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1 Proof of the main results

In this section we provide the proofs of our main results. We begin with a simple technical
lemma that greatly facilitates the presentation. The proof is a trivial consequence of standard

tail-bounds for the normal approximation (Feller, 1968, Section 7.1, Lemma 2).

Lemma 1. Let ® be the cumulative distribution function of the standard normal distribution

and x > 0. Then

1-® <\/2(x +0(1)) log(n)> =n "W g5 n = 0o .

Next, we argue that for the proofs of our main results, we can assume Fjy has zero mean and

unit variance.



1.1 Simplifying assumption

To prove the results in this paper it suffices to consider the case where the nominal distri-
bution Fy has zero mean and unit variance. To see this suppose Fj has arbitrary mean and
variance fo and 08. Define Fo(x) = Fy(po + oox). It is easy to see the distribution Fo has
zero mean and unit variance. Using this we can easily re-parameterize the hypothesis test
n (11).

Let X be a random variable with distribution Fj for some § € [0,6,) and define X =
X “0 Define also goo = eezng (x), the moment generating function of Fy. It is easy to
check that X has density with respect to F, given by exp <§x — 10g(g~)(§))> where 6 = g0

(equivalently 6 = Uié) Therefore, statements in 0 pertaining a zero mean and unit variance

distribution can be translated to a general distribution by simple multiplication by a factor

1/00.

1.2 Proof of Theorem 1

Proof. Without loss of generality and as explained in Section 1.1 we assume that F has

mean zero and variance one, as this makes the arguments easier and less cluttered.

Let ¢(X) : R™ — {0, 1} denote an arbitrary test function. We begin by bounding the worst

case risk of this test by the average risk, namely

R(¥) =By (¥(X) # 0) + max Ps (p(X) #1)

SIS\

> Py (1(X) Z Ps (¢(X) #1) -

s S|=s
The average risk can naturally be interpreted as the risk of testing the simple null hypothesis

against a simple alternative, where S is chosen uniformly at random over the class of all
subsets of [n] with cardinality s. Since we are doing a test between two simple hypotheses
the optimal test (i.e., the test minimizing the average risk) is given by the Neyman-Pearson

lemma, namely ¢(X) = 1 {L > 1} where L is the likelihood ratio given by

L= % Z exp (0Xs — tslog(po(0))) with Xs = Z Xij

S:|S|=s 1€8,j€(t]



The risk of this test can be easily expressed as 1 — %E (|L — 1]), where the expectation is
with respect to the null hypothesis (so all X;; are i.i.d. with distribution F;). To proceed we
need to get an upper bound on E (|L — 1|). A simple, but often useful way to proceed is to

use Jensen’s inequality to get

E(L-1) < VE(L-1)?) = VE(L?) -1,
where the equality above follows since E (L) = 1. This approach is generally referred to as
the second moment method. To show any test is asymptotically powerless it suffices therefore
to show that E (L?) converges to one as n — oo.
To simplify the presentation let S and S’ denote two independent random variables, and both
independent from X. Both § and &’ are sampled uniformly from the set {S C [n] : |S| = s}.
Then clearly L = E (exp (0 Xs — tslog(vo(#))) |X) and therefore

E (L?) = E (exp (0 X5 — tslog(go(0))) exp (0 X — tslog(eo(0))))
= E (exp (6(Xs + Xs) — 2tslog(o(0))))
= E (exp (|5 N S'|(log ¢o(20) — 2log ¢o(9)))) -
For the last equality we used the fact that for all S and &’ we have X5+ X = 2Xsns+Xsas
(in the previous expression A denotes the symmetric set difference).

The beauty of the above result is that is reduces quantification of the risk to a statement
about the moment generating function of the random variable K = |S NS’|. Given the dis-
tribution & and S’ we conclude that K has an hypergeometric distribution with parameters

(n,s,s), and therefore K is stochastically bounded from above by the binomial distribu-

tion with parameters (s, —*-). Using the well-know expression for the moment generating

function of a binomial distribution we conclude that

E(L%) < (1- 35+ 7560))
where k(6) = ¢o(20)/¢o(0)?. Therefore E (L?) — 1 provided
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——((6)' 1) = 0.



Consider now the specific parameterizations of s and € in the theorem statement. Note that
when ¢ = w(log® n) then necessarily § — 0, so we can conveniently use a Taylor expansion

of the moment generating function ¢,(#) around € = 0:
02
o(0) = ©0(0) + 0(0) + 5

as # — 0. Using the fact that Fj has mean zero and unit variance we get ¢o(0) = 1 +

6(0) +O(0%) (1)

267 + O(6*) as 6 — 0. Simple asymptotic algebra yields that x(f) = 1 + 6% + O(6*). Since
1+ x < e® we conclude that x(0) < exp (6% + O(6?)).

When > 1/2 we conclude that

82

(5(0)" = 1) = (1 + o(1)n" " (k(6)' — 1)

n-—s
< (L+o0(1))n' 27 (exp (t0> + O(t6%)) — 1)
= (14 o0(1))exp ((1 —28)logn) (exp (2rlogn +o(1)) — 1) .
The last expression converges to 0 provided 1 — 24+ 2r < 0 meaning that when r < 5 —1/2
any test is asymptotically powerless. This lower bound is tight when 5 € (1/2,3/4] (the
moderately sparse regime) but it is a bit loose for the very sparse regime. However, a

modification of the above argument allows us to get a tight lower bound when 5 > 3/4.

The very sparse regime: the main limitation of the second moment method as presented
above has to do with the fact that the likelihood ratio statistic L might take rather large
values. Although this might be a rare occurrence, it can be enough to ensure the second
moment is much larger than the first moment. A way to mitigate this issue is to consider a
so-called truncated second moment method. Let {2 denote an arbitrary event and define the

truncated likelihood ratio L = L1 {Q}. Clearly L < L and therefore
E(|L—1]|) :E<|L—E+i—1|>

<E(L-1])+1-E(L)

g\/E(i2>—2E(i)+1+1—E(i) ,




where we used the triangle inequality and the fact that E (L) = 1, followed by Jensen’s
inequality. Therefore, to show a test is powerless it suffices to show that both E (E) and
E <E2> converge to one as n — 0o. The choice of event (2 is therefore quite crucial. In the

present context we are going to consider the event

Q= maxy, < w | @)

1€[n]

g

=7(n)
where 17 > 0 must be carefully chosen.

Truncated first moment: Note first that E (E) = E(L1{Q}) is the probability of Q
under the alternative hypothesis (where there is a set S of anomalous streams and S is chosen
uniformly at random over the subsets of [n] with cardinality s). Given the symmetry of the
definition of 2 we see that E <I~L> = Ps (Q2) where S is an arbitrary set with cardinality s.
Without loss of generality let S = [s]. Then
E (L) — Ps (Q)
=1-"Ps (m?)](Yi > 7'(77))
i€n

=1-sPs (Y1 =27(n) = (n—s)Py (Y1 = 7(n)) -

using the union bound in the last line. Using Lemma 6 we conclude that

Py (Y1 > 7(n)) = n~ 110

and provided r <1417
Ps (Y: 2 7(n)) = n~ VIVl

Therefore, when r <1417
E < i) — 1 — !By VIRV o) _ () _ gy ittol)

=1 —p! P WIFI=VPe) _ (1) 5 1,

provided r < (y/T+n — /1 — 8)2. This means the first truncated moment converges to one

for any 1 > 0, provided r < (1 — /1 — 3)2.



Truncated second moment: bounding this term requires significantly more work. Begin

by noting that

E (f/Q) =K (eXp (26)X503/ + QXSAS’ —ts 10g(§00(9))> 1 {Q})

= 0o(0)"E | exp (20X sns') exp (0 Xsas') H 1{Y; <7(n)}

1€[n]

< @o(0)'E (exp (20X sns) exp (0 Xsns) H 1{Y; < 7'(77)})
i€SUS!

< ¢o(0)"E (exp (¢|S N S'|(log $o(20)) — t|SAS'|(log $o(0)))
where ¢y(6)" = E (exp (0tY1) 1{Y1 < 7(n)}). The steps above mimic the derivation for the
regular second moment, and the main difference is that we now need to consider the moment
generating function of a truncated distribution, instead of the original distribution. Clearly

@0(0) < o(f) and so we conclude that
E (L) < E (exp (1S 1 8'|(10g ¢0(20) — 2105 00(6))) -
Define #(0) = $0(20)/p0(0)?. As before, to show the truncated moment converges to zero it

suffices to show that

Note that, the argument based on the untruncated second moment method indicates all tests
are powerless if r < 8 — 1/4. Since we are considering the case § > 3/4 this means that it
suffices to treat only the case where r > 3/4—1/2 = 1/4. To get an upper bound on @y (26)"

we make use of the following technical result.

Lemma 2. Let X be a real-valued random variable and let f : R — [0,00) be one-to-one

increasing and differentiable. Then, for any 7 € R,

E(OOL{x <) = [ " P(X > 2)f (0)dx (3)

To use this lemma we must get a good upper bound on Py (Y] > x) for < 7(n). When

x < 0 we trivially bound this probability by one, and for 0 < x < 6, we make use of a simple



Chernoff bound. In a similar fashion to the proof of Lemma 6 we have

Py(Y1>a) <Py | Y Xy; > at

JElt

< exp (—t sup {\z — 10%(@00‘)”])

,\e[oe )

| A€[0,64)

| /\

= exp ( t| sup {Azx —log(1+ A\?*/2+ (’)()\3))}]>
( t x —log(1 +2%/2+ O(z ))}])

xp (—t(22/2 + O(z%))) .

Let n be large enough so that 7(n) < 6,. Applying the above result and Lemma 2 we get

7(n)
$o(20)" = / P (Y1 > ) 20texp (20tz) dx

—0o0

0 (n)
< / 20texp (20tx) dz + / exp (—t(z*/2 + O(z?))) 20texp (20tz) dx
0

—0o0

(n)
<1+ 24975/ exp (—t(z*/2 4+ O(z?))) exp (20tz) dz
0

(m)
=1 + 20texp (26*t) exp (O(t7°(n))) /0 exp (—t(z —20)%/2)) dx

(rm—20vi 1
=1 + V8r(1+0(1))(0Vt)exp (26%t) /_20\/2 mexp (—y?/2) dy

<1 + V87(1+o(1))(0Vt)exp (26°t) B((7(n) — 20)V1) ,
where in the second to last step we used the fact that ¢ = w(log®n). At this point note that
2
(T(n) — 20)Vt = —\/2 (\/4_— V1 +77> logn <0

when r > 1/4, provided we choose n > 0 sufficiently small. Therefore using Lemma 1 we

conclude that

20(20)" <1 + VBa(1+ o(1))y/2r log nn'rn~ VIV o)
=1 + V8r(1+ 0(1))\/2rlogn n*~ VIV +e(l)

_ A= (VAr— YT +o(l)

With an analogous argument to the one used for ¢(20)" one can show that (pg(6))* =



n2r+o()  Therefore
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(R(0)" — 1) = o(1) + n!~20+2r—(Vir—VIT)to(l)
n—s

The above converges to zero when 1 — 23 + 2r — (v/4r — /T +n)? < 0. This is the case n
is small enough and r < (1 — /1 — )2, since in that case 1 — 28 + 2r — (V4r — 1)? < 0,

completing the proof. O

1.3 Proof of Theorem 2

Proof. By the arguments in Section 1.1, the proof continues under the assumption that Fj

has zero mean and unit variance, without loss of generality.

Under the null and for a given (but arbitrary) permutation = € II it is clear that X™ and
X have exactly the same distribution. Therefore max; {Y;(X)} is uniformly distributed on
the set {max;{Y;(X"},m € II} (with multiplicities) conditionally on the order statistics of
X. So, for a given a > 0
Py (P per (X) < @) = Py (| {7 € IT: max{Vi(X")} = max{(;(X)}}| < a(nt)!)
_ Lot

(nt)!

If there are no ties, the first inequality above is an equality, but with ties present the test

S o,

becomes slightly more conservative. This argument is completely standard and for more

details on permutation tests the reader is referred to (Lehmann and Romano, 2005).

What remains to be proven is the behavior of the test under the alternative. Namely we

must show that, provided r is large enough (as stated in the theorem) then for any o > 0
P(Z) (Pmax—perm(X) > Oé) — 0.

For convenience, let 7 be a uniformly distributed permutation of IT and let this be indepen-

dent from X. We can rewrite our permutation p-value as a conditional probability:

X).

To get a good upper-bound on the permutation p-value we use the following concentration

7Dmax-perm (X) =P (max Y;ﬂ > maXY;

inequality (see Shorack and Wellner (1986) and Arias-Castro et al. (2018), for instance).



Lemma 3 (Bernstein bound for sampling without replacement). Let (Zy,...,Z,)
be sampled without replacement from the set {z1,...,2,}. Define 2y = max;j{z;}, Z =

Yz, Z= 23 Zyand 02 = 2370 (25 — %)% Then, for all T > 0:

— mr?
P(Z >z < — )
( =7 _'_T) =P ( 202 + %(Zmaz _E)T>

Using this lemma, we find that
Praaeperm (X) = P (main(X”) > max Y;(X) ‘ X)

<SP (Yk(X“) > max ¥;(X) ‘ X)
ke(n]

I o o —
=D B (DX =X+ (max¥i(X) - X) | X

keln] JElt]
2
t (max; Y;(X) — X
< Z P\ T 5 2 ( (—) ) X
ken] 20’X + g(maxi,j Xz'j - X) (maxz- K(X) — X)

¢ (max; Y;(X) — 7)2 )

=n-ex — — —

The first inequality is a consequence of a simple union bound, and we used Lemma 3 in the

second inequality.

At this point it is clear that, to control the p-value of our test we need to characterize
the behavior of X, 0%, max; ; X;; and max; Y;(X) under the alternative hypothesis. Since
|S| = o(n) most of the elements of X are samples from the null distribution. Therefore we
intuitively expect that X and 6% should be good estimators for the mean and variance of Fy.
The behavior of the term max; ; X;; is a bit more delicate, but one can see that for the given
parameterization of the null the dominant contribution is still given by the null distribution.
In contrast, the term max; Y;(X) — X really depends on the alternative - the largest stream
mean is surely driven by the anomalous observations. Formally, we can show the following

result.

Lemma 4. Let 8 € (3,1), 0 = \/2r(logn)/t with r > 0 and consider the alternative

hypothesis in (11). Assume Fy has zero mean and variance one and t = w(log(n)). Then
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(1) 7:(9]?(\/%) and 0% =1+ O, (%)
(i1) Let c € (0,6, —6). Then,

— _ 93
Ps (maxXij - X< —log(nt)> —lasn—o0.
2,7 C

(iii) Assume further that t = w(log®(n)) and let € > 0. Provided r > (v/1+¢ — /1 — B)?

we have

2(1+¢)
t

Ps (mlain(X) - X> \/ log(n)> —1

as n — Q.

The first result of the lemma provides a rate at which the bound on our sample variance
can decrease. For the analysis of the max test a much simpler result (already proved in

Arias-Castro et al. (2018)) suffices: for any € > 0 (i) implies that
Ps (0% < (1+¢/2)) — 1

Note also that the bound in Lemma 3 is monotonically decreasing in 7. This ensures that
for € > 0 and with probability tending to one under the alternative, provided r > (/1 + ¢ —
V1 = B)?%, the overall p-value of test satisfies

2(1 4 ¢)log(n)

2(1+¢/2)+2e+ %log(nt)\/Q(l + &)1 log(n)
Written differently, with probability tending to 1 under the alternative:

7)mam—perm<}() S n-exp | —

1+e¢
1+¢e/2+ %(log(n) +log(t))4/2(1 + )log(")
To ensure Paxperm(X) — 0, or equivalently, 10g Puax-perm (X) — —o0 it suffices to ensure

%(log(n) —i—log(t))\/Q(l—i- )1 gt( n) <e/2.

However, since we assume t = w(log®(n)) this is immediately satisfied, since the Lh.s. con-

10g Prax-perm (X) < log(n) | 1 —

verges to zero.

We have just proved that, for ¢ > 0 and r > (V14 — V1 — )2, Puaxpem(X) — 0 as

n — o0o. Since € > 0 is arbitrary this implies the result in the theorem, concluding the



11

proof. O]

1.4 Proof of Theorem 3

Proof. By the arguments in Section 1.1, the proof continues under the assumption that Fj
has zero mean and unit variance. Furthermore the conservativeness of this test follows by

the standard argument already presented in the proof of Theorem 2.
For the rest of the proof consider alternative hypothesis. We must show that
]P)S <75perm—hc(X) < CY) —1

as n — oo. Like before, we can write our permutation p-value as a conditional probability

as follows:

Prormne(X) = P (T(X’T) > T(X) \ X) ,

where 7 is independent from X and uniformly distributed over II. The first step is to
understand and simplify the role of 7m in the above expression. This mirrors the analysis
under the null hypothesis in the proof of Theorem 2, as we need to show that the values
of the test statistic computed with permuted data are a good surrogate for the values of
the test statistic under the null. However, the argument becomes more complex due to the
dependencies introduced by the permutation. Like before, we will use the union bound for

the max-operator in the permuted statistic, inducing a multiplicity by the grid-size:

Prerme(X) = Ps (réleag V,(X™) > T(X) ’ X) <> Ps (VX =2 T(X) | X) . (1)
q€eQ

To proceed recall that quantifying f/q(X”) requires the quantification of two terms: Nq(X’T)

and P,(X™). Note, however, that P,(X) is invariant under permutations of X, and therefore

P,(X™) = P,(X), as explained before. As such the only random quantity inside the probabil-
ity operator above (conditionally on X) is N,(X™). Noting that E (Nq(X”) ’ X) = nP,(X)

we have

Prawe(X) < 3P (WX B (K,(X7)) = TOOYnB(X) (1 - A(X) | X) . (9
qe@
To apply Chebyshev’s inequality we need the right-hand-side of the inequality inside the
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probability to be positive, and T(X) might be negative. In the latter case we simply bound
the probability by one. Therefore, using Chebyshev’s inequality we get
) ) 1 {T(X) > o} Var (Nq(X”) ‘ X)
Prermne(X) < 1{T(X) <0} + —— _ _
X2 b (X)(1 - Fy(X))

, (6)
where we convention that 0/0 = 0. To continue, we must quantify the conditional variance
of Nq (X™). The permutation on X causes dependencies, but these are benign when realizing
the conditional permuted stream means are negatively associated conditional on the data.
Using Theorem 2.11 and the properties Pg and P, in Joag-Dev and Proschan (1983), we find
that Y;(X™)|X and Y;(X7)|X are negatively associated if ¢ # j. For ease of notation, define
2

2z = tq log(n) . (7)

Then,

Var ( (X7

X) = 3" Var (1 {1i(X") > 7} | X)

i€[n]

+ )Y Cov (L{Yi(X™) > 2}, L{Y;(X") > 7} | X)

i€[n] j#i
< nBy(X)(1 - B(X)) ,
where we used the definition of negative association (Definition 2.1 from Joag-Dev and
Proschan (1983)). In conclusion we get the following simple bound for the p-value:
Prermne(X) < T(;y <Z 1) 1 {T(X) > o} +1 {T(X) < o}
- @”*11{T(X)>o}+1{T(X)go} . (8)

T(X)?2

To continue the proof we must show that T'(X) is of order larger than k, = n°®). This mimics

the approach in Proposition 1 and Theorem 2 under the alternative. Recall that T(X) =
max,cq V4(X), so it suffices to show that V,(X) is larger than k, with high probability for
particular values of ¢ € ). At the final stretch of the proof, it will become clear that one

only needs to consider sequences of values g, € ) which converge to a fixed value ¢, so let
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Gn € @ with ¢, — ¢ and ¢ > 0. To start, note that:

Ps (V3 (X) 2 k) = Bs (N,,(X) — E (8, (X)) 2 4,,(X)) . 9)

where we have defined for convenience

44, (X) = 0Py, (X)(1 = Py, (X) + (nP,(X) ~ E (N, (X)) -

To bound the above probability using Chebyshev’s inequality, we first need to find a high-

probability upper bound for the random quantity A,,(X). Note that the second term in
A, (X) will typically be negative when anomalies are present. To characterize this quantity,

define:
2
w;q =Ps <Yi<X> > flog(n)) ,

and let p, = w;, if i ¢ S and 0, = w;, if ¢ € S. Now, note that under the alternative

E (]%(X)) = (n — $)py + s¥y, such that

Ag, (X) = ka0 Py, (X)(1 = By, (X)) + 5, — 5,) + 1 (B (X) ~ 7, ) -~ (10)
Note that using Lemma 6, we can easily characterize p,, and 7,,, and conclude that p,, =

n~9t°M) and
n_(\/a_\/;)2+o(l) lf r < q
Vg, =
ne if r>gq
At this point, the expression above looks remarkably similar to the critical terms encountered

in the proof of Proposition 1. However, we have an extra term n (f)qn (X) — ﬁ%) that

also needs to be controlled. If we ignore that term then it would suffice to show that

P, (X)~ n~7t°() to complete the proof. However, such guarantee is not enough to control
the last term, and a much more refined result is required to ensure ]5%(X) is a sufficiently
accurate surrogate for p,,. In detail, we require the first term in A, (X) to be at most

n1=9/2+e(1) with high probability, and the third term cannot outweigh the preceding two.

The accuracy of the approximation Pqn(X) to p,, is captured in the following lemma:

Lemma 5. Consider the setting of Lemma 4 and let g, — q with q € (0,1], t = w(log®(n))

and t = n°Y . Then, for any € > 0, there exists sequence g, — 0 such that under both the
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null and alternative hypothesis

P (pqn (X) = P, < prax{=5, 5—q}+a+gn> 1

Note that this lemma, together with the characterization of p,, implies that there exists a

sequence g, — 0 such that

P (15% (X) < n—q+9n) S,

Putting all the facts together, we conclude that for any € > 0, there exists a deterministic
sequence a, with characterization

pmax{ i3l 1-f—q}+e+o(l) _ n1-B—(/a—v7)*+o(1) jf y < q,

Qp,
nmax{%,1*5*(I}+5+o(1) — n1_6+0(1) if r >q,

such that for the event 2 = {A,, (X) < a,,} we have P(Q) — 1. Note that a, is nearly the
same term as encountered in the proof of Proposition 1 - although there we were able to
characterize the counterpart of 7, in a sharper way, but this does not affect the final result.

We can now proceed as follows:

§

< Ps (@) 0 2Var (N, (X)) +Ps () | (11)

where the last inequality follows from Chebyshev’s inequality provided a, < 0. Note that

a, < 0 for n sufficiently large provided:
1—B—(\/_—\/F)2—max{12;q,1—ﬁ—q}—5>O ifr<gq,

1—ﬂ—max{%,1—ﬂ—q}—e>0 ifr>gq.
Recall that Ps (€2) — 1, and therefore for n sufficiently large we have Pg (2) > 1/2. Fur-

(12)
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thermore, the summands in Nq(X) are independent, such that
Var (Nqn (X)) = (n— 8)py, (1 — Py.) + 50, (1 — Ty,) .
Assuming (12) and using (11) we conclude that for large enough n
Ps (Vo (X) < k) < 20,2((0 = 80, (1 = Bua,) + 570, (1= 5,) ) + P () .
Note that Ps (©2°) — 0. Using the asymptotic characterization of p,, and 7,,, the first term

converges to 0 provided:
max{l —¢,1 -8 —(g—vr)?*} -2 - 8- (Va—Vr)?) <0 ifr<gq,

max{l —¢,1 -0} —2(1—-0) <0 ifr>gq.

(13)

Note that the conditions in (12) and (13) are nearly identical to those obtained when proving
Proposition 1, with the former holding for any ¢ > 0. Now, similar algebra as used in the
proof of that proposition boils down to the same resulting requirements in the statement of

that proposition, i.e. if

r>(1—+1-p)? ifg=1,

r<l/4dandr>pg—-1/2 ifqg=dr,

(14)

then there exists an € > 0 such that (12) and (13) hold, and thus Pg (f/qn (X) < k‘n> — 0.

At this point we can simply follow the arguments of the proof of Proposition 2 almost ver-
batim. Suppose that » < 1/4 and r > § — 1/2. Consider the gridpoint ¢} = min,eq|q — 4r|.

Since the size of the grid is increasing with n, we have ¢& = 4r + o(1). Therefore:

q€Q

Ps (max{Vq(X)} < k;n> < P (f/q;(X) < kn> =0,
The other case, when r > (1 — /1 — )2, follows analogously with ¢, = 1, since this value
is included in the grid Q. Then, this result trivially implies that 7(X) — 1 and (k, +

1)/T?(X) — 0 with probability tending to one, and therefore
IP)S (ﬁperm—hc(X) S (I) — 1 )

completing the proof. O
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1.5 Proof of Theorem 4

Proof. The conservativeness of this test follows by the standard argument already presented
in the proof of Theorem 2. For the alternative, the proof relies on the results shown in
Theorem 3. The proof of that theorem requires a grid no larger than n°®), which contains
two sequences ¢i,,¢2, € @, such that ¢1,, = 4r +o(1) if r < 1/4 and ¢z, = 1 + o(1)
otherwise. In the context of our restated statistic, this means our result follows if there

exists two sequences Ty, T2, € I such that:

202
Tim = fo + 7(1 +0(1))log(n) ,

202
Ton = Mo + 7(47” +0(1)) log(n) .

We show that the first sequence exists in R; the second sequence then follows analogously

by replacing o2 by 4ro?. Note that the requirement for 71, can be rewritten as:

Tim — (,uo +1/ 2%‘8 log(n)) =0 ( _logt(n)> .

Since 4/log(n) — oo, there exists an ngy such that for n > ng there exists sequences i’ €

tlog(n) log(n)
{\%} and j € { k } such that

k=—+/tlog(n) 4/ log(n) k=0
< li— ool < ——
1y — s — n 00 S —F/—— .
Ho \/% J 0 10g(n>

Now, defining 7, = 4} + log(n), we have that:

1+v2 log(n)
vio S\ )

so 71, is sufficiently close to the optimal value. Now, the size of the grid is of order

< iy, — ol + |45, — 0| glog(n) <

2
i = (o + 1 703 og(n)

@ ( tlog3(n)>, and since t is of order n°™® the grid is not too large. O]
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1.6 Proof of Lemma 2

Proof. We have

P(f(X)1{X <7} > t)dt

f(7)
P(f(X) > t)dt

f(r)
P(X > f71(t))dt

E(f(X)1{X <7})

—— o— —

T

P(X > z)f'(x)dx,

—00

where in the last line we changed the integration variable to z := f~1(#). O

1.7 Proof of Lemma 4

Proof. Let us start by characterizing the overall sample mean X. By Chebyshev’s inequality

we have

Y:E(Y)Jr(’)ﬂ,(\/%),

as n — oo. Now note that, under the alternative hypothesis

IS

E(X) ="

S| /:L‘exp (Ox)
E(X)="— | —————=dF
where X ~ Fy. A Taylor expansion of the function inside the integral around 6 = 0 yields

xexp () RN 2 "
/—WD dFy(x) /+ 0+ O(6%)dF)(x)

=0+ 0(6%
Finally 6 = O ( log(n)/t) — 0 since t = w(log(n)). Putting all this together yield the first

result stated in (i).

For the second result in (i) note that

1 — 1 Y
ag(:E (Xy-X)P==> X} -X
i,J ,J

1 1 -2
= (EZE(X§)> + (EZX% —E(ij)) - X
,J 2Y)
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For the first term we see that

1 : 1 1 )
i,J ¢S, jE(t] 1€S,j€Et]
—|S
_n-i8l |n| (1+0(9))

n

=14+0 (n_ﬂ logn>
t )

as n — oo. In the above the variance of the anomalous streams was characterized with a

Taylor expansion of 8 around 0, similarly to what was done for the average term.

For the second term note first that all the moments of F{, are finite, in particular the fourth

moment. Therefore by Chebyshev’s inequality we have

1 ) 1
= 2 _E(X;)) =0, | — | .
nt - ] ( 1]) O ( /_nt)

Finally, we know that X = O:(1/nt) when [ > 1/2. Putting everything together yields the

second result stated in (i).

The argument needed to prove (ii) is the same already used in Arias-Castro et al. (2018),

and presented here for completeness.

Letting x > 0, a union bound gives

Ps (HZI%X Xij > x) < Pg (Zerg?ét] Xij > x) + Ps (Zég;aé(m Xij > x)
< [S[E(1 = Fy(x)) + (n — |SDE(L — Fo(x)) - (15)
Now, let ¢ € (0,6, — 60). We have that:
/00 exp (Ou) dFy(u)

/00 exp ((0 + c)u) exp (—cu) dFy(u)

1 — Fp(z) = (9)
1
@0(9)
1
(
(

< 0 H)GXP( )/:O exp ((0 + c)u) dFy(u)

< %o 0+ c)
900(9)

Therefore, with considerable slack, we can take z = %log(nt) guarantee that both terms

——~exp (—cx) .
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in (15) converge to zero. Together with the characterization of X in (i) we conclude that
- 3
Ps (maxXij - X< —log(nt)) —1.
27‘7 C

To show part (iii) very different argument is needed as this is a lower-bound on the tail prob-
ability, rather than an upper bound. The following lemma gives a precise characterization

of the tail probability.

Lemma 6. Consider the setting of Lemma 4. Let 1 € S and let q, — q > 1 as n — oo and
t = w(log®n). Then

Ps (m(X) > [ 2dnlogn bg”) _ - (Va-VPo(l)
- t
If ¢ < r we have Pgs <Yi(X) > /%) — po()

To show (iii) begin by noting that

Ps (maxY;(X) > \/@ log(n))

1€[n]

> Ps (r?e%x Yi(X) = \/M 10g(n)>

2(1+¢) <
=1- (1 —Ps (YQ(X) > \/T 10g(n)>) (16)

Consider the case where (v/1+¢e — /1 — )2 <r < 1+e. Note that, in that case, we can

use Lemma 6 with (16) which gives:

2(1 2 S|
Ps <maXK(X) > \/% log(n)) =1 (1 Y 1+E,\/;)2+0(1)>

i€[n] -

=1—exp (nl_ﬁ log (1 —n~W 1+5_\/;)2+O(1)>)
> 1 — exp (_nl—ﬁn—(\/1+s—ﬁ)2+o(1)> 7

where in last inequality we simply used the fact that log(l + z) > z. Finally, provided

(Vi+e—+1-=0)? <r < 1+e we guarantee that 1 — 8 — (v/1+¢e — /7)> + o(1) > 0.

The statement for » > 1 + ¢ follows immediately since this probability is monotonically

increasing in 7. To get the statement in (iii) we just need to use this result together with
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the characterization of X, concluding the proof. O]

1.8 Proof of Lemma 5

Proof. Note that p, and pq(X) differ in two major aspects; first, p, depends on the null
distribution, while Pq(X) depends on the distribution of permutation stream means - which

may be “contaminated” by anomalous observations. Secondly, P,(X) is random, while p, is

deterministic.

To characterize the “contamination” effect, we define the following quantity corresponding
to the probability of a permutation stream exceeding z, = 1/2¢(logn)/t when precisely k

anomalous observations are sampled in the permutation stream:
P (X) =P ((X™) > 2, | X) |
where 7, is uniformly distributed over the set II*) independent from X, and the set II*) C TI

is defined as the set of permutations with exactly k& observations sampled from anomalous

streams in permutation stream with index 1. Specifically:

H(k)z{wEH:ZZZH{W(i,j):(l,h)}:k}.

€S jE[t] helt]

Note that TI**) does not depend on the data, but merely on the index set S. By definition

E (]567Q(X)> = p,. Now consider the following decomposition of our quantity of interest:

Py (X) = By, = (P (X) = B, (X)) + (B, (X) ~E (B, (X)) . (1)
Intuitively, bounding the first term amounts to characterizing the effect of “contamination”

by anomalous observations when computing Pqn(X). The second term focusses mainly on

the random fluctuations (when contamination is not present).

We start with the first term in (17). Intuitively, with high probability, the permutation
stream Y](X™) consists solely of nominal observations, especially for small ¢. With modest
probability, a few anomalous observations are sampled, but their influence on the ensuing
distribution of the stream mean Y;(X™) should be minimal, especially in light of the expo-

nential tails of the distributions in question. Finally, sampling a large number of anomalies
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might unduly influence the distribution of Y7(X™), but the probability of this happening is
very small. For our purposes, the effect of the anomalous observations is modest on Y7(X™)

provided there are no more than log(n) contaminating samples.

To proceed, we first condition on the number of anomalous observations sampled in the first

permutation stream, which allows us to bound the first component in (17) as
|log(n)] t

P,(X)- P, (X) < Z B, (X)P (ren®) + Z P(ren®) (18)
k=[log(n)]

Note that the bound above is only sensible when P (7r € H(O)) is close to 1. By assuming

t = n°W this is indeed the case.

To characterize the bound in (18), we start by characterizing the probability 15,;,% (X). For
small enough £, we can bound this term in a nontrivial way through the use of Lemma 3 and
Lemma 4. Note that Y;(X™) arises from two sampling processes; ¢ — k samples from the
null streams, and k samples from the anomalous streams. We will bound the contribution
of the anomalous streams crudely by their maximum. Define U,,(X) as the sum of a sample
of size m without replacement from the nominal observations of X, i.e. from the set X =
{Xi;:1¢S,j € [t]}. Now, we can bound:
P, (X) = P(1(X™) 2 2, | X)

<P (% (Ut_k(X) + k:H}%X{Xij}) > Zgn ‘ X) . (19)
To continue, we will use the Bernstein bound of Lemma 3. Define X, and 0%, the sample
mean and variance of X. Direct application of the lemma results in complicated expressions,
so we first define for convenience:

O'XO t — t—k k - l
X ( ” \/20x0q10g \/QUXOqlog(n) R o))

While this term is Complex, it is ultimately a nuisance term as one should note that, since

t = w(log(n)?) and k < log(n), Lemma 4 applied to the set X, implies there exists a sequence
gn — 0 such that

P (|di(X)| < 1+g,) =1 (20)
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Now, we can continue from (19) as:

1
P <Z (Ut—k(X) + kmaX{Xij}) > Zg,
Z?]

x)

U 1(X) t k
( ik Z ok g X

Ut_k(X) — 20'% Adn

=P ——=>X d;. (X Sl | X
T = KXo+ dk(X)y /= log(n)
< 2d; (X) 0%, qn log(n)
exp | —
> p 0p? ) _ \/Qdi(X)ogcoqn
0%, + 5(Mmaxigs jen{ Xij } — Xo)\/ ——= = log(n)
2(X)g, 1

v 2d2(X)qn
L+ g e { X} = Xo) 222 bog(n)

where the inequality is due to Lemma 3. Now, due to the result in (20), as well as application

of Lemma 4 to the set X, we have that:
(14 0(1))log
Gn( o(1))lo (n))) 1.

Ps (B(X) < exp (— s

Since this high probability upper bound can be restated as n~7°(1) we ultimately obtain
that

Ps (P, (X) <n7rt0) 51 (22)

Next, we characterize the probability P (7 € II®). Note that P (7 € II™W) = P(H = k),
with H a hypergeometric distribution with population size nt, number of success states st
and sample size t. A coupling argument can be used to show H is stochastically dominated by
a binomial random variable with ¢ trials with success probability st/nt, and H stochastically

dominates a binomial random variable with ¢ trials with success probability (st —t)/nt. For
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convenience, denote p, = (st — t)/nt, and py = st/nt. We have that:
[log(n)]
> P(ren®) =P(H < |log(n)]) — P (H = 0)

k=1

< P (Binomial(t,pr) < [log(n)]) — P (Binomial(¢, py) = 0)

[log(n)] "
<(=p)'=(=po)'+ Y (k>p'2 :
k=1
Now, the first part of the expression above can be upper bounded as:

(1—pr)t—(1—po)t = (1_St—t)t_<1_f)t

Sl— t _1
t
e —— :n_1+0(1)’
n—s—t

where the second inequality is due to Bernoulli’s inequality. The second part of the expression
can be upper bounded as:

[log(n)] ¢ [log(n)] k
k et k
> (= 3 (5)

k=1

< Rk R (1)

k=1
log(t) Uog(n)J log(t)
<n—,8+los(n)+o(l)_'_ Z n—k5+klo§<n)+0(1)
k=2

log(n)]
< pBre) 4 Z n k5 +o(1)
k=2

—B+o(1
STLBJ'-O(),

where the first inequality is due to Stirling’s inequality, and the fourth inequality is due to ¢t =

n°M) such that log(t)/log(n) = o(1) and for sufficiently large n, we thus have log(t)/log(n) <
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£/2. We can conclude that for any € > 0,
[log(n)]
Z P(re H(k)) < Pre) (23)
k=1
For the other probability term in (18), we have that:
t

Z P (7 € I®) =P (H > [log(n)]) < P (Binomial(t,py) > [log(n)])

k=[log(n)]
NG
k n
k=[log(n)]

¢
_ Z n%ﬁ%fé’f}ﬁ +o(1)

IN

t t
< Z - kBHkS+o(1) _ Z n k5 +o(1)
k=[log(n)] k=[log(n)]
< tn-loE™E < pB-a (24)

log(t)

Toa(n) ) for n

where we have assumed that ¢t = n°"), and subsequently that the fraction

[

sufficiently large. We have also used that § > 1/2 and ¢ < 1.

Putting the results from (22), (23), and (24) in (18), we have that there exists a deterministic

sequence g, — 0 such that:

Ps (P, (X) = P}, (X) <n#700n) 51 (25)
For the second term in (17), we must show that ]567 ,(X) concentrates well around its mean.
We use Chebyshev’s inequality, requiring a characterization of the variance of ﬁéyq(X), ob-
tained by carefully characterizing the dependency between two permutation streams. In
many cases, these streams do not share any observations, and thus are independent. To
characterize this rigorously, let 7, be some arbitrary fixed permutation from I1(®). We then

partition I1() in sets {H,go) (me) }i_o as follows: we have 7 € H}(€0) (m) if T permutes precisely

k of the same coordinates as m, to the ﬁrst stream. Specifically:
Y (r,) = {WEH ZIL{W (1,) =7 (1,j)}:k} .

In particular, note that if 7 € H(() )(w*) with 7, some fixed permutation, this means that the
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random variables Y;(X™) and Y;(X™) are independent (given the two permutations). Note
that, since n > t, intuitively II ~ Ily(m,) for any permutation m,, such that one should
expect a very weak dependency between Y7(X™) and Y;(X™) when 7 € II uniformly at

random.

Now, we first find the second moment of 156 4(X). Let 7 and 7 be permutations uniformly

and independently at random from II(9, such that:
E (P,(%)?) = E[E(1{n(x") > 5} \ X)B(1 (X" 2 2} | X))

—B[B(1 (X" 2 5} LMK 2 5} | X))

—F _]1 {(Yi(X™) > 2, 1 {V;(X™) > Zq}l

S Y Y B0 22 100 2 5 [ m=6m =]

ﬂ'EH(O) k= 0561-[560)( )
P(m =& P(m=m) . (26)
At this point, it is convenient to look at the summands of & in (26) individually. First, note

that for £ = 0 we have that, due to independence:

> 2 E[ﬂ{mxmqu}ﬂ{mxmzzq})mzf,m:w]ﬂbwl:fmm:w)

eIl fEHé()) (ﬂ)

=> > EPH}}X5:>%}} h{inW:>%}} (m = &) P (my =)

7ell(0) fEHéO)( )

< Z{ LX) 2 5} Plre =) ZE{HE(X&)M}}P%:@}

7el1(0) £e11(0)

- % B[t 2 ) [P - mE (7,00) |

well0)
. 2
—E(7,X) .
Now, before proceeding to bound the term in (26) for £ > 1, we first define
pe =P (5 < H/E;O)(W)> ,

when ¢ is sampled uniformly at random from II¥ and = € II© arbitrarily and fixed.
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Note that this is a hypergeometric probability; the probability corresponds to choosing ¢
indexes, of which k indexes should match the t indexes placed in the first stream by the
permutation 7, out of the (n— s)t indexes in total, without replacement. To characterize this
probability, we use a stochastic domination argument like before; note that a hypergeometric
random variable H with (n — s)t total states, with ¢ success states and a sample size of

t, is stochastically dominated by a binomial random variable with ¢t draws with success
probability t/((n — s)t). Therefore:

crsr o)) 50 )
< ) (1o, )) ) n*k+k%ssé;>>+o>

k=1

,1+0(1 Z k(1—e)4o(1 71+o(1) : (27>
k=
where the fifth inequality holds for any € > 0 since t = n°®, and thus for sufficiently large

n we have log(t)/log(n) < e. Then, for the summands k£ > 1 in (26), we now have that:

Z Z {H{HXW1)>ZCJ}H{Y1(XW2 >Zq})7fl §7T2—7T:|]P)(7T1 §)P(my =)

well(0) ﬁGH(O)( )

< Y E[10ix 22 [m-rlpm-n T Pm-g

S—) et ” (x)
— i (P,(X))

For the second moment, we therefore have that:

E(F,(X)?) <E (15[;@()())2 +E(7,(X) ipk —E (B, ) + By Zpk ,

where the equality holds by definition of Péyq(X). Now, letting ¢, — q, the variance of
]5(’)7% (X) can be bounded by:

t
Var (P(;,qn (X)) < By, Zpk < n—1—ato(1) ;
k=1

where the second inequality is due to Lemma 6 and the result in (27). Now, Chebyshev’s
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inequality implies that, for any € > 0, we have:

P (Pé’qn(X) _E (155,% (X)) > n*%“) o (]56"’”<X)> <n 0.  (28)

— n—l—q+26 —
We have now bounded both components of Equation (17). Combining our results of (25)

and (28) implies that, for any € > 0, there exists a sequence g, — 0 such that:
. _ldg
P (PAX) — iy < pmepanT }+6+9n) >1,

concluding the proof. O

1.9 Proof of Lemma 6

To streamline the presentation let Wy,..., W, be i.i.d. with distribution Fj and denote by
©p(x) the moment generating function of Fy. Define also 7 = /(2¢,/t) logn. We start by
getting an upper bound for the said probability when » < ¢q. A simple Chernoff bounding

argument yields

Ps ;W 27| <ew (—t [p {Ar—logmu»}]). (29)

, [0,0..—6)

JE(t]
We must now characterize @g(A). First note that ¢g(A) = @o(A+6)/¢0(0). Now, we develop
a Taylor expansion of ¢o(A) around A = 0, as we did in Equation (1). Note that Fy has zero

mean and unit variance. We obtain:
2

A
poN) =145 +0() (30)
as A — 0. A similar expansion can be developed for ¢(A + ) around A+ 6 = 0. Combining

all this yields

oo(N) = 1/21(1‘;?2 ig&% D _vons X v ooy

as both A\, — 0, where we used a Taylor expansion for the fraction around 6*/2+0(6?) = 0.

This suggests the choice \* = 7 — 6, which is positive provided n is large enough since r < q.
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This choice yields the bound

Ae[?)%p_e){)\T —log(we(N))} > 7% — log(pg(N))

>

(=60 +0 (%),

+2) < x. When t = w(log®n) the first

= l\DIH

since 7 > 0 and we used the basic inequality log(
term dominates, and therefore we conclude that

%ZW]- > 7 | <exp(—(v/an — v/r)*(logn) + o(1))

JE]

_ - (Wa—VPo(l)

To lower-bound the probability in (29) we use a tilting argument. Let 6, be such that Fj,
has mean 7. Such a choice exists for n large enough and necessarily 6, > 6 for large n, since

r < ¢. Define Wi, ..., W, to be i.i.d. with distribution Fy_. Then

1 1
Ps ZZWJ-ZT :/1 gzwjzf dFy(wy) - - - dFp(wy)

JElt] Jelt]

= ]l = ij > T Hexp Ow; —logwo(8)) dFy(wy) - - - dFo(wy)

JE[t} J=1
o(0)
-y w;>T exp(9 0,) (— dFy (wy)---dFy, (w
JEZ[t j H log po(6r) o (1) o, ()
©o(0:)\ 1 -
9 1 ;ZW]'ET exp | —(6, —6) ZW
( JE|] JEL]

With this change of measure we can conveniently use the central limit theorem to get a
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meaningful bound. Begin by noting that

©o(0;) ! 1 Wj—r ~
2( (0))]E 1 0§7Z <1 jexp —(97—9)%211/1/]

° 09,
JE[t]

> (wo(er))texp <_(97—9)(t7+\/¥09 )IP’ O<—Z :
Je[t] o

where o denotes the variance of Fy. . By the Central limit theorem we know that

Iyt
J€lt]
converges in distribution to a standard normal distribution and therefore the probability in

09,

the expression above converges to ®(1) — ®(0) ~ 0.34 > 1/4. We conclude that, for n large

enough

ZW > > }L (900(97))texp (—(GT —0)(tT + \/EO'QT>) :

Je[t 900(9)

To control the remaining terms recall that ¢o(A) = 1+ A?/2 4+ O(A3) as A — 0 (see Equa-
tion (30)). Note also that 7 = 6, + O(#?), which implies (after some manipulation) that
0, = 7+ O(7?%). Finally, note that both 7 and @ have the same order of magnitude. Putting
all this together we conclude that
900(97))t tia o 3
lo =—(r"=0"+0(")) .
i (< vo(0) 2 ( ( ))

For the other term note that oy, = 1+ 0(1), and therefore oy_/v/t = o(f). This implies that

—(0, — O)(tT +V'toy,) = —t (7(1 — ) + O(6?)) .

In conclusion
1 t
Ps | - E W;>7| > 16XP <—§ (r—0)>+ (’)(03))> :

When ¢ = w(log®n) the term (7 — #)? term dominates, and we see we get the asymptotic

behavior as in the upper bound, concluding the proof.

For the case r > ¢ we see that necessarily P (% > el W; > 7-) > nO(l)7 so the tail probability
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cannot be extremely small. In fact, when r > ¢ this probability will be lower bounded by a

constant.

1.10 Proof of Corollary 1

Proof. To prove this corollary we simply map the original dataset to a new dataset with

short streams, for which we can apply Theorem 4. Partition the set [t] into # sets of size k

such that ¢ = £ = n° and = w(log®(n)). For simplicity, we assume ¢ is divisible by k and
define
= — Xg
ij i
vk (=(j—1)k+1

Recall that X;; belongs to a natural exponential family with natural parameter 6;. Note
that the distribution of Xij also belongs to a natural exponential family. Particularly, let Fy
be the distribution of X’ij when 6; = 0. Then the density of Xij with respect to Fj is given
by exp <0~Zx - log(géo(éi))> where @ () = po(f/VE)* is the moment generating function
of Fy and 0; = 6;v/k. Note that F, has variance o2 and so, using the parameterization in

Theorem 4 we have for i € S

b, = 0Vk = \J2r/(031) log(n)Vk = /2r/ (037) log(n) .
We can now apply the test as in Theorem 4 on the set of observations X = {XZJ (i €n],j€
[t]}. Since t = n°" and # = w(log®(n)), Theorem 4 implies the test has power converging to
one provided r > p*(3). If t is not divisible by k one can simply ignore the last observations

in each stream of the original data and proceed as above. O]

2 An analysis of daily COVID-19 diagnoses across mu-

nicipalities in the Netherlands
To showcase another possible application of our methodology we consider a way to moni-
tor the number of new daily diagnoses of COVID-19, aiming to quickly identify localized

outbreaks. During the current COVID-19 pandemic countries experienced successive waves
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with large numbers of cases, interspersed with periods with more stable disease dynamics,
typically due to measures put in place to limit its spread. In the latter regime it is of high

importance for policy makers to quickly detect signs of new impending outbreaks.

One possible way to proceed is to monitor the daily number of diagnoses per capita in each
separate municipality of the country over a short time frame, and test if a (small) subset
of municipalities has a higher-than-usual number of cases. As such, the framework we have
introduced in this paper can be useful here to detect signs of local outbreaks, as these would
lead to rejection of our null hypothesis (1). A municipality may turn anomalous during the
observed stream and not right from the start. However, recall that our methodology still

has some power even when anomalous streams are only partially affected.

Within small time windows, it may be sensible (to some extent) to apply the proposed
methodology directly to the raw data. Nevertheless, we also consider a more sophisticated
approach by first fitting a model to small time windows of the raw data and then analyzing
the residuals instead, as explained in Section 1. Note, however, that our methodology is
in principle not suitable for serially dependent data, and validity of the conclusions based
on this residual analysis hinge crucially on the validity of the fitted model. In addition,
estimated residuals are dependent (but usually only weakly provided an adequate model
is chosen). In rigor, one should carefully address the influence of this dependency on the

validity of the test conclusions, but this is outside of the scope of this manuscript.

We consider data from The Netherlands. In this country, it is not unreasonable to assume
municipalities are sufficiently comparable: the country is very small and population density is
not too different among municipalities. We use data on newly diagnosed COVID-19 cases per
100.000 inhabitants from 13th of March up until 10th of August 2020, for each of the n = 355
municipalities of the Netherlands. This data was processed from two sources; the data on the
number of diagnoses (uncorrected for municipality population) was retrieved from the Dutch

national institute for public health and the environment (RIVM) at https://data.rivim.nl’,

IThe specific hyperlink to this data is https://data.rivim.nl/geonetwork/srv/dut/catalog.search#


https://data.rivm.nl
https://data.rivm.nl/geonetwork/srv/dut/catalog.search#/metadata/1c0fcd57-1102-4620-9cfa-441e93ea5604
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and the data on municipality population was retrieved from the Dutch central agency for
statistics (CBS) at https://opendata.cbs.nl®>. These were combined to obtain the number
of newly diagnosed COVID-19 cases per 100.000 inhabitants. Let ¢ € {1,...,355} denote a
municipality and j € {1,...,151} denote a day in the period above. Then y; ; denotes the
daily rate of new cases per municipality (daily-rate, for short). Specifically, the ratio between
the number of new positive diagnoses on that day divided by the number of inhabitants of
the municipality (as a multiplicative factor of 100.000). To give some insight into this data,
we depict the number of new cases per municipality in each month in Figure 1. As can be
seen, some municipalities clearly have a large number of cases when compared to the others,

but they do not stay so large consistently throughout the months considered.

As we are interested in quickly detecting outbreaks our analysis focuses on very short time
frames, namely windows of five consecutive days. This is motivated by the knowledge of
the incubation time of the disease, believed to be on average around 5 days, and typically
between two and fourteen days (Lauer et al., 2020). Within such a short time frame both
the independence and stationarity assumptions might not be terribly unreasonable under
the null; in a stable regime without local outbreaks, relatively few cases are distributed
somewhat evenly over the population, and those infectious individuals tend not to infect
many others (within that limited time frame). For larger windows of time one naturally
expects the validity of such assumptions to be more questionable. That being said, within
a five-day window there might be some amount of dependency and non-stationarity across
time, even within the null streams. With this in mind an option is to attempt to capture such
global trends and dependencies, and monitor the residual errors of such a model instead, as

suggested in Section 1. Both approaches are discussed below.

Formally, our analysis and results pertain a window of ¢ = 5 consecutive days, starting on

day w € {1,...,147}. We present results for all the possible windows. In short, the raw

/metadata/1c0fcd57-1102-4620-9cfa-441e93eab604
2The specific hyperlink to this data is https://opendata.cbs.nl/statline/?d1=2096B#/CBS/nl/dataset/
70072NED /table
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Figure 1: Boxplots depicting the normalized number of monthly cases per municipality. For
each municipality, the total number of monthly cases per 100.000 inhabitants is normalized
by the number of days in the month. The five municipalities with the highest mean number
of cases are depicted with a cross and labeled. Data in March pertains only the 13th up
until the 31st of March, and August only pertains the 1st up until the 10th of August.

observations for the window indexed by w are (mgu) 21 €nl,je [t]) where :132(15) = Yijtw—1-

Taking into account the short time-windows and the first order epidemic dynamics a simple

but sensible model to consider for this data is an AR(1) model, as suggested in Shtatland

(2007, 2008). Note, however, that application of our methodology is crucially dependent

on the validity of the model, but for presentation purposes we stick with this relatively
(w)

simple model. Specifically, the model assumes that for null streams the observations z; ;* are

obtained as a sample from

X0 — ) = 0 (X0, — ) e[

1,) 2y}
where i € [n], j € [t], a®), u®) € R are (unknown) parameters of the model (common to all
null streams), and 5%) are i.i.d. samples from an unknown zero-mean distribution. Despite

its simplicity, this model can capture some of the epidemic dynamics when applied to very
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short time frames, in contrast with more sophisticated epidemiological models (like the ones

described in Held et al. (2019)).

The first step in this approach is to estimate the unknown parameters of the model. Given
that we do not have knowledge of the distribution of the errors a natural choice is to use the

ordinary least squares estimator

n t 2
(@), ")) = arg min {Z > (@) = —atelsy - ) } -

i=1 j=1
Finally, the methodology proposed in this paper is then applied to the residual errors, namely
(@) i € [n],j € [1]) where

F) = 2 — ) — ) (xl(f;{)_ - ﬂ(w)> ’

We apply our testing methodology both to the raw data (xgqj) )icinljel and to the residuals
(fgf;))ie[n]vje[t], and contrast the obtained results. Note that often there are few very large
observations. While these cases are important in the context of the application, one needs
no powerful test to mark them as anomalous as their abnormality is so clear. Especially
in the context of COVID-19, these “clear” outliers will be investigated regardless. A more
interesting question is then if, apart from these “clear” outliers, we can still detect higher-

than-usual values among the other municipalities.

To remove “clear” outliers in a rigorous way we use the max test as described in Theorem 2.
First we obtain the 95% quantile of the permutation maximum stream mean distribution.
We then mark all streams with means exceeding this threshold as “clear” anomalies. Finally,
we apply our permutation higher criticism test as in Theorem 4 on the remaining data to
detect possible signals. We also use the higher criticism test using a normal approximation
as in Section 5.5 for a comparison. See also Remark 2 for a discussion on possible alternatives

to consider when fitting the AR(1) model.

We present the results obtained for each possible window of 5 consecutive days in Figure 2.
The p-value obtained by the testing procedures along with the virus’ nationwide progression

is depicted in that figure. Note that the time-windows are indexed by their starting day,
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Figure 2: The p-values of our permutation higher criticism test and the higher criticisms test
using normal approximations for a window of the previous five days, along with the total
number of daily diagnoses in the Netherlands. For each test 10° permutations were used.

so neighboring windows consider overlapping periods of time. Obviously, the obtained p-
values are dependent and care must be taken if trying to interpret them jointly - the figure
is given merely to aid the presentation. As can be seen in Figure 2, our test nearly always
results in much smaller p-values than the approximation method at each window, both when
using the raw data and the residuals of the AR(1) model. One can also see that, when the
method is used on the residuals, larger p-values are typically observed. This indicates that
in many of the windows considered, the use of the AR(1) model mitigates the effect of some
dependencies and global trends that may unduly influence the conclusions. However, the
autocorrelation parameter estimates were frequently small - across all windows considered,
the estimates had a median value of 0.2243, and were smaller than 0.3 in 75% of the windows.
At 5% significance, our test on the raw data rejects the null a total of 113 times out of 146,
while the approximation test rejects a total of 49 times. On the residuals of our AR(1)
model, our methodology rejects 43 times, while the approximation method rejects 20 times.
Nevertheless, these figures should be interpreted with care, as the resulting p-values across

different windows are dependent.

There are cases where our test indicates anomalies in seemingly stable periods. In these

periods, while hard to see in aggregated data, we thus have some evidence that some mu-
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nicipalities have larger-than-usual values. This does not necessarily lead to a nationwide
outbreak, since local measures, such as a restricting access to specific nursery homes, might
have been taken to prevent further spread. As our data is aggregated per municipality and

local measures are very hard to identify, we cannot to take this into account in our analysis.

Remark 1. When the p-values of our test are small as above, one would ideally like to
subsequently identify the anomalous municipalities. We refer to the ending of Section 5.6 for

a discussion on the possibilities when one would like to identify anomalous municipalities.

Remark 2. With respect to the exclusion of “clear” outliers, there are some natural alterna-

tives to the approach above:

A. Remove obvious anomalies using the permutation distribution of the maximum stream
mean on the raw data. Next, fit the AR(1) model on the remaining raw data, and
apply the methodology on the residuals. In the results, we refer to this approach as

“approach A”.

B. First, fit an AR(1) model on the data. Then, identify obvious anomalous streams
using the permutation distribution of the maximum stream mean on the residuals.
If the stream mean of the residuals is larger than the 95% quantile, we remove the
corresponding stream from our original raw data. Fit a new AR(1) model on the
remaining raw data streams. Use our methodology on the residuals following from the

second model fit. In the results, we refer to this approach as “approach B”.

Compared to the previous approach, the first option avoids labeling streams as “obvious”
anomalies based on the AR(1) model. The second option avoids using our methodology on
residuals that arose from an AR(1) model fit which was unduly influenced by the presence

of “obvious” anomalies.

The results do not qualitatively change compared to the results in the main text when these

variations are considered. The results are presented in Figure 3.
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Figure 3: The p-values of our permutation higher criticism test and the higher criticisms test
using normal approximations for a window of the previous five days, along with the total
number of daily diagnoses in the Netherlands. For each test 10° permutations were used.

References

Arias-Castro, E., Castro, R. M., Ténczos, E., and Wang, M. (2018). Distribution-free detection of
structured anomalies: Permutation and rank-based scans. Journal of the American Statistical
Association, 113(522):789-801.

Feller, W. (1968). An introduction to probability theory and its applications, volume 1. John Wiley
& Sons, 3rd edition.

Held, L., Hens, N., D O’Neill, P., and Wallinga, J. (2019). Handbook of infectious disease data
analysis. CRC Press.

Joag-Dev, K. and Proschan, F. (1983). Negative association of random variables with applications.
Annals of Statistics, 11(1):286-295.

Lauer, S. A., Grantz, K. H., Bi, Q., Jones, F. K., Zheng, Q., Meredith, H. R., Azman, A. S.,
Reich, N. G., and Lessler, J. (2020). The incubation period of coronavirus disease 2019 (COVID-
19) from publicly reported confirmed cases: Estimation and application. Annals of Internal
Medicine, 172(9):577-582.

Lehmann, E. L. and Romano, J. P. (2005). Testing statistical hypotheses. Springer Texts in
Statistics. Springer, New York, 3rd edition.

Shorack, G. R. and Wellner, J. A. (1986). Empirical processes with applications to statistics. Wiley
Series in Probability and Mathematical Statistics: Probability and Mathematical Statistics. John
Wiley & Sons Inc., New York.

Shtatland, E. S. (2007). Low-Order Autoregressive Models in Early Detection of Epidemic Out-
breaks and Explosive Behaviors in Economic and Financial Time Series. In NESUG.

Shtatland, E. S. (2008). Another Look at Low-Order Autoregressive Models in Early Detection of
Epidemic Outbreaks and Explosive Behaviors in Economic and Financial Time Series. In SAS
Global Forum.



	Proof of the main results
	Simplifying assumption
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Theorem 4
	Proof of Lemma 2
	Proof of Lemma 4
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Corollary 1

	An analysis of daily COVID-19 diagnoses across municipalities in the Netherlands

