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A  Proofs of Main Results

This supplementary appendix to our paper (MacKinnon, Nielsen, and Webb 2019) contains
mathematical proofs of all theorems.

A.1 Proof of Theorem 1

The result in (19) is an immediate consequence of Propositions 4.3 and 4.4 of Davezies et al.
(2018), where (16) is assumed. Under (17), there is clustering only at the intersection level,
and under (18) there is no clustering. Both of these are special cases of one-way clustering,
so that (20) and (21) follow from Djogbenou et al. (2019) after noting that our assumptions
imply that the cluster sizes Ny, are bounded almost surely.

A.2 Proof of Theorem 2

The results of the theorem follow directly from the definitions of V3 and V3 in (9) and (6),
respectively, and application of Lemma A.1, which is proven in the next subsection. For
example, under (16) it follows from this lemma that

R(V3 — V3) = RV; = Op((GH)'R) -5 0.

Lemma A.1. Suppose Assumptions 1-6 are satisfied.
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(a) If (24) holds, so that the DGP is clustered along the first dimension, then
GVe 5 Vo and GHV; -5 V.

(b) If (25) holds, so that the DGP is not clustered along the first dimension, but it is
clustered along the second dimension, then

GHa"Vga -5 W? and GHV; 25 v,

where W2 is a random variable satisfying W2 > 0 almost surely.

(¢) If (17) holds, so that the DGP is clustered by intersections, then
GHV,, 55V, forme {G, H,I}.

(d) If (18) holds, so that the DGP is not clustered, then
GHV,, 25V, forme {G, H,I}.

A.3 Proof of Lemma A.1

Proof for cases (a) and (b): The results in case (a) and the second result in case (b) are
given in Proposition 4.4 in Davezies et al. (2018). For the first result in case (b), we use

the decomposition g, = wg, — Xgn(8 — Bo) such that S ghugh S 1Xghugh
(GH)'SF XgTthhQ_lXTu, where, under (25), H=' Y0 XgTthh N Qo and Q N Qo;

see Assumption 2. Thus, for any arbitrary n, we write

G

R 1 1 G H 2
GHn'T'yn = e > <H_1/2 Z nTXghugh) =a > (H_l/2 > zgh> +op(1),

g=1 g=1 h=1

where, for any (fixed) g, z,n = Xghugh — G~ ' X, uy, is i.i.d. across h with mean zero
and finite variance. For fixed G, it follows that the random vector H=Y2S"F (21, ..., 2qn) "
is asymptotically normal as H — oo with mean zero and finite G x GG variance matrix, say
Je. Still for fixed G, it follows that G=' S5 (H=2 000 24 ) L GIYM vl 222,
as H — oo, where (v, ) denote the eigenvalues and eigenvectors of Jg, M < G is the
number of non-zero eigenvalues, and Z,, denote i.i.d. standard normal random variables.
Next, G v, ||pum||* — w?, € [0,00) for all m > 1, where w,, > 0 for at least one m.
Hence, G™' S5 (H Y250 2g0)? 4y v w? 72 which is a (scaled) weighted sum of
x3-distributions.

Proof for cases (c) and (d): Under (17), we can apply the results of Djogbenou et al.
(2019), for the same reason as in the proof of (20), to conclude that each term in (7), multi-
phed by GH, converges in probability to I'; defined in (14). The convergence in probability
of V3 and V4, normalized by GH, follows. Similarly, under (18), each term in (7), multiplied
by GH, converges in probability to I';.



A.4 Proof of Theorem 3

To prove Theorem 3 we first present the bootstrap equivalents of Theorems 1 and 2. These
are given in Theorems A.1 and A.2, the proofs of which are in the next subsections.

Theorem A.1. Suppose Assumptions 1-7 are satisfied and that Hy is true. Let m €
{G,H,1, NC} denote bootstrap clustering by the first dimension, the second dimension, in-
tersections, and individual observations, respectively; c.f. step 3(a). Then it holds that

(aTVma)—l/QaT(IB* _ ,3) N Z, in probability,
where Z ~ N(0,1).

Theorem A.2. Suppose Assumptions 1-7 are satisfied and that Hy is true.

(i) Suppose the bootstrap DGP in step 3(a) is clustered along the first (G) dimension
(results for bootstrap clustering along the second dimension are symmetric).

(a) If (24) holds, so that the DGP is clustered along the first dimension, then
G(Vy — Vg) 250 and G(Vy — Vi) %50, in probability.

(b) If (25) holds, so that the DGP is not clustered along the first dimension, but it is
clustered along the second dimension, then

GHa' (Vy —Ve—V)a -5 Wy and GHa™ (Vi —Vg)a -5 W, in probability,

where Wy is a zero mean random variable that is independent of Z in Theorem A.1.
(¢) If (17) holds, so that the DGP is clustered by intersections, then

GH(\Vy =V —V)) 50 and GH(Vy — V) %50, in probability.
(d) If (18) holds, so that the DGP is not clustered, then
GH(\Vy =V —V)) 250 and GH(Vy — V) %50, in probability.
(i) If the bootstrap DGP in step 3(a) is clustered by intersections, then
GH(Vy —2V;) 250 and GH(Vy — V) %0, in probability.
(7ii) If the bootstrap DGP in step 3(a) is the WB, then
GH(Vy —2V;) 250 and GH(Vy — V) %0, in probability.

Let m € {G, H,I, NC} denote bootstrap clustering by the first dimension, the second
dimension, intersections, and individual observations, respectively; c.f. step 3(a). We then
decompose the bootstrap t-statistic as

po_alB-B) (aTVw)” o’ (8" - B)

= - an/j*a (aTVma)1/2

o * 1/2 p*
a,j (GT‘A/vj*a)l/Q - (A ) Bm7 (Al)

m?j
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say. From Theorem A.1 we find that B}, 2 7~ N(0,1), in probability, for all m.
For the first term on the right-hand side of (A.1), the result follows by direct application

of Lemma A.1 and Theorem A.2. In particular, for cases (i)(a),(c), and (ii), A¥, . g,

m,j

in probability, where ¢ = 1 / 2 or ¢ = 1 is the variance of the limit distribution of ¢ ;. For

case (i)(b), we write Ay, ;=1 — (V* VG)/V* and apply Lemma A.1 and Theorem A.2.
Note that, because Hy is true the results of Lemma A.1 also apply to the variance estimators
imposing the null, i.e. all V in Lemma A.1 can be replaced by V. The random variable
W2 may then be different, but since the explicit form of W2 is not needed, that is not an
issue. Finally, Z and W, are generated by the bootstrap measure and are both therefore
independent of W2.

A.5 Proof of Theorem A.1

We give the proof only for the case where the bootstrap is clustered along the first dimension;
that is, u; = wugv;. The proofs for the other cases are entirely analogous. First note that

(@' Vea) Pa™ (B —B) =2, z=(a'Vga) a"(XTX) ' X d,0].

g’ g
g=1

Because vy is independent across g with mean zero and variance one, it follows that zj

is independent across g with E*(z;) = 0 and Var” (X9, 28 = Z?Zl Var®(z;) = 1. The

g9=1 g
Lyapunov condition is satisfied (with P-probability converging to one) because

Zmz < B (e Vea) 2@ ZH X
T 5 1 T. |4 P
— 0p(1)(a Vi) W;HXQ || =0,

regardless of the clustering structure in the DGP. To see this, suppose first that (24) holds in
which case the DGP is clustered along the first (G) dimension. Then X Tug S hugh
is of order Op(H) and GV L5 Vi > 0; see Davezies et al. (2018) and Lemma A.1. Hovv—
ever, if the DGP is not clustered along the first dimension (under (17), (18), or (25)), then
X iy = Op(HY?) and V' = Op(GH); see also Djogbenou et al. (2019) and Lemma A.1.
In either case, 25:1 E*|z;|" = Op(GT).

A.6 Proof of Theorem A.2

In all cases, the factors Q! in the definitions of V* are functions only of the original data
and satisfy Q £, Qo > 0. Hence, these factors have no impact on the proofs. We therefore
prove most results for the corresponding I‘m; see (7) and (22). Specifically, we prove the

following lemma, which suffices for the theorem.

Lemma A.2. Suppose Assumptions 1-7 are satisfied and that Hy is true.

(i) Suppose the bootstrap DGP in step 3(a) is clustered along the first (G) dimension
(results for bootstrap clustering along the second dimension are symmetric).



(a) If (24) holds, so that the DGP is clustered along the first dimension, then

A

Gy —T¢) 250 and GH(f‘; -1 N 0, in probability,

(b) If (25) holds, so that the DGP is not clustered along the first dimension, but it is
clustered along the second dimension, then

GH(T: —T¢) 250 and GH([I% — 1) %50, in probability,
GHa' ( —Vi)a LN W, in probability,

where Wy is a zero mean random variable that is independent of Z in Theorem A.1.
(c) If (17) holds, so that the DGP is clustered by intersections, then

GHI:L-T6¢) 250 and GH(I*, —T;) 250, in probability, for m € {H,I}.
(d) If (18) holds, so that the DGP is not clustered, then
GH(,—T¢) 250 and GH(I* —T) %50, in probability, for m € {H,I}.
(i) If the bootstrap DGP in step 3(a) is clustered by intersections, then
GH(I* —1T) %0, in probability, for m € {G,H,I}.
(iii) If the bootstrap DGP in step 3(a) is the WB, then
GH(I* —1T) %0, in probability, for m € {G,H,I}.

A.7 Proof of Lemma A.2

We prove convergence in mean square. That is, we show that the second moment (conditional
on the sample) converges to zero (in P-probability). Let n be an arbitrary conforming vector.
Proof for case (i): First, using the decomposition @} = 1, v; — X (8" — B), we find that

1

nT(f‘g —Te)n= (GH)2 Z nTXT'u,g TXgn( —1) (A.2)
- (Gz)z >0 X iy (B~ 6)TX] X,my; (A.3)

G 2
; (G;)Q > (0" X, X,(8" - B)) (A.4)

Because (v;‘2 — 1) is independent and identically distributed across g with mean zero and

finite variance, the conditional second moment of (A.2) is

G
B((4.2)%) = it (072 = 102) S 0 X ] Xym)®

g=1



Under (24), where the DGP is clustered along the first (G) dimension, X ) 1, = SH Xy tgh
is of order Op(H). However, if the DGP is not clustered along the first dimension (under
(17), (18), or (25)), then X 4, = Op(H'/?). This shows the results for (A.2) for case (i).
The conditional second moment of (A 3) is

4 2
E(A9)°) = g i > X, X, (X X)X X L)
91,92=

where we note that expanding the square results in four summations, but two of these are
eliminated because vy is independent across g, so that the summation indexes must be equal
in pairs. Using this together with the aforementioned orders of magnitude of X ; i, and the
facts that (X" X)™' = Op((GH)™") and X X, = Op(H) (Davezies et al. 2018) yields the
desired results for (A 3) for case (i). Finally, (A.4) is a non-negative random variable, and
noting that Var* (B — ) = Vg, its conditional mean is

B((A4)) = (GLQZMXTX Vo X, X,n = 0p(G™[Val)

The results for (A.4) for case (i) then follow by application of Lemma A.1.
Next, we find that

G H
GHn' (L} —T1)n = ézgnTXLﬁgh@thm(vf—l) (A.5)
g=1 h=
2 S T T T *
— a2 Xy (8" = B) X Xgmv;  (A6)
g=1h=1
1 $&E - L2
@ZZ( X, X(B" — B)) . (A7)

Il
—
i

A.7) are nearly identical to those for (A.2)—-(A.4),

\-/
A‘Q

The proofs for each of the terms (A.5)—
and they are therefore omitted.
For I'}; we find that

. 1 & 1 & NP
T T A* o *
GH'Tign = e 30 X[ 63)" = G 3 (n X[ = Xu(B* = B)
1 E -
= GiHZ(n Xy up)® + A (A.8)
h=1

where E*|A*| = Op(G||Vg||), in probability, by application of Lemma A.1 and the Cauchy-
Schwarz inequality, because

B (o S X X3 - ) =
GH =, " GH

This shows that A* is of the required order of magmtude in part (a) and is negligible in
parts (b)f(d) Noting that X,/ u} = Z ghughvg, the main term in (A.8) satisfies

Z n' X, X, Ve X, Xim = Op(G||Vgl)).

1
Z (n' X} u;)? = GHn'I'm = @ZZH X hughugthhn( —1) (A.9)

H = h=1g=1
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Z Zn Xg1hﬁ91hugthggh77vg1 go° (A.10)
h 1 g1#£g2

By independence of (v;* — 1) across g, it is easily seen that E*((A.9)?) = Op(G™), showing
the results for (A.9) for case (i). Similarly,

H

2
Z ( Z nTXglhaglhugthQth)

91792 =

E*((A.10)?) GH ~

which is Op(1) in part (a) and op(1) in parts (c) and (d), showing the results for (A.10) for
those parts. Thus, only part (b) remains for (A.10). For any fixed h, as G — oo,

1 o, 1 & - 1 & 5
ciz" X, u, = Gl/ngjln X tgnv) RO N(O gl_lgloG;(n X ) iign) ), (A.11)
in probability. Moreover, for fixed hy # hy, as G — oo,
* 1 k *
E (GnTXthuhlnTXhTQuhQ) = ZnTXghlughlughQXghzn 0. (A.12)

g 1
It follows from (A.11), (A.12), and the continuous mapping theorem that, for fixed H, as
G — o0,

* H 1 G
GH i H hz_:l <22I£G ;(”Txghugh) )Zi, in probability,
— — .
where Z;, ~ 1.0.d.N(0,1) for h = 1,..., H. Because (GH)™! 29021 ZhH=1(77TXgTh’ilgh)2 r,
n'Tm < oo by Lemma A.1, it follows that
1 H

CH ("X u)? L Z v2 Z2 . in probability, (A.13)
h=1

where Z,,, ~ 1.i.d.N(0,1) for m = 1,2,.... The right- hand side of (A.13) is a Weighted sum

of x3-distributions, where the weights satlsfy > v2 = n'T'm. Hence, using Q LN Qo
and combining (A.S), (A.9), (A.10), and (A.13), we find for part (b) that

GHa" (Vi — V))a & o = Wy, in probability,

m=1

where the Weights Tm are derived from v, by setting n = Qg 'a in the latter and the 7, thus
satisfy > °° = a' Via. Finally, W, is independent of Z because

m=1Tm
2
B <( "Vea)PalQ lGH Z o Ty, QIG( Z n' X zhugzh“gu) ) = Op((GH)™7?)
g1=1 g2=1

using Lemma A.1, independence of vy across g (to eliminate the summation over gs), and
the fact that X i, = Op(HY/?) under (25).



Proof for case (ii): First, we find that

o\ 1 & o )
GHT]T(I‘*G —T)n= el nTXg—;ughu;thhn(vgi -1) (A.14)
g=1h=1
1 & TyT
+G7HZ Z n XghlughlughQXQhQTrUghl gh2 (A15)
g=1 h1#ho
2 g - Ty T TywT
- GiH Z Z n Xghlughl (6 /3) Xgh2 ghgnU;h1U;h2 <A16)
g=1 h1,ho=1
1 & A Ly s A s
b S S 0TX] X (87— B)B — B) X Xt i,

i
—
>
=
>
[\v]
Il
—

(A.17)

The proofs for (A.14), (A.16), and (A.17) are nearly identical to those for (A.2)-(A.4), and
are therefore omitted. For (A.15) we find

* 1 * *
E ((A15>2) (GH 2 Z Z Z 4 glag27hf17h17h2>h’/ )E ( Ugihy glh/ nghz ggh’) <A18)
91,92 hy £, ho£h,
where t(g1, g, h1, b, he, b)) = TX;hlﬂglhli'l,ngh,lXglhflnnTnghQuQQhQﬂ;h,ngthzn is a func-

tion only of the original data and is Op(1). By independence of v, across both g and h,
the right-hand side of (A.18) is non-zero only if g = g, and either hy = ho, h} = h} or
hy = Ry, b} = hs. In either situation, one summation over g and two summations over h are
eliminated, so that (A.18) is at most Op(G~"), which proves the result for I'%,.

The proof for f‘fg is identical to that for f‘*G after interchanging the g and h subscripts
throughout. Finally, GHn (I — I';/)n is equal to the sum of (A.14), (A.16), and (A.17),
with A1 = hy in the latter two, so we have already proven the required result for this term.

Proof for case (iii): The proofs for case (iii) are nearly identical to those for case (ii) and
are therefore omitted.
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