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Supplement to : Zongwu Cai, Ying Fang, Ming Lin, and Jia Su, “Inferences for a Partially
Varying Coefficient Model with Endogenous Regressors”.

Lemma 1. Let (X1, Y1),..., (Xn, Yn) be i.i.d random vectors, where the Yi’s are scalar random
variables. Assume that supx

∫
|y|sf(x, y)dy < ∞ for some s > 2, where f(x, y) denotes the

joint density of (Xi, Yi). Let K(x) be a bounded positive function with bounded support,
satisfying a Lipschitz condition, and let Kh(x) = K(x/h)/h. Given that n2ϵ−1h → ∞ for
some ε < 1− s−1, then

supx

∣∣ 1
n

n∑
k=1

Kh(Xi − x)Yi − E[Kh(Xi − x)Yi]
∣∣ = Op

[
log(1/h)

nh

]1/2
.

Proof of Lemma 1: The proof is given by Proposition 4 in Mack and Silverman (1982). �

Lemma 2. Suppose that Assumptions A1-A7 hold, we have

[
DT

Z(u)H(u)DZ(u)
]−1

DT
Z(u)H(u)DX(u) =

(
ΠX(u) 0

0 ΠX(u)

)
+Op(cn)

holds uniformly for u ∈ Ω, where cn =
[
log(1/h)

nh

]1/2
+ h.

Proof of Lemma 2: Note that[
DT

Z(u)H(u)DZ(u)
]−1

DT
Z(u)H(u)DX(u)−

(
ΠX(u) 0

0 ΠX(u)

)
(A.1)

=
[
DT

Z(u)H(u)DZ(u)
]−1

DT
Z(u)H(u)

[
DX(u)−DZ(u)

(
ΠX(u) 0

0 ΠX(u)

)]
=

[
DT

Z(u)H(u)DZ(u)
]−1

DT
Z(u)H(u)

 XT
1 − ZT

1 ΠX(u)
u1−u
h

[
XT

1 − ZT
1 ΠX(u)

]
...

...
XT

n − ZT
nΠX(u)

un−u
h

[
XT

n − ZT
nΠX(u)

]
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By Lemma 1, we have

1

n
DT

Z(u)H(u)DZ(u) (A.2)

=
1

n

( ∑n
k=1 ZkZ

T
k Kh(uk − u)

∑n
k=1 ZkZ

T
k

uk−u
h

Kh(uk − u)∑n
k=1 ZkZ

T
k

uk−u
h

Kh(uk − u)
∑n

k=1 ZkZ
T
k

(uk−u)2

h2 Kh(uk − u)

)
=

(
E
[
ZkZ

T
k Kh(uk − u)

]
E
[
ZkZ

T
k

uk−u
h

Kh(uk − u)
]

E
[
ZkZ

T
k

uk−u
h

Kh(uk − u)
]

E
[
ZkZ

T
k

(uk−u)2

h2 Kh(uk − u)
])

+Op

[
log(1/h)

nh

]1/2
=

(
E(ZkZ

T
k | uk = u)f(u) +Op(h

2) Op(h)
Op(h) µ2E(ZkZ

T
k | uk = u)f(u) +Op(h

2)

)
+Op

[
log(1/h)

nh

]1/2
=

(
E(ZkZ

T
k | uk = u)f(u) 0

0 µ2E(ZkZ
T
k | uk = u)f(u)

)
+Op(cn),

where µ2 =
∫
t2K(t)dt. Similarly, we can show that

1

n
DT

Z(u)H(u)

 XT
1 − ZT

1 ΠX(u)
u1−u
h

[
XT

1 − ZT
1 ΠX(u)

]
...

...
XT

n − ZT
nΠX(u)

un−u
h

[
XT

n − ZT
nΠX(u)

]
 (A.3)

=
1

n
DT

Z(u)H(u)

 vTX,1
u1−u
h

vTX,1
...

...
vTX,n

un−u
h

vTX,n

 = OP (cn).

Combine (A.1), (A.2) and (A.3), we obtain that

[
DT

Z(u)H(u)DZ(u)
]−1

DT
Z(u)H(u)DX(u)−

(
ΠX(u) 0

0 ΠX(u)

)
= Op(cn)

uniformly for u ∈ Ω. This completes the proof. �

Lemma 3 Suppose that Assumptions A1-A7 hold, then

1

n
D̂X(u)

TH(u)D̂X(u) =

(
Φ(u) 0
0 µ2Φ(u)

)
+Op(cn)

uniformly for u ∈ Ω, where µ2 =
∫
t2K(t)dt. Furthermore,[

1

n
D̂X(u)

TH(u)D̂X(u)

]−1

=

(
Φ−1(u) 0

0 µ−1
2 Φ−1(u)

)
+Op(cn).
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Proof of Lemma 3: Note that

1

n
D̂X(u)

TH(u)D̂X(u)

= DT
X(u)H(u)DZ(u)

[
DT

Z(u)H(u)DZ(u)
]−1
[
1

n
DT

Z(u)H(u)DX(u)

]
= DT

X(u)H(u)DZ(u)
[
DT

Z(u)H(u)DZ(u)
]−1

1

n

( ∑n
k=1 ZkX

T
k Kh(uk − u)

∑n
k=1 ZkX

T
k

uk−u
h

Kh(uk − u)∑n
k=1 ZkX

T
k

uk−u
h

Kh(uk − u)
∑n

k=1 ZkX
T
k

(uk−u)2

h2 Kh(uk − u)

)
= DT

X(u)H(u)DZ(u)
[
DT

Z(u)H(u)DZ(u)
]−1[(

E(ZkX
T
k | uk = u)f(u) 0

0 µ2E(ZkX
T
k | uk = u)f(u)

)
+Op(cn)

]
.

By Lemma 2, we have

1

n
D̂X(u)

TH(u)D̂X(u)

=

(
ΠT

X(u) 0
0 ΠT

X(u)

)(
E(ZkX

T
k | uk = u)f(u) 0

0 µ2E(ZkX
T
k | uk = u)f(u)

)
+Op(cn)

=

(
ΠT

X(u) 0
0 ΠT

X(u)

)(
E(ZkZ

T
k | uk = u)ΠX(u)f(u) 0

0 µ2E(ZkZ
T
k | uk = u)ΠX(u)f(u)

)
+Op(cn)

=

(
Φ(u) 0
0 µ2Φ(u)

)
+Op(cn).

This completes the proof. �

Lemma 4 Suppose that Assumptions A1-A7 hold, then we have

1

n
Ŵ

T
(I− Ŝ)T (I− Ŝ)Ŵ

p−→ Σ1 and
1

n
Ŵ

T
(I− Ŝ)T (I− S̃)W

p−→ Σ1,

where Σ1 = E
(
ΥkΥ

T
k

)
with Υk = ΠT

W (uk)Zk −ΨT (uk)Φ
−1(uk)Π

T
X(uk)Zk.

Proof of Lemma 4: Note that

1

n
Ŵ

T
(I− Ŝ)T (I− Ŝ)Ŵ =

1

n
(Ŵ− ŜŴ)T (Ŵ− ŜŴ),

1

n
Ŵ

T
(I− Ŝ)T (I− S̃)W =

1

n
(Ŵ− ŜŴ)T (W− S̃W),

We first consider the terms ŜŴ and S̃W. By the similar argument in Lemma 2, we obtain
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that X̂k = ZT
k ΠX(uk) +Op(cn) and Ŵk = ZT

k ΠW (uk) +Op(cn). Then by Lemma 3, we have

ŜŴ =


(
X̂T

1 0
) [

1
n
D̂X(u1)

TH(u1)D̂X(u1)
]−1

1
n
D̂X(u1)

TH(u1)Ŵ
...(

X̂T
n 0

) [
1
n
D̂X(un)

TH(un)D̂X(un)
]−1

1
n
D̂X(un)

TH(un)Ŵ


=

 ZT
1 ΠX(u1)Φ

−1(u1)Ψ(u1)
...

ZT
nΠX(u1)Φ

−1(un)Ψ(un)

+Op(cn),

and

S̃W =


(
XT

1 0
) [

1
n
D̂X(u1)

TH(u1)D̂X(u1)
]−1

1
n
D̂X(u1)

TH(u1)W
...(

XT
n 0

) [
1
n
D̂X(un)

TH(un)D̂X(un)
]−1

1
n
D̂X(un)

TH(un)W


=


[
ZT

1 ΠX(u1) + vTX,1

]
Φ−1(u1)Ψ(u1)

...[
ZT

nΠX(u1) + vTX,n

]
Φ−1(un)Ψ(un)

+Op(cn).

Hence,

1

n
Ŵ

T
(I− Ŝ)T (I− Ŝ)Ŵ

=
1

n
(Ŵ− ŜŴ)T (Ŵ− ŜŴ)

=
1

n

n∑
k=1

[
ΠT

W (uk)Zk −ΨT (uk)Φ
−1(uk)Π

T
X(uk)Zk

]
×
[
ZT

k ΠW (uk)− ZT
k ΠX(uk)Φ

−1(uk)Ψ(uk)
]
+Op(cn)

p−→ Σ1.

Since E(Zkv
T
k | uk) = 0, where vk = (vTX,k, v

T
W,k)

T , we also have

1

n
Ŵ

T
(I− Ŝ)T (I− S̃)W

=
1

n
(Ŵ− ŜŴ)T (W− S̃W)

=
1

n

n∑
k=1

[
ΠT

W (uk)Zk −ΨT (uk)Φ
−1(uk)Π

T
X(uk)Zk

]
×
[
ZT

k ΠW (uk) + vTW,k − ZT
k ΠX(uk)Φ

−1(uk)Ψ(uk)− vTX,kΦ
−1(uk)Ψ(uk)

]
+Op(cn)

=
1

n

n∑
k=1

[
ΠT

W (uk)Zk −ΨT (uk)Φ
−1(uk)Π

T
X(uk)Zk

]
×
[
ZT

k ΠW (uk)− ZT
k ΠX(uk)Φ

−1(uk)Ψ(uk)
]
+Op(cn)

p−→ Σ1.
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We complete the proof. �

Theorem 1. Suppose that Assumptions A1-A7 hold. When nh4 → 0, we have

√
n
(
β̃ − β

)
d−→ N

(
0,Σ−1

1 Σ∗
1Σ

−1
1

)
,

where Σ1 = E
(
ΥkΥ

T
k

)
and Σ∗

1 = E
(
Υkε

2
kΥ

T
k

)
with

Υk = ΠT
W (uk)Zk −ΨT (uk)Φ

−1(uk)Π
T
X(uk)Zk.

Furthermore, if εk is conditionally homoskedastic; that is, E(ε2k | uk, Zk) = σ2
ε , then, we have

√
n
(
β̃ − β

)
d−→ N

(
0, σ2

εΣ
−1
1

)
since Σ∗

1 = Σ1σ
2
ε .

Proof of Theorem 1: The estimator β̃ is given by

β̃ = {Ŵ
T
(I− Ŝ)T (I− S̃)W}−1Ŵ

T
(I− Ŝ)T (I− S̃)Y

= {Ŵ
T
(I− Ŝ)T (I− S̃)W}−1Ŵ

T
(I− Ŝ)T (I− S̃)(Wβ +M+ ε),

then

√
n
(
β̃ − β

)
=

{
1

n
Ŵ

T
(I− Ŝ)T (I− S̃)W

}−1

(A.4)[
1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)M+

1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)ε

]
.

The first term converges to Σ−1
1 by Lemma 4, we now consider the second term 1√

n
Ŵ

T
(I−

Ŝ)T (I− S̃)M and the last term 1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)ε.

First, note that

1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)M =

1√
n
(Ŵ− ŜŴ)T (M− S̃M).

Define r(uk) = A(uk) − A(uk), where A(uk) is the vector consisting of the first p rows of[
D̂X(uk)

TH(uk)D̂X(uk)
]−1

D̂X(uk)
TH(uk)M. Then

S̃M =


(
XT

1 01×p

) [
D̂X(u1)

TH(u1)D̂X(u1)
]−1

D̂X(u1)
TH(u1)M

...(
XT

n 01×p

) [
D̂X(un)

TH(un)D̂X(un)
]−1

D̂X(un)
TH(un)M


=

 XT
1 [A(u1) + r(u1)]

...
XT

n [A(un) + r(un)]

 .
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By the similar argument in Lemma 4, it can be shown that r(uk) = Op(cn) uniformly for
uk ∈ Ω. Note that

√
nOp(c

2
n) = op(1), we have

1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)M

=
1√
n
(Ŵ− ŜŴ)T (M− S̃M)

=
1√
n

n∑
k=1

[
ΠT

W (uk)Zk −Ψ(uk)
TΦ−1(uk)Π

T
X(uk)Zk +Op(cn)

] {
XT

k A(uk)−XT
k [A(uk) + r(uk)]

}
=

1√
n

n∑
k=1

[
ΠT

W (uk)Zk −Ψ(uk)
TΦ−1(uk)Π

T
X(uk)Zk +Op(cn)

]
XT

k r(uk)

=
1√
n

n∑
k=1

[
ΠT

W (uk)Zk −Ψ(uk)
TΦ−1(uk)Π

T
X(uk)Zk

]
XT

k r(uk) + op(1)

=
1√
n

n∑
k=1

Lk(uk)r(uk) + op(1),

where

Lk(uk) =
[
ΠT

W (uk)Zk −Ψ(uk)
TΦ−1(uk)Π

T
X(uk)Zk

]
XT

k .

Let r−k(uk) be the leave-one-out version of r(uk) without using the k-th observation, that is,
replace all H(uk)’s in r(uk) by H−k(uk) = diag

(
Kh(u1−uk), · · · , Kh(uk−1−uk), 0, Kh(uk+1−

uk), · · · , Kh(un − uk)
)
. It can be shown that r(uk) − r−k(uk) = Op

(
1
nh

)
. Since nh2 → ∞,

we have

1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)M =

1√
n

n∑
k=1

Lk(uk)r−k(uk) + op(1). (A.5)

Conditional on uk, Lk(uk) and r−k(uk) are independent, and E [Lk(uk) | uk] = 0, so

E

[
1√
n

n∑
k=1

Lk(uk)r−k(uk)

]
=

1√
n

n∑
k=1

E {E [Lk(uk) | uk]E [r−k(uk) | uk]} = 0.(A.6)

and

Var

[
1√
n

n∑
k=1

Lk(uk)r−k(uk)

]

=
1

n

n∑
k=1

Var [Lk(uk)r−k(uk)] +
1

n

∑
j ̸=k

Cov [Lj(uj)r−j(uj), Lk(uk)r−k(uk)]

=
1

n

∑
j ̸=k

E [Lj(uj)r−j(uj)Lk(uk)r−k(uk)] + o(1).
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We further let r−jk(uk) be the jackknife estimator of r(uk) without using the j, k-th obser-
vations, then for j ̸= k,

E [Lj(uj)r−j(uj)Lk(uk)r−k(uk) | uj, uk]

= E [Lj(uj)r−jk(uj)Lk(uk)r−jk(uk) | uj, uk]

+E {Lj(uj) [r−j(uj)− r−jk(uj)]Lk(uk)r−jk(uk) | uj, uk}
+E {Lj(uj)r−jk(uj)Lk(uk) [r−k(uk)− r−jk(uk)] | uj, uk}
+E {Lj(uj) [r−j(uj)− r−jk(uj)]Lk(uk) [r−k(uk)− r−jk(uk)] | uj, uk}

= 0 + 0 + 0 +O

(
1

n2h2

)
.

Therefore, we have

Var

[
1√
n

n∑
k=1

Lk(uk)r−k(uk)

]
=

1

n
· n2 ·O

(
1

n2h2

)
+ o(1) → 0. (A.7)

From (A.5), (A.6) and (A.7), we can obtain that

1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)M = op(1). (A.8)

Next, note that

S̃ε =


(
XT

1 0
) [

D̂X(u1)
TH(u1)D̂X(u1)

]−1

D̂X(u1)
TH(u1)ε

...(
XT

n 0
) [

D̂X(un)
TH(un)D̂X(un)

]−1

D̂X(un)
TH(un)ε


=

 XT
1 Op(cn)

...
XT

nOp(cn)

 ,

we have

1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)ε

=
1√
n

n∑
k=1

[
ΠT

W (uk)Zk −Ψ(uk)
TΦ−1(uk)Π

T
X(uk)Zk +Op(cn)

] [
εk −XT

k Op(cn)
]

=
1√
n

n∑
k=1

[
ΠT

W (uk)Zk −ΨT (uk)Φ
−1(uk)Π

T
X(uk)Zk

]
εk +

1√
n

n∑
k=1

εkOp(cn)

− 1√
n

n∑
k=1

[
ΠT

W (uk)Zk −ΨT (uk)Φ
−1(uk)Π

T
X(uk)Zk

]
XkOp(cn) + op(1).
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Since E(εk | uk) = 0 and E
{[

ΠT
W (uk)Zk −ΨT (uk)Φ

−1(uk)Π
T
X(uk)Zk

]
Xk | uk

}
= 0, by the

similar argument of obtaining (A.8), we have

1√
n
Ŵ

T
(I− Ŝ)T (I− S̃)ε (A.9)

=
1√
n

n∑
k=1

[
ΠT

W (uk)Zk −ΨT (uk)Φ
−1(uk)Π

T
X(uk)Zk

]
εk + op(1) + op(1) + op(1)

d−→ N (0,Σ∗
1) .

By Lemma 4 and (A.4), (A.8), (A.9), we have

√
n
(
β̃ − β

)
d−→ N

(
0,Σ−1

1 Σ∗
1Σ

−1
1

)
.

This completes the proof. �

Theorem 2. Suppose that β is a
√
n-consistent estimate of β and under Assumptions

A1-A7, we have

√
nh

[
Ã(u)− A(u)− 1

2
h2µ2A

′′(u)
(
1 + op(1)

)] d−→ N (0,Σ2) ,

where µ2 =
∫
t2K(t)dt and Σ2 = ν0Φ

−1(u)Λ(u)Φ−1(u) with ν0 =
∫
K2(t)dt. If εk is con-

ditionally homoskedastic, then, the asymptotic variance reduces to Σ2 = ν0σ
2
εΦ

−1(u) since
Λ(u) = σ2

εΦ(u). Furthermore, if nh5 → 0, we have

√
nh
[
Ã(u)− A(u)

]
d−→ N (0,Σ2) . (A.10)

Proof of Theorem 2: Note that D̂
T

X(u)H(u)D̂X(u) = D̂
T

X(u)H(u)DX(u), we have

√
nh

[(
Ã(u)

hÃ′(u)

)
−
(

A(u)
hA′(u)

)]

=
√
nh

{[
D̂

T

X(u)H(u)D̂X(u)
]−1

D̂
T

X(u)H(u)
(
Y−Wβ

)
−
(

A(u)
hA′(u)

)}
=

√
nh
[
D̂

T

X(u)H(u)D̂X(u)
]−1

D̂
T

X(u)H(u)

[
W(β − β) +M+ ε− D̂X(u)

(
A(u)
hA′(u)

)]
=

√
nh
[
D̂

T

X(u)H(u)D̂X(u)
]−1

D̂
T

X(u)H(u)

[
W(β − β) +M+ ε−DX(u)

(
A(u)
hA′(u)

)]
=

[
1

n
D̂

T

X(u)H(u)D̂X(u)

]−1

√
h

n

{
D̂

T

X(u)H(u)W(β − β) + D̂
T

X(u)H(u)

[
M−DX(u)

(
A(u)
hA′(u)

)]
+ D̂

T

X(u)H(u)ε

}
△
=

[
1

n
D̂

T

X(u)H(u)D̂X(u)

]−1

(J1 + J2 + J3).
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We first consider the term J1. By Lemma 3 and the square root consistency of β, we
have

J1 =

√
h

n
D̂

T

X(u)H(u)W(β − β) (A.11)

=
√
h

[
1

n
D̂

T

X(u)H(u)W

] [√
n(β − β)

]
= op(1).

We now move to the term J2. By Lemma 2,

J2 =

√
h

n
D̂

T

X(u)H(u)


XT

1 A(u1)
...

XT
nA(un)

−DX(u)

(
A(u)
hA′(u)

) (A.12)

=

√
h

n

[(
ΠT

X(u) 0
0 ΠT

X(u)

)
+ op(1)

]
DT

Z(u)H(u)
XT

1 A(u1)
...

XT
nA(un)

−

XT
1 A(u) +XT

1 A
′(u)(u1 − u)

...
XT

1 A(u) +XT
1 A

′(u)(un − u)




=
√
nh

[(
ΠT

X(u) 0
0 ΠT

X(u)

)
+ op(1)

]
1

n
DT

Z(u)H(u)


XT

1 A
′′(ξ1)(u1 − u)2/2

...
XT

1 A
′′(ξn)(un − u)2/2




=
√
nh

(
1
2
h2Φ(u) [µ2A

′′(u) + op(1)]
op(h

2)

)
.

Here ξk is a point between uk and u.
Finally, we consider the term J3. Note that

J3 =

√
h

n
D̂

T

X(u)H(u)ε

=

[(
ΠT

X(u) 0
0 ΠT

X(u)

)
+ op(1)

]√
h

n
DT

Z(u)H(u)ε

=

(
ΠT

X(u) 0
0 ΠT

X(u)

)( 1√
n

∑n
k=1

√
hZkεkKh(uk − u)

1√
n

∑n
k=1

√
hZkεk

uk−u
h

Kh(uk − u)

)
+ op(1)

Here, we only focus on the variance of Â(u), then we have

Var
[√

hZkεkKh(uk − u)
]

= E
[
hZkε

2
kZ

T
k K

2
h(uk − u)

]
=

∫
K2(t) dtE

[
Zkε

2
kZ

T
k | uk = u

]
f(u) + op(1)

= ν0E
[
Zkε

2
kZ

T
k | uk = u

]
f(u) + op(1).

Hence, we have

J3
d−→ N

(
0, ν0Λ(u)

)
. (A.13)
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By Lemma 3, we have[
1

n
D̂X(u)

TH(u)D̂X(u)

]−1
p−→
(
Φ−1(u) 0

0 µ−1
2 Φ−1(u)

)
,

together with (A.11), (A.12) and (A.13), we have

√
nh

[
Ã(u)− A(u)− 1

2
h2µ2A

′′(u)
(
1 + op(1)

)] d−→ N
(
0, ν0Φ

−1(u)Λ(u)Φ−1(u)
)
.

This completes the proof. �

Lemma 5 Suppose Assumptions A1-A7 hold, then under the null hypothesis,

1

n
RSS1

p−→ E
{[

εk + vTX,kA0(uk; θ)
]2
f(uk)

}
.

Proof of Lemma 5: We have

1

n
RSS1 =

1

n

n∑
k=1

1

n

[
Y− D̂X(uk)

(
Ã(uk)

hÃ′(uk)

)
−Wβ

]T

H(uk)

[
Y− D̂X(uk)

(
Ã(uk)

hÃ′(uk)

)
−Wβ

]

=
1

n

n∑
k=1

1

n

[
Y− D̂X(uk)

(
A0(uk; θ)
hA′

0(uk; θ)

)
−Wβ

]T
H(uk)

[
Y− D̂X(uk)

(
A0(uk; θ)
hA′

0(uk; θ)

)
−Wβ

]
+ op(1).

According to Lemma 2, we have

1

n
RSS1 =

1

n

n∑
k=1

1

n

[
Y−DZ(uk)

(
Π(uk)A0(uk; θ)
Π(uk)hA

′
0(uk; θ)

)
−Wβ

]T
H(uk)

[
Y−DZ(uk)

(
Π(uk)A0(uk; θ)
Π(uk)hA

′
0(uk; θ)

)
−Wβ

]
+ op(1)

=
1

n

n∑
k=1

1

n

 ε1 + vTX,1A0(u1, θ)
...

εn + vTX,nA0(un, θ)


T

H(uk)

 ε1 + vTX,1A0(u1, θ)
...

εn + vTX,nA0(un, θ)

+ op(1)

=
1

n

n∑
k=1

E
{[

εk + vTX,kA0(uk; θ)
]2 | uk

}
f(uk) + op(1)

= E
{[

εk + vTX,kA0(uk; θ)
]2
f(uk)

}
+ op(1).

The proof is complete. �
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Lemma 6 Let θ and β be
√
n-consistent estimates of θ and β under the null hypothesis,

respectively. Define

S0(u) =

[
Y− D̂X(u)

(
A0(u; θ)

hA′
0(u; θ)

)
−Wβ

]T
H(u)

[
Y− D̂X(u)

(
A0(u; θ)

hA′
0(u; θ)

)
−Wβ

]
,

S1(u) =

[
Y− D̂X(u)

(
Ã(u)

hÃ′(u)

)
−Wβ

]T
H(u)

[
Y− D̂X(u)

(
Ã(u)

hÃ′(u)

)
−Wβ

]
,

where (
Ã(u)

hÃ′(u)

)
=
[
D̂

T

X(u)H(u)D̂X(u)
]−1

D̂
T

X(u)H(u)
(
Y−Wβ

)
.

Suppose that Assumptions A1-A7 hold and nh4 → 0, then under the null hypothesis,

S0(u)− S1(u) = P (u) + T1(u) + T2(u) + op(1/
√
h),

where

P (u) =
1

n
εTH(u)D̂X(u)

[
1

n
D̂

T

X(u)H(u)D̂X(u)

]−1

D̂
T

X(u)H(u)ε,

T1(u) =
1

n
(β − β)TWTH(u)D̂X(u)

[
1

n
D̂

T

X(u)H(u)D̂X(u)

]−1

D̂
T

X(u)H(u)ε,

T2(u) =
1

n
(θ − θ)T

∂AT
0 (u; θ)

∂θ
XTH(u)D̂X(u)[

1

n
D̂

T

X(u)H(u)D̂X(u)

]−1

D̂
T

X(u)H(u)ε.

Proof of Lemma 6: Note that we have

S0(u)

=

{
Y− D̂X(u)

(
Ã(u)

hÃ′(u)

)
−Wβ + D̂X(u)

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]}T

H(u)

{
Y− D̂X(u)

(
Ã(u)

hÃ′(u)

)
−Wβ + D̂X(u)

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]}

= S1(u) + 2

[
Y− D̂X(u)

(
Ã(u)

hÃ′(u)

)
−Wβ

]T
H(u)D̂X(u)

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]

+

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]T
D̂

T

X(u)H(u)D̂X(u)

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]
.

Because (
Ã(u)

hÃ′(u)

)
=
[
D̂

T

X(u)H(u)D̂X(u)
]−1

D̂
T

X(u)H(u)
(
Y−Wβ

)
,
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so the cross term[
Y− D̂X(u)

(
Ã(u)

hÃ′(u)

)
−Wβ

]T
H(u)D̂X(u)

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]

=
(
Y−Wβ

)T {
In −H(u)D̂X(u)

[
D̂

T

X(u)H(u)D̂X(u)
]−1

D̂
T

X(u)

}
H(u)D̂X(u)

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]

=
(
Y−Wβ

)T [
H(u)D̂X(u)−H(u)D̂X(u)

] [( Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]
= 0.

Furthermore, because D̂
T

X(u)H(u)D̂X(u) = D̂
T

X(u)H(u)DX(u), we have

S0(u)− S1(u)

=

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]T
D̂

T

X(u)H(u)D̂X(u)

[(
Ã(u)

hÃ′(u)

)
−
(

A0(u; θ)

hA′
0(u; θ)

)]

=

[
Y−Wβ − D̂X(u)

(
A0(u; θ)

hA′
0(u; θ)

)]T
H(u)D̂X(u)[

D̂
T

X(u)H(u)D̂X(u)
]−1

D̂
T

X(u)H(u)

[
Y−Wβ − D̂X(u)

(
A0(u; θ)

hA′
0(u; θ)

)]
=

1√
n

[
Y−Wβ −DX(u)

(
A0(u; θ)

hA′
0(u; θ)

)]T
H(u)D̂X(u)[

1

n
D̂

T

X(u)H(u)D̂X(u)

]−1
1√
n
D̂

T

X(u)H(u)

[
Y−Wβ −DX(u)

(
A0(u; θ)

hA′
0(u; θ)

)]
.
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Note that β and θ are
√
n-consistent estimates. When nh4 → 0, we have

1√
n
D̂

T

X(u)H(u)

[
Y−Wβ −DX(u)

(
A0(u; θ)

hA′
0(u; θ)

)]

=
1√
n
D̂

T

X(u)H(u)

Y−Wβ −

 XT
1 A0(u1; θ)

...
XT

nA0(un; θ)


+

1√
n
D̂

T

X(u)H(u)W(β − β)

+
1√
n
D̂

T

X(u)H(u)

 XT
1

[
A0(u1; θ)− A0(u; θ)− A′

0(u; θ)(u1 − u)
]

...

XT
n

[
A0(un; θ)− A0(u; θ)− A′

0(u; θ)(un − u)
]


=
1√
n
D̂

T

X(u)H(u)ε+
1√
n
D̂

T

X(u)H(u)W(β − β)

+
1√
n
D̂

T

X(u)H(u)X
∂A0(u; θ)

∂θ
(θ − θ) +Op

[√
n

(
1

n
+

1√
n
h+ h2

)]
=

1√
n
D̂

T

X(u)H(u)ε+
1√
n
D̂

T

X(u)H(u)W(β − β)

+
1√
n
D̂

T

X(u)H(u)X
∂A0(u; θ)

∂θ
(θ − θ) + op(1).

Since 1√
n
D̂

T

X(u)H(u)W(β − β) = Op(1) and
1√
n
D̂

T

X(u)H(u)X∂A0(u;θ)
∂θ

(θ − θ) = Op(1), then

S0(u)− S1(u) = P (u) + T1(u) + T2(u) +Op(1)

= P (u) + T1(u) + T2(u) + op(1/
√
h).

This completes the proof.

Theorem 3. Suppose that Assumptions A1-A7 hold, when nh4 → 0, under the null hypoth-
esis, we have

σ−1
n {λn − µn}

d−→ N(0, 1),

where

µn =
(ν0 + µ−1

2 ν2)E
{
Trace

{
Φ−1(uk)Λ(uk)

}}
hE

{[
εk + vTX,kA0(uk; θ)

]2
f(uk)

}
and σ2

n =
2
∫
g2(t) dtE

{
Trace

{
Φ−1(uk)Λ(uk)Φ

−1(uk)Λ(uk)f(uk)
}}

hE2
{[

εk + vTX,kA0(uk; θ)
]2
f(uk)

}
with ν0 =

∫
K2(t) dt, ν2 =

∫
t2K2(t) dt, µ2 =

∫
t2K(t) dt and g(t) =

∫
K(s)K(t + s) ds +

µ−1
2

∫
s(t + s)K(s)K(t + s) ds. Furthermore, if εk is conditionally homoskedastic, then,
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Φ−1(uk)Λ(uk) = σ2
εIp so that

µn =
(ν0 + µ−1

2 ν2) p σ
2
ε

hE
{[

εk + vTX,kA0(uk; θ)
]2
f(uk)

}
and σ2

n =
2
∫
g2(t) dt p σ4

ε E [f(uk)]

hE2
{[

εk + vTX,kA0(uk; θ)
]2
f(uk)

} .
Proof of Theorem 3: Note that

RSS0 − RSS1 =
1

n

n∑
k=1

[S0(uk)− S1(uk)]

= P+T1 +T2 + op(1/
√
h),

where P = 1
n

∑n
k=1 P (uk), T1 =

1
n

∑n
k=1 T1(uk) and T2 =

1
n

∑n
k=1 T2(uk).

By Lemma 3, we have

T1 =
1√
h

√
n(β0 − β)T

1

n

n∑
k=1

[
1

n
WTH(uk)D̂X(uk)

]
[
1

n
D̂

T

X(uk)H(uk)D̂X(uk)

]−1
√

h

n
D̂

T

X(uk)H(uk)ε

=
1√
h

√
n(β0 − β)T

1

n

n∑
k=1

(
ΨT (uk), 0

)
(

Φ−1(uk) 0
0 µ−1

2 Φ−1(uk)

)√
h

n

(
ΠT

X(uk) 0
0 ΠT

X(u)

)
DT

Z(uk)H(uk)ε+ op(1/
√
h)

=
1

n
(β0 − β)T

n∑
k=1

(
ΨT (uk), 0

)
(

Φ−1(uk)Π
T
X(uk) 0

0 µ−1
2 Φ−1(uk)Π

T
X(u)

)
DT

Z(uk)H(uk)ε+ op(1/
√
h)

= (β0 − β)T
1

n

n∑
k=1

[
ΨT (uk)Φ

−1(uk)Π
T
X(uk), 0

]
DT

Z(uk)H(uk)ε+ op(1/
√
h)

= (β0 − β)T
1

n

n∑
k=1

ΨT (uk)Φ
−1(uk)Π

T
X(uk)

n∑
i=1

ZiεiKh(ui − uk) + op(1/
√
h)

=
√
n (β0 − β)T

1√
n

n∑
i=1

Ziεi

[
1

n

n∑
k=1

ΨT (uk)Φ
−1(uk)Π

T
X(uk)Kh(uk − ui)

]
+ op(1/

√
h)

= Op(1) + op(1/
√
h) = op(1/

√
h).

Similarly, we can obtain that

T2 = op(1/
√
h).
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Next, we focus on P. We have

P =
1

nh

n∑
k=1

√
h

n
εTH(uk)D̂X(uk)

[
1

n
D̂

T

X(uk)H(uk)D̂X(uk)

]−1
√

h

n
D̂

T

X(uk)H(uk)ε

=
1

nh

n∑
k=1

√
h

n
εTH(uk)DZ(uk)(

ΠX(uk)Φ
−1(uk)Π

T
X(uk) 0

0 µ−1
2 ΠX(uk)Φ

−1(uk)Π
T
X(uk)

)√
h

n
DT

Z(u)H(u)ε+Op(cn/h)

=
1

n2

n∑
k=1

n∑
i=1

n∑
j=1

[
Kh(ui − uk)Kh(uj − uk)εiεjZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zj

+µ−1
2 Kh(ui − uk)

ui − uk

h
Kh(uj − uk)

uj − uk

h
εiεjZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zj

]
+ op(1/

√
h)

=
1

n2

n∑
k=1

n∑
i=1

[
K2

h(ui − uk)ε
2
iZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zi

+µ−1
2 K2

h(ui − uk)

(
ui − uk

h

)2

ε2iZ
T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zi

]
+

2

n2

n∑
k=1

∑
i<j

[
Kh(ui − uk)Kh(uj − uk)εiεjZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zj

+µ−1
2 Kh(ui − uk)

ui − uk

h
Kh(uj − uk)

uj − uk

h
εiεjZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zj

]
+ op(1/

√
h)

= Q1 +Q2 + op(1/
√
h).
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Define ν0 =
∫
K2(t) dt and ν2 =

∫
t2K2(t) dt, then

Q1 =
1

n2

n∑
k=1

n∑
i=1

[
K2

h(ui − uk)ε
2
iZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zi (A.14)

+µ−1
2 K2

h(ui − uk)

(
ui − uk

h

)2

ε2iZ
T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zi

]
=

1

nh

n∑
k=1

1

n

∑
i̸=k

{1
h
K2[(ui − uk)/h]ε

2
iZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zi

+µ−1
2

1

h
K2[(ui − uk)/h]

(
ui − uk

h

)2

ε2iZ
T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zi

}
+Op

(
1

nh2

)
=

1

nh

n∑
k=1

{
ν0E

[
ε2iZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zi | ui = uk

]
f(uk)

+µ−1
2 ν2E

[
ε2iZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zi | ui = uk

]
f(uk)

}
+ op(1/

√
h)

=
ν0 + µ−1

2 ν2
nh

n∑
k=1

Trace
{
Φ−1(uk)Π

T
X(uk)E

[
Ziε

2
iZ

T
i | ui = uk

]
ΠX(uk)f(uk)

}
+ op(1/

√
h)

=
ν0 + µ−1

2 ν2
h

E
{
Trace

{
Φ−1(uk)Λ(uk)

}}
+ op(1/

√
h).

Now we consider Q2. We have E(Q2) = 0 and

Q2 =
2

n2

∑
i<j

∑
k ̸=i,j

[
Kh(uk − ui)Kh(uk − uj)εiεjZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zj

+µ−1
2 Kh(uk − ui)

uk − ui

h
Kh(uk − uj)

uk − uj

h
εiεjZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zj

]
+Op

(
1

nh2

)
=

2

nh

∑
i<j

h

n

∑
k ̸=i,j

[
Kh(uk − ui)Kh(uk − uj)εiεjZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zj

+µ−1
2 Kh(uk − ui)

uk − ui

h
Kh(uk − uj)

uk − uj

h
εiεjZ

T
i ΠX(uk)Φ

−1(uk)Π
T
X(uk)Zj

]
+ op

(
1/
√
h
)

=
2

nh

∑
i<j

{∫
K(t)K

(
ui − uj

h
+ t

)
dt f(ui) εiεjZ

T
i ΠX(ui)Φ

−1(ui)Π
T
X(ui)Zj[1 +Op(cn)]

+µ−1
2

∫
t

(
ui − uj

h
+ t

)
K(t)K

(
ui − uj

h
+ t

)
dt f(ui) εiεjZ

T
i ΠX(ui)Φ

−1(ui)Π
T
X(ui)Zj[1 +Op(cn)]

}
+op(1/

√
h)

=
2

nh

∑
i<j

g

(
ui − uj

h

)
f(ui) εiεjZ

T
i ΠX(ui)Φ

−1(ui)Π
T
X(ui)Zj[1 +Op(cn)] + op(1/

√
h),

where

g(s) =

∫
K(t)K (s+ t) dt+ µ−1

2

∫
t (s+ t)K(t)K (s+ t) dt.
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Consider the variance of Q2, then

Var

[
2

nh

∑
i<j

g

(
ui − uj

h

)
f(ui) εiεjZ

T
i ΠX(ui)Φ

−1(ui)Π
T
X(ui)Zj

]

=
2(n− 1)

nh2
E

[
g2
(
ui − uj

h

)
f 2(ui) ε

2
i ε

2
j

[
ZT

i ΠX(ui)Φ
−1(ui)Π

T
X(ui)Zj

]2]
=

2(n− 1)

nh2
E

[
g2
(
ui − uj

h

)
f 2(ui) ε

2
i ε

2
jZ

T
j ΠX(ui)Φ

−1(ui)Π
T
X(ui)ZiZ

T
i ΠX(ui)Φ

−1(ui)Π
T
X(ui)Zj

]
=

2(n− 1)

nh2
E
[
g2
(
ui − uj

h

)
ε2jZ

T
j ΠX(ui)Φ

−1(ui)Π
T
X(ui)

E
(
Ziε

2
iZ

T
i | ui, uj, εj, Zj

)
ΠX(ui)f

2(ui)Φ
−1(ui)Π

T
X(ui)Zj

]
=

2(n− 1)

nh2
E
[
g2
(
ui − uj

h

)
ε2jZ

T
j ΠX(ui)Φ

−1(ui)Λ(ui)Φ
−1(ui)Π

T
X(ui)Zjf(ui)

]
=

2(n− 1)

nh2
h
{∫

g2(t)dtE
[
ε2jZ

T
j ΠX(uj)Φ

−1(uj)Λ(uj)Φ
−1(uj)Π

T
X(uj)Zjf

2(uj)
]
+Op(h)

}
=

2
∫
g2(t)dt

h
E
{
Trace

{
Φ−1(uj)Λ(uj)Φ

−1(uj)Π
T
X(uj)Zjε

2
jZ

T
j ΠX(uj)f

2(uj)
}}

+Op(1)

=
2
∫
g2(t)dt

h
E
{
Trace

{
Φ−1(uj)Λ(uj)Φ

−1(uj)Λ(uj)f(uj)
}}

+Op(1).

By the argument similar to Theorem 5 in Fan et al. (2001), we have

Q2√
2
∫
g2(t)dt

h
E
{
Trace

{
Φ−1(uj)Λ(uj)Φ

−1(uj)Λ(uj)f(uj)
}} d−→ N(0, 1). (A.15)

Finally, we have

λn =
RSS0 − RSS1

RSS1/n
(A.16)

=
Q1 +Q2 +T1 +T2

RSS1/n
+ op(1/

√
h)

=
Q1 +Q2

RSS1/n
+ op(1/

√
h).

By Lemma 5 and (A.14), (A.15), (A.16), we complete the proof. �
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