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In this supplementary note, we include the details about the efficient projection onto
the set of “symmetric c-diagonally-dominant” matrices in Appendix A and the proposed

two-block ADMM for solving the convex relaxation of Exact DD-PCA in Appendix B.

A Efficient projection onto SDD/

Recall that S is the set of symmetric matrices and DD is the set of c-diagonally-dominant
matrices with nonnegative diagonal entries. Now, we present the (Euclidean) projection of

a matrix A onto the convex cone SDD; or DD, denoted by Pspp+(A) or Ppps(A).

Algorithm 1. Mendoza-Raydan-Tarazaga (MRT) Algorithm
Given a p X p matriz A, where the jth row of A is denoted by a;. For 1 < j < p, the
Jth row of the projection X, denoted by x;, is given by

o Ifaj; > ZH# laji|, then x; = a,.
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o If =2 iz lanl < aj; <0 and |a;| > |ap| for all 1 j, oraj; < =32, laul, then

o If =3z lanl < aj; <0 and |ag| < [au| for some 1 j, or 0 < aj; < 32, laul,

then x; is generated as follows:

1. Sort |a;|, excluding aj;, in the ascending order, and denote the reordered vector
as e. Note that e; = a;; and |e;| < |e| for all i < 1,0+ j,1 # j.

2. For m # j, compute d,, = > 1_ |ei| - Iy — € and dyy, = dpp/(p —m + 1) -
Timegy + dm/(p =m0+ 2) - T

3. Solve m* as the smallest integer among m = 1,...,p such that m # j, |e,| > 0

and |e,,| > dp,

4. Solve x; = (j1,...,7;,) such that x;; = aj; + dpe; Tji = (aji — dpe )T if aji >0
fori# j;x; = —(aj+dm)” if aj; <0 fori# j, where (2)* = max{z,0} and
(2)” = —min{z, 0}.

Mendoza et al.| (1998) applied Dykstra’s alternating projection algorithm between DD

and S to obtain the projection on SDD". The algorithm is summarized in Algorithm .

Algorithm 2. Efficient Projection onto SDD*

Given a p X p matriz A,
e Let GV =A and IV =0
o fort=1,2,...
GO =Py, (%(G(t—l) 4 (G - I(t—l))
_ I — g _ (l(G(t—l) (G — I(t—l))
e Stop if the convergence criterion is met.

When ¢ = 1, the convergence result of Algorithm 2| can be similarly established as in

Boyle and Dykstral (1986]) such that the iterated solutions converge in the Frobenius norm

to the unique solution of the projection on SDD™. More details can be found in [Mendoza

et al. (1998). When ¢ # 1, MRT algorithm can’t be directly used. In this case, we obtain
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Pppz+(A) through Quadratic Programming (QP). The key observation is that the problem
can be separated as p independent row-wise projection. For each 1 < j < p, the jth row

projection can be written as
P
min Z(aﬁ —v;)? st.v; > ¢ Z v ] (1)
R iitj
and the solution (vy,...,v,) would be the jth row of Ppp+(A). We can reformulate (1)) as
min 2512 s.t. Qjj — (Sj 2 C Z ]aji — 5z| (2)
i=1 iti]
It’s easy to see that for i # j, we should let sign(d;) = sign(a;;) and |9; < aj;;|, and hence

laji — d;| = |aji| — |6;]. Without loss of generality, we assume a;; > 0 for all i # j so we can

restrict §; > 0 for all 7 # j. Then becomes

p
min Z (512 s.t. Qjj — (Sj >c Z(aji - 5@), Qg > 51 > 0 for all i 7éj <3>

510l
Lt iri

which is a QP problem and can be solved using standard solver.

B Convex relaxation and ADMM for Exact DD-PCA

The exact DD-PCA is difficult to solve due to the nonconvex rank minimization. Consider

the following convex relaxation of the exact DD-PCA:

(rilgl) |L|l. subjectto S=L+ A, Ae€SDD". (4)
where || - ||« is the matrix nuclear norm.

Given the efficient projection onto DD in Algorithm , we introduce a new variable B,
satisfying the equality that A = B, to separate the symmetric and diagonally-dominant

constraints as follows:
Iillgl |\L||« +Zpgcpp+ + Zg_pgr subjectto S=L+ A, A—B=0

where Z¢ is the indicator function which equals to 0 if condition C' is satisfied, and equals

to infinity otherwise (Boyd and Vandenberghel 2004)).
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We define the following augmented Lagrange function:

P
Lo(L, A, B, A1, As) = | Ll + Zacops +Ip-pr + 5(1A = Bz + L+ A= S|%)
+{(A1,A—B)+ (Ay, L+ A—S)

where A; and A, are the Lagrangian multipliers associated with the equality constraints,
and p is a given penalty parameter. We propose an efficient ADMM to solve the exact

DD-PCA from L,(L, A, B, Ay, A;), which proceeds as follows till convergence:

Lstep: LY = arg min L, (L, A“D, B, A AL)
B step : B® = arg m];n L,(L, A(t—l)’B,Agtfl),Agtfl))
Astep: AW = arg min LI, A, B ALY AL
Arstep: AP = AY 4 pA0 L LO _g)

Asstep: AP = Al™Y 4 pA® — BW)

Our proposed ADMM is a two-block ADMM with two blocks {L, B} and A, and its
global convergence is always guaranteed (Boyd et al.| |2011). In what follows, we explicitly

show how to obtain closed-form solutions for each subproblem. In the L step, we have

LY = argmin ||L]. + gHA(t‘l) +L—S|2+ (A" A L L )

1 _
= argmin oL+ A =S4+ p AL E 4 o L)

It’s easy to show that the solution is given by L® = D, (S — A pflAgt_1)> where
D, () is the singular value thresholding operator given by D,(Q) = Us,(D)V” for any
singular value decomposition @ = UDV?' and s, denotes the soft-thresholding operator
given by s.(z) = sgn(z) max(|z| — 7,0).

In the B step, we also have the following closed-form solution:

BY = arg mBin Ig_gr + gHA(t_l) — B3+ (Al"Y ACD _ B)

= arg mEi;n Ig_pgr+ ng_lA;t_l) + AY _ B2
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Finally in the A step, we have

AY = argmin Tacppr +5 (I4+L0 = S+ AV} 44— BY 45 AL )
1 - 2
= argm}ln Zacppr +p HA + 3 (L(t) - S+ p‘1A1 _B® +p—1Aét 1)>

F

1 — _
- P (§<5 — LY+ BY — p AT — pT A “>>
We summarize our proposed two-block ADMM in Algorithm [3]

Algorithm 3. Two-Block ADMM for Solving the Exact DD-PCA

Given the sample covariance matriz S, do

o Let AO =AY = AP =0

e Fort=1,2,...
LW =p, . (S _ A pf1A§t—1)>'
- BW =1 {(A(tl) T p—lAgH)> + (A(H) 4 p—1Agt—1)>T}
~AY =P, <%(S LW+ B® _ p—lAgH) _ p‘lAg*l)))

~ AP =AY 1 p(AD + L0 — 8)

_ Agf) _ Agf—l) +p(A(t) _ B(t))

e Stop if the convergence criterion is met.
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