‘
: 4 oV 3 sle=—
T T T 9 T T T Che T T T = T T T ' T T T T T
-0.05 0.00 0.05 =010 -0.05 0.00 0.05 -0.05 0.00 0.05 010 -0.15 -0.10 -0.05 0.00 -0.12 -0.08 -0.04 -005 000 0.05 010
xm xm xm xm xm xm
19 20 2 2 28 %
o
- © e
= A A . : 8
i H . . E m
i ° J °
3 : Hiae— g
T T T T ! T T T T T T T T T T T T T T T T T T T ! T T T T T ! T T T T T T T
-006 -004 002 000 -012  -008  -004 0.00 -0.14 -0.10 -0.06 -0.02 -004 003 -002 -001 000 -02 -01 00 01 02 03 -030  -020  -010 0.00
xm xm xm xm xm xm
%5 % a 28 29 30
° N
° ° 8 c
e : S
: : |
R >
; e S e i
° 2 5 ‘ 8
- S o 1 °
T —— S — T Y el T T T T T T T ! T T T T
-0.30 -0.20 -0.10 -006 -004 -002 000 002 -0.04 -0.02 000 002 004 -020 015 -010 -0.05 -006 -004 -0.02 000 -05 04 -03 -02
xm xm xm xm xm xm
3 2 k) u 3% 3%
© ° 2
S s °
o 8 S g 8
° o ’\ =] =)
S
= = | . =
g 2 S o 8
3 z 2 g
T T T T T T T 1 T T T T 1 T T T T T T T T 0‘ T T T T T T T T T T
-018 014  -010 -0.06 -0.04  -002  0.00 0.02 -0.10 -005 000 005 010 -02 0.0 02 04 -0.05 0.00 0.05 -0.05 -0.03 -0.01
xm xm xm xm xm xm
K ¥ £ 0 o 2
° ° o
s s o °
P —— - N .
: : ° NP
3 N H ?:::// 21 ‘
o o o
z g i g ¢
T P T T T ol T T v T T T [l e e e e T T T T
-0.04 -002 000 002 004 -008 -006 -0.04 -0.02 -020 -0.15 -0.10 -0.05 -0.10 -0.05 0.00 0.05 -0.06 -0.02 0.00 002 0.04 00 0.1 02 03
xm xm xm xm xm xm
LY “ s % a 8
o
’\—A 3 § ‘
o S ’K/‘
- 0
: Nl
. \% \/il JBE |
1 3 i 3
-010 -0.08 -0.06 -004 -0.02 -010  -005 000 0.05 -0.10 -0.06 -0.02 0.02 ! -006 -0.04 -0 0.00 0.00 0.05 0.10 0.15 020 025 0.30 -004 -002 000 002 004
xm xm xm xm xm xm
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