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S.1 Additional Simulation Results

In this section, we provide additional simulation results, including simulation results of the log-
Gaussian Cox processes, the impact of M-spline degrees, and a comparison between the infill

asymptotics and the increasing domain asymptotics.

S.1.1 Log-Gaussian Cox Process

The log-Gaussian Cox processes are generated using latent isotropic Gaussian random fields

equipped with the following covariance functions

1. Circular Covariance Model (LGCP-C), with go(r) = exp [02C(r/¢)], where C(r) = 1 —

2 [raresin(r) +rv/1 —r2] I(0 < r < 1) for some o2 > 0,¢ > 0.
2. Exponential Covariance Model (LGCP-E), with go(r) = exp [02C(r/¢)], where C(r) =

exp(—r) for some o2 > 0,¢ > 0.
3. Gaussian Covariance Model (LGCP-G), with go(r) = exp[0?C(r/¢)], where C(r) =

exp(—r?) for some % > 0,¢ > 0.

The parameters for the LGCPs are chosen so that the true PCFs of LGCP-G, LGCP-E, and
LGCP-C are matched closely with those of the Thomas, VarGamma, and MatClust processes,

respectively. See Figure S1(b)-(c) for a comparison.
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Figure S1: Panel (a): spatial covariates; Panels (b)-(c) the true PCFs of Cox processes.



S.1.1.1 Estimation Accuracies of PCFs

The same first-order intensity model is used for generation as in Section 6.1. Summary statistics
based on B = 3,000 simulation runs are summarized in Figures S2. As illustrated in Figure S1
(b)-(c), the true PCFs between corresponding panels in Figure 3 and Figure S2, e.g., Figure3(a)
v.s. Figure S2(a), are almost the same. We can observe that with the same level of second-
order spatial correlation, estimated PCF's of the log-Gaussian Cox process have much greater
estimation errors than those of the shot-noise Cox process. For log-Gaussian Cox processes, the
proposed shape-constrained PCF estimators appear to have smaller advantages over the kernel

PCF estimators, compared to the cases for shot-noise processes.
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Figure S2: Estimation accuracy of three types of PCF estimators for log-Gaussian Cox processes.

S.1.1.2 Empirical Sizes of Goodness-of-fit Tests

The same first-order intensity model is used for generation as in Section 6.2. The rejection rates
of Hy at the a = 0.05 and 0.10 levels based on B = 3,000 simulation runs are summarized in

Table S1, where we can see that the empirical sizes for the log-Gaussian Cox processes are overall



Table S1: Empirical sizes of proposed goodness-of-fit tests at 0.05 and 0.10 levels
Semi-G test Semi-L test Semi-C test
Process | (02, ¢) n |a=0.060 a=0.10{a=0.05 a=0.10{a=0.05 a=0.10
(0.7,0.09) 1 | 0.063 0118 | 0.067 0.122 | 0.074 0.134
1.5 0.058 0.101 | 0.065 0.118 | 0.071  0.121
LGCP-G 2 | 0.052 0.106 0.055 0.101 0.050 0.096
(1.1,0.05) 1 | 0.060 0.122 0.062 0.118 0.060 0.114
1.5] 0.066 0.119 0.064 0.113 0.065 0.119
2 | 0.063 0.116 0.053 0.102 0.061 0.114
(1.1,0.05) 1 | 0.067 0.116 | 0.066 0.116 | 0.063  0.120
1.5] 0.054 0.110 0.061 0.116 0.055 0.110
LGCP-E 2 | 0.060 0.114 0.064 0.121 0.065 0.122
(1.6,0.03) 1 | 0.061 0.115 0.064 0.115 0.064 0.119
1.5] 0.048 0.101 0.056 0.109 0.056 0.111
0.052 0.102 0.061 0.118 0.064 0.113
(1.6,0.10) 1 | 0.059 0.116 | 0.058 0.117 | 0.064 0.116
1.5] 0.043 0.092 0.058 0.107 0.049 0.097
LGCP-C 2 | 0.059 0.108 0.062 0.116 0.060 0.110
(2.1,0.07) 1 | 0.054 0.103 0.056 0.104 0.058 0.101
1.5] 0.047 0.094 0.056 0.112 0.061 0.105
2 | 0.054 0.109 0.056 0.106 0.060 0.110

close to the nominal levels as well.
S.1.1.3 Empirical Powers of Goodness-of-fit Tests

The same settings are used as those in Section 6.3, except that data are generated from three types
of log-Gaussian Cox processes, namely, LGCP-G (0.7,0.09), LGCP-E (1.1,0.05) and LGCP-C
(1.6,0.10), which have similar spatial dependences as corresponding shot-noise Cox processes
used in Section 6.3. The empirical rejection rates at the a = 0.05 level based on B = 1,000
simulation runs are summarized in Figures S3. Similar to simulation results in Section 6.3, we
can see that the Semi-G test has the greatest power against the alternative H{ while practically
no power against H?. On the contrary, the Semi-L test displays the opposite trend. This is
consistent with our discussion in Section 4.4. The Semi-C test using the test function (28) is able
to inherit strengths of both the Semi-G and the Semi-L test, and achieves much greater overall

power than all Monte Carlo tests.
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Figure S3: Empirical powers of goodness-of-fit tests for log-Gaussian Cox processes.

S.1.2 Estimation Accuracies of PCFs when Shape Constraints Are
Violated

In this subsection, we compare performances of the shape-constrained PCF estimator and the
kernel PCF estimator when the shape constraints S1 and S2 are violated. To do so, we simulate
data from the log-Gaussian Cox process with the Bessel family covariance function (LGCP-B),

in which case go(r) = exp [¢2C(r/¢)] with
C(r)=2"T(v+ 1)r " J,(r),

where v > 0, I'(+) is the Gamma function and J,(-) is a Bessel function of first kind. We fix
0? =1 and ¢ = 0.01, and consider multiple v = 0.5,0.75,2. From Figure S4, the true go(-)’s
are no longer monotone functions as required by the shape constraint S1. Therefore, the shape
constraints on go(-) are violated. For simulation, the same first-order intensity model is used

as in Section 6.1. Summary statistics based on B = 1,000 simulation runs are summarized in

Figures S4(b)-(d).
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Figure S4: (a) True PCFs of LGCP-B with various v’s; (b)-(d) Estimation accuracies of shape-

constrained PCF estimator v.s. Kernel PCF estimator;

From Figure S4(b), we can see that, as expected, the estimation accuracies of the shape-
constrained PCF' estimator does not change much when n increases from 1 to 2 for r > 0.03,
indicating large estimation biases. The kernel PCF estimator outperforms the shape-constrained
PCF estimator, especially with n = 2. This is not surprising because the kernel estimator
is universal for isotropic PCFs with various shapes. As v increases, the true PCFs become
less oscillating and the shape constraint violations become less severe, and consequently, the
advantages of the kernel PCF estimator over the shape constrained PCF estimator gradually

fade away.



S.1.3 Impacts of M-spline Degrees

In this section, we investigate the impacts of the degrees of the M-spline on the shape-constrained
PCF estimator. We simulate data in the same way as in Section 6.2 and estimate the PCF with
degrees of the M-spline increasing from m = 0 to m = 5. The averaged MAD(Q):fOR MADy(r)dr
based on 1,000 simulation runs are summarized in Figure S5. We can see that the choice of m
has little impact on the estimation accuracy as long as it is not too small (e.g., m = 0). On one
hand, when m = 0, piecewise constant functions are used to approximate the spectral density as
in (6), which may result in significant approximation error, leading to larger MAD(g) values. On
the other hand, although higher order spline basis functions typically lead to more variability of
function estimators in the regression setting, the imposed shape constraints in our work serve as
a strong regularizer for the smoothness of the estimated function and may reduce/offset impacts

of higher degrees of the M-spline.
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Figure S5: MAD(g) of the shape-constrained PCF estimator using M-splines with different
degrees.

S.1.4 Infill Asymptotics v.s. Increasing Domain Asymptotics

Our theoretical results in Section 5 depend on the key assumption that the observation window
W,, is increasing as n grows, which is commonly referred to as the increasing domain asymptotic
framework. In the literature, there exists another type of asymptotic framework where the

observation window is fixed while the number of points increases. In this section, we conduct a



simulation to illustrate the differences between these two asymptotic frameworks when applied to
the proposed shaped constrained PCF estimator. The data are simulated in the same way as in
Section 6.2. For a given window W,, = [0, n|?, we choose the intercept 3, under H, appropriately
so that the average number of points per unit square is around p,,;; = 200,400, - ,1600 in
increasing order. The averaged MAD(g fo MADy(r)dr based on 1,000 simulation runs are
summarized in Figure S6.

Figure S6(a)-(c) reflects the increasing domain asymptotics considered in this paper, for which
Punit 1s fixed when W, expands. There is a clear linear relationship between MAD(§) and log(n),
indicating that the convergence rate of the shape constrained PCF estimator is of the order
O(|W,|7%) for some § > 0, which is as expected. On the contrary, under the infill asymptotic
framework when W, is fixed, the estimation error first decreases at a fast rate when pyp; is
small and then slower as py,;; gets larger. The nonlinear relationship between MAD(§) and
log(punit) suggests that the limiting behavior of the shape constrained PCF estimator under the
infill asymptotic framework is rather different from that under the increasing domain asymptotic

framework considered in this paper, and will be an interesting future research topic.

S.2 Numerical Implementation of Test Statistic

Recall the definition of the test statistic

ng = |:Qfg (B%)]T [Ef(//6\¢gag)]_ [Qfg(Bq’)g)] )

where

o~

Qy,(8,,) = JIW[ > FilsiBy,) / (s B%)ds], (S-1)

and based Theorem 2, it can be shown that

(5¢> 79 ‘W’ 1/ f 5¢> (t pr ) [Q(Hs - t”) - 1]¢(S§B¢§)¢(t§,@¢g)d5dt

~

! /W Fo(5:Bo,) T2 (5: By, 5: By, )ds, 5.2)

g
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Figure S6: Increasing domain asymptotics (top panels) v.s. Infill asymptotics (bottom panels).

with }g(s; B%) = fg(s; B%) — [Sf(,@¢g,§)]T[S¢(B%, f])]*lqbg(s; ,@%), where then sensitivity ma-

trix is defined as S¢(3,9) = |W|™* fW U(s; B)W(S;ﬁ)fg(SQ B)ds.

Remark 1. The covariance matrix Ef(B%, g) given in (S.2) appears to be different from the one
giwen in (15). However, it is straightforward to show that if ¢,(-; B) is the optimal estimating
function obtained by solving the Fredholm integral equation (3), equations (S.2) and (15) give
the same estimated covariance matrices. However, covariance matriz (S.2) is more general in

the sense that it holds even if ¢,(; 3) is not the optimal estimating function.

Suppose that the spatial domain W can be partitioned into m small sub-domains centered

at quadrature points ty,- - ,t,, with associated areas as wy, -+ - , w,,. Then the integrals in (S.1)



and (S.2) can be approximated by

Q Q(B ; fi(s U(tis By, ) F4ltis By, Jwi | (S.3)
d d)g \/_ SG;W ; P %
3By, 9) = W[~ 1Z§jf (b By, ) Ty (5B, (16 — 1) — 1) (ti: By )t By i
i=1 j=1
WY Byt By, ) B (6 By, Vit By, i (S.4)
=1

where S f(ﬁ%, g) and S¢(E¢g, g) are similarly obtained by quadrature approximation. Now to
approximate Qy, (B%) and X f(ﬁ 5 g), it remains to find the test function values at quadrature
points, i.e., f;(t;; B%), i=1,---,mand for any s € W, f,(s; B%) takes the same value as the

nearest quadrature point to s.

S.2.1 Global Semi-parametric (Semi-G) Test

The definition of Semi-G test involves the following test function
fy(s;8) = Vec™ [n(s; B)op, (s; B)] -
Then it immediately follows that
Foltii By,) = Vec™ |n(ti; By, )7 (65 By, )| i =1, m,
which can then be plugged back in (S.3) and (S.4).

S.2.2 Local Semi-parametric (Semi-L) Test

The definition of Semi-L test involves the following test function
Fi(s:8) = / diag { [So,(8.9)],,"" -+ [S0,(8.9)],)"" } by (53 8)1(5 € Bild))alx,
w

where Sy_(8,9) = |[W|~ 1 meBx(d U(s; B)n(s; ,3)¢ (s;ﬁ)ds and qu’g(s;ﬁ) is the solution to the

localized version of equation (3) as follows

by, (5:8) + /W o BB B) o)~ 1] = (s )

9



for s € W N Bx(d).

Using the quadrature approximation for the integral, one has that, for any t;,

—1/2

) [qut (54; ,g)} 1/2} ¢tj7g(tz‘;B¢g)](ti € By, (d))wj.

(S.5)

Fh(t: By,) Zdlag{[s¢t B¢,g)]

To find ¢y, 4(ts; [3¢ ) for all t; € By, (d), we approximate the spatial domain By, (d) by a subset
of the quadrature points, say {t;,, -, t;, } C {t1,t2,---,t5}. Then the integral equation can

be approximated by

¢t]~,§<tjk-;18¢g) + Z¢tj,g(tjl;6¢g)¢(t]l7ﬁ¢ ) [f]( Jk’tJl) - 1] Wy, = n(tjk;ﬁ¢>g)a k= L. y T
=1

which has a closed form solution

1T

¢t] g( ]17IB¢ ) I+an a12 s Q1n, nT(tﬁ;f/B\%)
T(y .
thj,g( ]2a13¢ ) _ a.21 1 +‘ azy - az'nj n (t32T7 ,8%) ’ (S.6)
T . .
({btj,g(tjnj ; 5%) n;1 1+ (ng2 =" 1+ Onjn; i nT(tjnj ; ,3%) ]

where ay; = w(tjl;ﬁ%) [G(tj,,t5,) — 1w, for k,l =1,--- ,n; and j = 1,--- ,m. Using (S.6),

S¢tj (B%, §) can be approximated by

S, (B, 9) = [WIT Y 0(b55 By, (b By, )bt ot By Jwyes J=1,---m. (S.7)
=1

~

By plugging in (S.6) and (S.7) back into (S.5), we can obtain all f;j(tl;B%), e ,fL(tm;B¢ ).

S.3 Proof of Proposition 1

It can be readily seen that ﬂo Bo + ZJ 1 a;3; and ﬁlj =b;f1;,7=1---,p. Then the true
first-order intensity can be written as 1 (s; 3) = exp (ﬁo + B?Z(s)) = exp (ﬁg + ,BJ{TZ(S)) =
¢ (s:87), where By, = (Br,--- . 5,)". B = (Bl,--- . BT, B = (6o, B1)" and B' = (55, 81")".

Some straightforward calculus yields that

1 w(sB) 1 (M)Taw(ssﬁ*)
VB B y(sp)\agT)  op

n(s; B) = = Tn'(s; 8),

10



where the matrix

1 0 --- 0

T by -+ 0
()1 59

B oo e

a, 0 - b,

Under the model v (s; 3), the optimal weight function ¢, (s; 3) solves the integral equation

&,(s:8) + /W &, (1 B)d(u: B) [g(s, u) — 1] du = (s; B).

Multiple both sides by the matrix T~! and denote qbg(s; Bl = T '¢,(s; 3), then one has that

$i(s:81) + /W &} (u; 816 (w; B [g(s, u) — 1] du = n'(s; B),

suggesting that ¢; (s; 8" = T~'¢,(s; B) is the optimal weight function under the re-parameterized
model 1 (u; 7).

When v (s;8) = exp (B + B Z(s)), one has that n(s;3) = (1,Z7(s))” and similarly
ni(s;8) = (1,Z7(s))”. Then one has that 7o(s; 8)do4(s; 3) = ¢o,(s;B), which means that

the (1,1) entry in the matrix is of the form

Z ¢0@(S;B¢g)—/W@/)(S;Bd,g)cbo,g(S;ﬁd,g)ds] =0,

o~ <* 1
[S¢(50790) - E¢(ﬁ0’go)} (1,1) - W [
) se NNW
(S.9)

where the last equality follows from the definition of B'% and gzﬁa g(s; ,[Ai%).

Similarly, one has that under the re-parameterized model v (u; ﬁT)

g ¥ 1 ~ At ~t
S, (B, 90) — Tyt (53790)} an W] [ > ¢$,g(8;5¢;) —/ w(S;ﬁqsg)é(T),g(S;ﬂqsfg)dSI = 0.
’ sENNW w
(S.10)
Consequently, by the definition of the Semi-G test, under the model 1(u; 3), the test function

is of the form.

ff(SS B) = [Z1(8)004(8;B), -+ s Zp(8)Pog(8; B), Z1(8)P1,4(8;B), -+ s Zp(8)Ppg(S; B)]T .
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Similarly, under the re-parameterized model 1 (u; ")

£515:8) = |Zi()eh (580, 2,86, (5181, Zu(s)ol (51 B, -+ . Zy(s)6),, (51 B) '

By the definition of matrix T in (S.8), and the relationship n(s; 3) = Tn'(s; 8") and @,(s;:8) =
Tqb;(s;ﬁT), we have that ¢g4(s;3) = qﬁg’g(s;,ﬂT) and that Z(s) = a; + ijj(s), bq(s;8) =

ajgzﬁg)’g(s; B + qub;?g(s; B, j=1,---,p. Plugging these inequality back to the definition

Q(B% \/—[Zf /3¢g /T/)Sﬂ(ﬁ /3¢) ] and
seNNW

QG(BL w—[ > s B¢,f / ws5¢T ﬁd,f) ]
seNNW

and making use of the equality (S.10) together with the fact (- B%) = (s BZ,T), one has the

relationship that

Q (IB¢) 1Q (/quT)

where the matrix

T — diag{by,--- ,b,} 0pp
! diag{aiby,--- ,apb,} diag{b?,--- b2}

Then by the definition of the test statistic, some straightforward but tedious algebra gives
7 a3 1" a3 V1 0%3 a3t 1" a3t 1 aeat
o= Tyen = |QOB,)| Var[Q°(B,)|  QU(B,,) — |Q%(Byy)| Var[QS(Byp)| QY(By) +o0,(1)
= (@B, var[Q©(B,)]  Q°(B,,) - [QC(B,)] T {Tvar [Q4B,,)| T} TQE(B,,) + 0,(1)

Finally, since Efg; (B, 90) is full rank and Var [QG(B%)] = Ef? (Bos g0) + o(1), we have that

Var [QG(,/B\%)} is invertable, which further gives that

The proof of Proposition 1 is completed.
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S.4 Proof of Theorem 1
S.4.1 Notations and Conditions

Let A,,, by, gsn(-;0) be the corresponding quantities defined in Section 3.2. With slight abuse
of notation, we denote all linear constraints in the quadratic programming problem outline
in (8)-(11) as C,,0 > 0, although we set the first constraint as an equality constraint. For two
sequences {a,} and {b,}, we write a,, = O(b,) or a,, = o(b,) if a,/b, is uniformly bounded for
any n or a,/b, — 0 as n — oo, respectively. Let 2y denote convergence in probability and
2 denote convergence in distribution. For a sequence of random variables {X,.}, X0 = Op(an)
or X,, = oy(ay,) if X,/a, is bounded in probability or X, /a, 25 0, respectively. Finally, let
|D||max = max; j(|e;;|) be the max norm of a matrix or vector D, |le[|;y = )_, |e;| be the ¢; norm
of the vector e, and Apax(D) and Ay (D) be the largest and the smallest eigenvalues of the
matrix D, respectively.

Define the k’th order joint intensity A(*)(-) by the identity

4
E| Y I(si€Bi,-.s.€B) :/ AB (- t)dty - - dty
Slm,SkGN BleXBk
for bounded subsets B; C R?, j = 1,--- ,k, where the sum is over distinct s;---,s;. Then,
g® ) (s1, -+ k) = AF)(sy, -+ s)/ [A(s1) - - - A(sp)] is called the kth-order normalized joint intensi-
ties, which are assumed to be translation invariant, i.e. g®)(sy,--- ,s;) = g((]k) (Sg—S1,+* ,Sk—S1)

for some function g{”(-), for k = 2,3,4. In particular, we write go(-) for g ().

We first establish uniform consistency of the shape constrained PCF estimator g&n(-;gn)

defined in (12), for which the following conditions are sufficient.

[C1] There exist 0 < ¢y < C) < oo such that ¢y < ¥(s;8) < C) for any 3 in a com-

pact set and s € W,,. Furthermore, ¢(s;3) is twice differentiable with respect to 8 and

19 (85 ) lmax < O, 10%4(5:8)/(9BOB” )l < Ci for any B and s € Wi,
[C2] Assume that there exist a Cy > 0 such that (a) [p]go(|[sl]) — 1|ds < Cy; (b)

‘g("‘)(sl,s%--- ,sk)’ < Cyfors; € Wy, j=1,--- kand k = 2,3; and (c) [ |g(()4)(s,t +
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w, w) — go(lls[Dgo([It]])|dw < Cy.

[C3] limy, 00 Amin [SE(By)] > 0, with the sensitivity matrix of the Poisson likelihood SP(3,) =
o S (0051 B0)] " W (53 B) 7 (s; By)ds

[C4] Denoting (7) as b, = (byp, -+ ,bs,.n)7, there exist Cy > 0, ty > 0 and ng, such that for
any n > ng, it holds that P <\/W|bj,n —E (b)) > t) < exp (—Cot), for any t > to,
G=1, .

[C5] With 6y, = arg lego fo 7Y [gs.n (73 0) — go(r)]” dr, assume the approximation error
en = Sup,efo,n) |9s.n (73 00.n) — go(r)| — 0 as [Wy,| — oo.

[C6] Define the partition of the constraint matrix C,, = [CZ,A» CZAC]T such that C,, 46y, =0

and Cy, 4-0p, > 0, and the quantity 7, = minjs|,=1,c, 48>0 0TA,8 > 0. We assume that

= O(1) and that (e, + [W,|~"?logJ,) /. = o(1) as [W,,| — oo (with e, defined in C5).

Conditions C1-C3 are standard conditions that ensure the consistency of ,@p and have been
widely used in the literature, see, e.g., Schoenberg (2005); Prokesova et al. (2017). Condition C4
requires that each component of b,, has a distribution whose tail decays exponentially fast when
W, is sufficiently large. This is a mild condition due to the definition of b,, in (7), each component
of which can be shown to be asymptotically normal as |W,,| — oo under some additional mild
conditions such as N1 and N2 in Section S.6.1. The tail of a normal distribution decays even
faster than the exponential rate. Condition C5 asserts that g ,(+;0o,) can approximate the true
go(+) sufficiently well, which applies to a large class of existing point process models provided
that J, and L,, are sufficiently large.

Condition C6 is similar to the “self-regularizing property” (Slawski et al., 2013) and the
“minimal positive compatible eigenvalue” (Meinshausen et al., 2013) that are used to introduce
sparsity in the solution @, to the sign constrained optimization problem defined by (8)-(11). In
other words, a large 7, means that more components of the solution En are 0’s. The magnitude
of 1, depends on three quantities: J,, L, and 0y,. Recall that A, is a J,, x J, matrix, and

thus increasing .J,, will potentially decrease 7,. However, the effect of a large J,, will be greatly

14



offset by the number of equality constraints in C,, 4, which is controlled by the value of 8 ,,. The
more constraints in C,, 4, the larger n, is by its definition. This explains the observation that
increasing the number of knots .J,, in the M-spline approximation (6) has rather limited impact
on gsn(+; én) because most of the components in En are forced to be 0’s. This is consistent with
the self-regularizing property of the nonnegative least square estimators studied in Slawski et al.
(2013) and Meinshausen et al. (2013). Finally, the impact of L,, on 7, is that increasing L,, tend
to increase the singularity of the matrix A,,, leading to a smaller 7,. Therefore, condition C6

essentially imposes some implicit restrictions on J,,, L,, and the underlying truth 6,,.

S.4.2 Proof

Lemma 1. For a sequence of random variables Xy, --- , X, such that EX; = 0 and P(|X;| >
t) < exp(—Cot) for some constant Cy > 0 and t > to with ty > 0 being some constant, and

J=1,---,J,, then we have that
max (| X3, -+, [Xy,[) = Op (log ).
Proof. For any constant C' > 0, it is straightforward to show that
P (max (| X:1],--- | Xy, |) > ClogJ,) = P (Uf2,{|X;| > ClogJ,.})
JIn
<Y P(X;| > ClogJy)

Jj=1

< Jpexp(—CoClogJ,) = J1= O,
where the right-hand side can be arbitrarily small when C' increases. Therefore, by the definition

of convergence in probability, we have that
max (| X1, - ,]X,,]) = O, (logJ,) .
O
Proof of Theorem 1. Under conditions C1-C3, Theorem 1 of Waagepetersen and Guan (2009)

asserts that /|W,,| (Bp — ,60) = O,(1). Therefore, to simplify the presentation, we assume that

15



~

Bp can be replaced safely with 3, without altering the asymptotic results.
Define the constant ¢y = |[|CL 00 1 |lmax, then for any 0 < a;,, < ¢pax and a vector & such that
|6]]1 <1 and C, 46 > 0, it is straightforward to see that 0, = 0o, + .0 is a feasible solution

for the optimization problem in equation (9), that is,
1
minimize @Q,(0) = EOTA,LB +6"b, s.t. C,0 > 0. (S.11)

Let a,, = Cn; (e, + |W,|"?logJ,) for some large constant C' and it suffices to show that for

any given € > 0, for large enough W,,, we have

P inf Qn(eom + Oén(s) > Qn<007n) 2 1 —e. (SlQ)

[8]1=1,Cpn, 4620
Note that any feasible solution to (S.11) that is close to 6p,, denoted as 6, such that
||9n — 60p.ull1 < an, must satisfy CmA(én — 6y,) > 0 by the definition of C,, 4. Therefore,
combining the fact that Q,(0) is a convex function of 6, the inequality (S.12) implies that,
with a probability tending to 1, there exists a local minimizer 4/9\n in the feasible solution region
{60, + 6 : ||8]1 < 1,C, 48 > 0} such that [|6, — Og..[1 = Op(ain).

It is straightforward to show that

2
Qn(e(),n + an6> - Qn(eﬂ,n) = %6TA715 + anéT (bn + Aneo,n)'

Define the random variable Z, = supj s, 167 (b, + A,00,) |, and it is easy to see that

2 2 2
o a 1 M L,

inf nOn n(s_nenz n nZn:n - ’
in @n(Bon+ nd) — Qn(6o,n) T — C en + W, 2log,

16]=1,Cr, 4620 2

which implies that to show (S.12), it suffices to show that Z, = O, (e, + |[W,|"/?logJ,) with a
sufficiently large constant C'.

Note that 67 (b, + A,8¢,) = fORw(r) [05.,,%4(r) +1 = go(r)] [6"%g,n(r)] dr+ 6" (b, —Eb,),
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then using the triangle inequality, we have that

Zn, < sup

/ w(r) [Oanxg(r) +1-— go(r)} [6Txg,n(r)] dr| + sup ‘GT(bn — Ebn)‘
ll6]l1=11J0

6]l1=1

R
< sup [67,%,(r) + 1= gu(r)] % [ w00 ()l + [ = By s
rel0,R) 0
= O(1>€n + ||bn - Ebn|lmaX7
where the last equality follows from condition C5 and the fact that ||x,,(7)|/max is uniformly
bounded by its definition for any r € [0, R]. Using condition C4 and Lemma 1, it readily follows
that ||b, — Eby|lmax = O,(|W,|7%ogJ,) and as a result Z, = O,(e, + |W,|"*/2logJ,), which

completes the proof for inequality (S.12). Therefore, we have that

10, — 00, = 0, (o)
k) p nn

Furthermore, using the triangular inequality, we have that

sSup ’gsm(r; On) - 90<T)| < sup |95,n(r§ On) - gS,n(r; 90,n)| + sup ‘gs,n(TQ OO,H) - 90(7“)’

0<r<R 0<r<R 0<r<R
S sup ‘X;n(r) (gn - 00,71) + sup ‘gs,n(r; 00,71) - gO(T)’
0<r<R 0<r<R

IA

[sup Hximumax} 180 — Bonlls + SUD [gon(r: o) — 50(r)
0<r<R 0<r<R

n 4 [Wa| Mlog J,
:op<€ | 77' %% )+op(en)

en + |W,|~Y?log J,,
= Op 0 ,

which completes the proof of Theorem 1. O

S.5 Proof of Theorem 2

S.5.1 Conditions and Lemmas

[L1] Assume that ¢, ¢(s;3) is differentiable with respect to 6 and B, and that there ex-

ists some constant K; > 0 such that supscy, [|®,,6(8;8)|lmax; SUPscw, ||a¢%[§sﬁ)||max,

SUPgeyy, Had)%e(s”@)“max are uniformly bounded for (3, 0) satisfying |8 — Byl < K1, |0 —

0.1 < K;.
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L2] Denote matrix Hy ,(0) = —=~ 8¢”9(S 9¢n.6(5:80) (s; Mds and its
[ ] ®, ( ) \/m SE%WH fW ﬁo
ijth element as h;j 4 ,(0). Assume that there exists a constant K, > 0 and ng such that
for any n > ny, it holds that for any @ satisfying (|6 — 8¢ ,|l1 < K1, P (|hijen(0)] > 1) <

exp (—Kst), for any t > ¢y with tg > 0 being some constant and i = 1,--- ,p, j=1,--- | J,.

[L3] Let Sgn(Bo; Oo.n) = \Wlnlfwn PV (s; By)pL 60, (83 B)ds, where PV (s:8) = Bwézﬁ)‘ We

assume that liminf,, . Amin [Sn(Bg: @o.n)] > 0.

Conditions L1 and L3 are taken from Guan et al. (2015) and are rather mild conditions. Condition
L2 is the same as the condition C4 and can be justified by the fact that under some mild
conditions, each component in Hy ,,(0) is asymptotically normal as |W,,| — oo, whose tail decays

even faster than the exponential rate.

Lemma 2. For any bounded function h : R? — R, under conditions C1-C2, we have that

> s

se NNW,,

O(|Wal)-

Proof. Using the Campbell’s formula, it is straightforward to show that, under conditions C1-C2,

> h(S)] = ¢(S Bo)h*(s / . (85 Bo)¥(t; Bo) [go(lls — tl) — 1] A(s)h(t)dsdt

seNNW,

2
< C\|W,,| sup h2(s) + Cf]Wn|Cg {sup h(s)] = O(|W,]).
seW, seW,

Lemma 3. Under conditions C1, C2 and L1, if |3 — Byll1 — 0 and ||@ — 8¢ ,||1 — 0, then

sup
seWy,

G10(5:8) = Bup,,.(5:80)| =018 = Bylli + 116 = o).

Proof. For any given 3,0, recall the Fredholm integral equation of the second kind using the

shape constrained PCF estimator g,(r; @) that gives the optimal weight function ¢y(s; 3)

Gno(s:8)+ | bno(w; B)(u; B) [gsn(lls — ul;8) — 1] du = M (s; B) /2(s; B). (S.14)

Wn
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Define function hy,(s) = ¢, ¢(s;8) — @, 0, (S; Bo), which must satisfy the integral equation

hy,(s) + / hy, (w)ih(w; Bo) [gsn(lls — ull; Bo.n) — 1] du = An(s), (S.15)

where

W8 pW(siBy) w B0 (u: s—ul:0) — 1ldu
An(s) = =8 v b,.0(0; B)(0; B) [gsn(lls — ul;0) — 1]d

T / 0 (: B0 Bo) [gan([15 — u: 80,0) — 1] du
Wn

P8 V(8 w wB) — bl s ull-0) — 11du
- ¢(Saﬁ) ¢(S;/30) W, ¢n,o( 7ﬁ) [1/1( 76) 1/}< 7/30)] [gs,n(” ”70) 1]d

] b,,0(0; B)Y (W5 By) [gsn(lls — ull; 60.0) = gsn(lls — ull; )] du.

Under conditions C1-C2 and L1, and the fact that gs,(r;0) is bounded and gs,(r;0) = 1 for

any r > R by design, a straightforward application of Taylor expansion yields that

Sup [An(8) [[max = OB = Bollr + O(1)[|6 — ol (S.16)

Define the identity functional operator I(f) = f(s) for s € W,, and

K. (f) = (W)¢(w; By) [gsn(lls — ulf; 60,0) — 1] du.

Wn
Denote by (I + K,)~! the inverse operator of the linear operator I + K,,. Since the solution to

the integral equation (S.15) must satisfy h,(s) = (I+ K,,)"'A,(s), we have that

sSup th(S)Hmax = Sup “(I + Kn)_lA(S)”max < ”(I + Kn)_1||0p SelII/II? HA(S)HmaXv (S.17)

SEWn SGWn

where [|(I+ K )|, is the operator norm of the linear operator (I+K,,)~!. Since under the con-
straint S2, gs »([|s—t||; @o.n) — 1 is a positive semi-definite function of (s, t) € W2, hence the linear
operator (I+K,,) does not have an eigen-value 0, and hence ||(I+K,)"!||,, < co. Therefore, mak-

G10(5:8) — D16,,(5: 80|

ing use of equation (S.16) and (S.17), we conclude that supgeyy, ’

O(|1B = Boll1 + 110 = Bo,nll1)-

max
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S.5.2 Proof of Theorem 2

Some straightforward calculus yields that the negative partial derivatives of the optimal estimat-

ing function Qg (B) defined in equation (3) is of the form

_ 1 an’Jl(IBJ 0)
18
= | S T B s | +8,,4(8.0),
L LeNmWn op W v(s:P) B 5|+ SgalB.6)

where Sy,,(8,0) is as defined in conditions L3. And the variance of the optimal estimating

function is of the form

1
(Wal Jw,

+ . / U(s; Bo)v(t; By) [go(lls — tl]) — 1] @, o(s; B) P} (s; B)dsdt.
|WN| n J Wn

2l .(8,0) = Var[Qu(8, 0)] (85 Bo) br0(s; B) DL o(3: B)

(S.19)

By the design of the optimal weight function ¢(-) in equation (4), it is straightforward to

show that

1
[Wal

=l (B 002) = S8 00.) = i [ [ 0Bt B0 anlls = 1) = g = l:0,)

X B,,.6(5; B) by, o(s; B)dsdt

S sup |g0(7’) - gs,n(r; 00,n)| X
rel0,R)

1
Wl

/ (51804 B0) (s ) < R), ofs:3)8] o5 )t

Under the conditions C1, C5 and L1, we have that

= O(e,) = o(1). (S.20)

max

HET ’”<BO’ 00,n) — Se.n(Bo: Gon)

We first show that / |Wn|([§$n — By) = O,(1) following the approach in Guan et al. (2015),

which amounts to show

R1 |||Wn|712t¢jnl(:30a 00,n) lmax = o(1).
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R2 Let a,, = n; ' (e, + |W,|"*?log.J,), show that for some constant d > 0,

sup [T (B,0) = T4 (8o, 000) || yax = 0p(1)-
||ﬁ—,30H1§m7||9—90,n“1§dan
RS [T6.(80:81) = Son(Bos00s)|| = 0,l1).
R4 | Qon(8y,82) — Qun(Bo: 60,0) =)

R5 hmn%oo )\min [ELT’; (ﬁ07 00,n)s¢,n(ﬁ07 00,71)2];;,1 (1607 00,11)

Proof of R1: As |[W,| = oo, R1 follows directly from condition L3 and equation (S.20).

Proof of R2: Using equation (S.18) and Lemma 2, it readily follows that under condition

L1, for any |8 — B[l < \/%, 10 — 0o, |1 < da,,
Var [Jij.on(8,0) — Sijen(8,0)] = O(W,|™Y), 4,j=1,---,p,

and

w(s: ) — (s By) 2B g

1
||E [J¢,n(670) - S¢,n(/670>] ||max = il [ ) 8,6

1 A 8¢n9 ) o
Y LR S |H— s
_— _ BT M
= 7] Wn\(,@ Bo) "V (s; B7) s
_ H/6_50”1 1) (a. @* 8¢n,9( ?B)
=W /WH”” S8 | 08| %

= OB = Bollx,

where the last equality follows from conditions C1 and L1. Therefore, we have that for any
18 = Bollr < \/W 10 — Bo,nlly < do,
J5n(B:6) = S4.0(8,0) + Op(|W| 7'/2). (S.21)

Based on (S.21), we have that

J6.:(8,0) = J5,(Bo. 80.) = Sp.n(8,0) = S.n(Bo, Bo.0) + Op(IWal /%),
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which implies that to show R2, it suffices to show that

sup 1S¢.n(8,8) = Sg.n(Bo, Oo.n) | ax = 0(1)- (5.22)

H:@_ﬂOHIS \/“lfvinlzng_eo,nl‘lgdan

To show (S.22), using the Taylor expansion, we have that

1500(8.0) = S0 B 800 e < [y [ [[[6705:8) 9 5:80)] oot
b [ 80 [u0fs:8) - fua, (580

ds.

max

+

610(5:8) ~ D1,.,(5:80)|

e a)

Therefore, under conditions C1, L.1 and Lemma 3 (recall that under condition C6, «,, — 0 and

max

thus conditions of Lemma 3 are satisfied), we have that

1S¢.n(83,0) = S.n(Bo: Oo.n) e = OUIB = Bollr + 16 — Gonll1), (S.23)

which completes the proof of equation (S.22) and thus the proof of R2.

Proof of R3: Using the triangular inequality, we have that

HJdmz(ﬂo, en) - S¢,Tl</307 eo,n)

max

< |[36(80:02) = 350080, 802)| |+ 1195(80: 80.) ~ S.0(Bor B0l

=0p(1) + Op(’Wnrl/Q) = 0p(1),

~

where the second last equality follows from R2 (by Theorem 1, [|0,, — 0¢.|1 = Op(a,)) and
equation (S.21).

Proof of R4: To prove R4, it suffices to show that

sup [ Qgn(Bo,0) = Qo.n(Bo, O0.n) lpax = 0p(1)- (S.24)

HO*BQ;,AhSdO[n
To show (S.24), using the first order Taylor expansion of Qg (3, 0) around € = 6,,,, we have

that

1Q4.n (B0, 6) = Qopn(Bos Oo.n)llimax = Hen(07)(8 = 00.n) | < Hepn(07) ] 16 = Gonlla
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where Hy ,,(0) is as defined in condition L2 and ||@* — 6 ,||1 < ||@ — 6p,||1. Under condition L2

and using Lemma 1, we have that [|[Hy ,(0%)||, . = O,(logJ,), which further improves that

max

sup 1Qp.n (B0, 0) — Qg.n(Bo, 00,n)HmaX = Op(anlogJ,) = 0,(1),

16—60,n|l1<don
which completes the proof of (S.24).
Proof of R5: As |[W,,| = oo, R5 follows directly from condition L3 and equation (S.20).

Therefore, we have shown that /|, | (Bgm —B3y) = O,(1). Then using the Taylor expansion,

we have that
Qz.. (Bg,n,§n> — Qs (50:571) = —Jon (6*7§n) VIWal (Bq;n - 50) ,

where [|3* — Byll1 < H,/B\an — Boll1, and Jp (-, -) is as defined in (S.18). Consequently, we have

that

VIV (B = Bo) = 355 (878.) Qoun (B0:8) = 186,18, 00,))" Qo (Bos B0.1) + 0,(1),

where the last equality follows from R2, R3 and R4. The proof of Theorem 2 is complete.

S.6 Proof of Theorem 3
S.6.1 Notations and Conditions

For the asymptotic distribution of the test statistic, we introduce the definition of a-mixing
coefficients for point processes to quantify the strength of spatial dependence. For two o-
algebras F and G define o [F,G] = sup{|P(FNG)— P(F)P(G)|: F € F,GeG}. For any
s,¢1,¢9 > 0, the a-mixing coefficients of a point process N are defined as an(s;ci,ce) =
sup{a[c(N N Ey),0(NNEy)]: By CR? |By| < cp, k=1,2, d(By, By) > s}, where d(By, By) =
inf{lrrgl?é |s; — ti| - s = (s1,82)T € By, t = (t1,t2)" € By}.

The following additional conditions are needed for asymptotic distributions.

[N1] The mixing coefficient of N, ay(r;2,00) = O(r=27¢) for some € > 0.
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[N2] There exist constants C; and 6 > 4/e such that }g(k)(sl, Sg, - ,sk)‘ < C, for any s; € W,

j=1,--- kand k =2,--- ,2(2+ [4]), with [d] being the smallest integer greater than J.

These two conditions are standard conditions, see, e.g., Prokesova and Jensen (2013);
Prokesové et al. (2017), and impose no rigid restrictions. We also need the following techni-

cal conditions.

[L4] Assume that f, o(s;3) is differentiable with respect to € and B, and that there ex-

Ofn.0(s:8

ists some constant K; > 0 such that (a) supgcy, ||fn79(s;,8)\|max, SUPgey,, HT)H““&X’

SUPgeyy, Haf"gésﬁ) lmax are uniformly bounded for (3, 0) satisfying ||3 — Byll1 < K, |0 —

Fr0:8) = Fa,, (580 =018 =Byl + 116 = B0, it
I8 — Byl — 0 and ||@ — Oy ,||1 — 0 as |W,,| — oo.

90,nH1 < Kj; (b) SUPgew,

[L5] Denote matrix Hy,(0) = —= [ > %‘E}S;%) — fw w(s;ﬂo)%é&ﬁo)ds and its
VIWal {seNaw, "

ijth element as h;jf,(0). Assume that there exists a constant Ky > 0 and ng such that
for any n > ny, it holds that for any @ satisfying ||@ — 0o, |l < K1, P (|hij5.(0)] > t) <

exp (—Kst) , for any t > to with tg > 0 being some constant and i = 1,--+ ,p, j =1, | J,.

[L6] Let df = rank[Xf,(8,90)] and there exists a df x ¢ matrix B(8,, go) such that

IB(Bo; 90) lmax < 00 and B(By, g0) X (8o, 90)B” (B, go) = Ly-

Conditions L4(a) and L5 are identical to conditions L1-L2, with ¢,, 4(-; 3) replaced by f, 4(-; B).

Condition L4(b) is similar to the Lemma 3, and is rather mild based on the definition of f%ﬂ(-; I6)

and fyy(+;3).
S.6.2 Proof of Theorem 3

Using the first-order stochastic Taylor expansion, one has that

Qf,n(//éa,,nv/én) - Qf,n(/g(b/én) = _me(/B*ab\n) V |Wn| (:/B\&n - /30> s
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where J¢,,(8, /0\) is as defined in (S.18). Using the same arguments in the proof of R2 and R3 of

Theorem 2, one can show that under the condition L4,

sup 19 5.0(8,6) = S5.n(Bo, 00.n) |l imax = 00(1);

||5—Bo||1S \/lt‘fvin‘vlle_eo,nnlgdan

where a,, = ;% (e, + |W,|"/?logJ,) and some constant d > 0. Using Theorem 1 and the above

equality, it immediately follows that

Qf,n(aa,’na/én) - Qf,n(ﬁOa/e\n) - Sf,n(ﬁm OO,n) V |Wn| (B&n - BO) + Op(l)'

Then using the same arguments in the proof of R4 of Theorem 2, under conditions L4-L5, one

has that HQf’”(’BO’ 4/9\”) — Q¢n(By: 60.n) = 0,(1), which further implies that

max

Qf,n(Ba,n: /én> = Qf,n(ﬁO? OO,n) - Sf,n(ﬁm 90,71) V |Wn’ (B(?,,n - /60) + Op<1)'

Then using Theorem 2, it immediately follows that

Qsn(B3,.00) = Qr.n(Bo. O0.) — ST (B, 00.0) [Spn(Bo, 00.0)] " Qs (Bo, B0.n) + 0p(1). (S.25)

Using (S.25), some straightforward algebra yields that
Var [Qf,n(Bg,,n, 5n)]
= Var [Qy.,(8y, 00.0)] — S5.,(80, 00.0) [Se.n(Bo, 00.0)] ™' Cov [Qpn(Bo, B0.n), Q.0 (B, 00.0)]
— Cov[Qpn(Bo, B0n): Quon(Bos 001)] [Sen (B 00.0)] " S5.0(Bo, Oo.n)

+ ST,n(/607 OO,n) [qu,n(/@m OO,n)]il Var [Qd),n (/307 OO,n)] [Sd),n(ﬁOa 00,71)]71 Sf,n(ﬁm 00,n)-

COV [Qd),n(/@m OO,n)v Qf,n(IBOa 00,71)] ¢(S; /60)¢n,00,n (S; ,30)f£,eo,n (S; :30)

:m ”

b [ ot 80680 laols — £1) 116,055 80) L, (5 Bt
AT
1

:|Wn| W (S;BO)QSn’OO’N(S;’BO)fZ,OO,n(S?/Bo)

it [ B0 B0 geals — 6:80.) 1), (5 80) £ L, (5 Byt + of1)
AT

= Sf,n(IBO’ 00,71) + 0(]‘)7
(S.26)
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where the last equality follows from the definition of ¢, g, (s;B) in the integral equation (3).
Note that (S.26) also indicates that Var [Qe.n (B¢, €0.n)] = Se.n(Bg: 00.n) + 0o(1). Consequently,

using (S.26), the Var [van(,@&n, b\n) can be simplified as

Var | QB 0n)| = Var [Qr.a(By: 00.0)] = 7.,(B0,001) [S.0(Bo, 00.)] ™ S 1.(Bos ) + 0(1).

Similarly, since sup,ep g [90(r) — gsn(r;600,)|=0(1) by Theorem 2, under condition L4 and

Lemma 3, it is straightforward to show that,

Var [Qp.n(By: 80.0)] = Var |Qy,, (B)| +0(1), S7.a(By,60) = Sg.n(By, 0) +0(1),
and S¢ (8o, 00n) = Sen(Bo, 90) +0(1),y
which immediately suggests that
Var [ Q7 (B, 8)| = g (B, 0) + 0(1), (3.27)

where ¥7,,(8y,90) = Var |Qy, (8y)| = S%,.(80: 90)S6,(B0: 90)S £.1(Bo: 90)-

To prove Theorem 3, it suffices to show that

B(/60790)Qf7n(1/3\$7n7§n) i) N(()?Idf)’ as IWn| — 00, (828)

where B(3,, go) is defined in condition L6.

Using approximation (S.25), it is straightforward to show that
B(Bo. gO)Qf,n(Ba,nﬂ 0,) = Qf*m(ﬁo: 00,71) + 0p<1)7

where f;ﬂo,n (S; IBO) = B(/607 gO)fn,Goyn (Sa /60)_B(/607 gU)S‘If—‘,n(/Bm HO,n) [S¢,n(/607 Oo,n)]il ¢n,607n (S; /60)
By the definition of B(83,,go) in condition L6, we have that Var[Qg+ (B¢, 00,)] = Li-

Combining this fact with conditions N1-N2, (S.28) follows from Theorem 1 of Biscio and

Waagepetersen (2019). Consequently, one has that

T (B30 0BT (By. 90)B(By: 90)Qs.0 (B3, 0) — X3(df).
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Note that BT (8, go)B(8By, go) is a version of generalized inverse of 3(3,, go) and consequently

Theorem 3 follows from the Slutsky’s Theorem.
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